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PRKFACI 


The present volume lias been writ 
animated tlio first. Tlie author haw 
treatise or a manual; lui has ainu^d i 
versity lectures with muuissary mod 
freedom in the choice of subjects and 
tion allowablti in a leidure room may p: 
to a larger audio mai. 

A distinci.ive ft^ature of these Lectvi 
the theory of func.tions with referem 
definition. The first functions to 1 
combinations of the eleuujutary functi 
pajHU* of iHod, “ Ueber dicj Darstellba 
eine trijn^ouometrischo Reihed' was tic 
fun(‘.t.ions whose sin^ndarities cHuistid 
sc^ar(‘.hes of later mathtmniti(*.iajis havt^. 1 
of su(^h functions, whose (ixisUmcHi so h 
tionized the older notion of a fun<*,tio] 
<u*eation of finer tools of rcsinirch. I 
was jiaid to the singular charaeden* of 
none was ac.c.ordtal to tlu^ domain ovc 
(Udiued. After the t‘po(‘.h-making diset 
by (it. (hintor in i.lu^ t.luu)ry of point h 
sary to (consider a fumd.ion of om^ va 

s 

UnwaU a fumdion of two variahh^s as < 


VI 


preface 


prevails in the theory of determinants. One nia 
only two and three rowed determinants, but b 
ground of complaint if another prefers to state 1 
demonstrations for general n. On the otluu- hi 
case may present unexpected and serious problem! 
Jordan has introduced the notion of functions ol 
having limited variation. How is this notion to 
two or more variables ? An answer is far from si 
given by the author in Volume 1; its serviceal 
been shown by B. Camp. Another has been essay 
The reader must be warned, however, . against e 
the development always extended to the gene; 
in the first place, would be quite impracticable 
increasing the size of the present work. Seeondl, 
be quite beyond the author’s ability. 

Another feature of the present work to whicli t 
call attention is the novel theory of intcsgratii 
Chapter XVI of Volume I and Chapters I and 1 
It rests on the notion of a cell and the divisioit of 
any set, into unmixed partial sets. The dolinil 
multiple integrals leads to results more general i 
than yet obtained with Riemann integrals. 

Still another feature is a new presentation n 
measure. The demonstrations which the authui 
much to be desired in the way of completeuoss, i 
In attempting to find a general and rigorous tr 
at last led to adopt the form given in Cliapter XI 

The author also claims as original the thoo 
integrals developed in Chapter XII. Lebesguo h 
functions such that the points e at which a 


Ijo (livi<I(5(l into a finite ninnbcr of metric sets 
then 

( /'^ Max S , i /‘=Mii) 

wlua'c M[ an^, ilu^ laininium and maximuir 
ilu^n is more natural than to ask what will 
inlinito insU^ad of liniU*. in nu 
uppanuitly trivial (piestiou restdts a tluanw o\ 
<u)nt5iinH tlu^ Lt‘l)(*s^ue inti^iJcralH as a- HjH‘eia, 
fnrtlunanons luis t-lui gr(*ai advajda^^e that luit 
of the mnv inU'fj^rals to tlu^ {jrdinary or lii 
juudV.c.tly obvious, but. aim the form of reas< 
liitauainrH tlua>ry may be taken over to tU^v 
of tlu^ ui^w intt^j^rals. 

Kiually the author wotild cull atttmiion t< 
the ar(‘u, of a curved H\U’fa(?e givtm at ilu^ ei 
"rhough tlu^ above aire the luaiii features c»f i 
that th(! (^xpcu’ituuHul n^achu* will diH(‘ov(?r som 
hudving in originality, but not of sutrudent 
phasize he res. 

It is now tlu^ uulhor'H phnisant duty ti> m 
valuable assist ama^ deriviul from his t‘oll<*ague 
Dr. W. A. Wilson. lie has nwl the imti 
proof wiili great rare, ciorreetcul many err<u*H 
the deuionstrations, besides eoniribuiing ilu! s 

:l7n, thb MMh \U-m. 

Dnstinted praise is also dtie t<^ the IhIuhi^ < 
{.♦any, wlio havi^ nnd the author's wislies with u 
and Imve given the utmost eare, tt> the prt*Hs \v< 

J 
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TIIMOKV OF 1 
\'Am AHFFS 

('llAl’TKU 1 

TOINT SKTvS AN!) I'ROl'KK INTKtiKAlA 

1. hi tlli.s shurt rluiptrl* \U‘ %M>.h In r»»l|i|ilr|r » (Mr 
[H’niHT inuhipir iiiti‘ip*alH aiiil yiw fru I hr» »i nm i 
whit‘li \vt* shall ihtlirr un^i u*ns nr hi iIm' 
tukr up the* iuipnrtaut suhjtni nf iuiprnp«'r uiuJliplr' i 
In X’nluuH’ h 702^ ur hav<* .^aid that *i iHyafni |.m, 
uppt*r uUil Inwrr t’fiiit-uuts ari* flu* saiiir ,iM 

hunt In rt\surv«‘ this ti*nu f*»r autUlinr uLr.-L | 

l^mii prnminniHn* t»f hitn. aIuiII ilirii-i.y-i' jh i1. 

He*tH whuHt* Upl'HU* aiul h»Wrr 4r»nA| 

a Hut in uu^trir, ritluT Huuhn! 

nr ft 

# • 

(*Xpre*SKl*H its I’HlllHUt. Ill thi* Inlhmiii:^ if II iA |» 
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POINT SF/rS AND PRO 


given requires each cell to be nietr 
is not necessary ; it sufficc3s that tlu' 
sion of the given set 31. Siuih divisi 
visions of norm S. [I, 7 1 1 . ] U lu hu’ 
now theorems analogous to I, 714, 7: 

2. Let ® (iontain the limited point 
mixsd diirision of 3^3 of nnrm S. Let ' 
taining points of 31. lUien 

liiu 31^ » ■: 3 

The proof is entirely analogous (o 

3. Let 53 contain the limited point 
limited in 31. Let A be an nnmLred 
cells Sp ^ 2 , • . • . Imt 'JJhi nil respect 
mum off in S,. Then 

lim /V^ lim 

5 - 1 ) 5 

lim lim 

5 -1) 5 (I 

Let ns prove 1) ; tht3 rtilalion 2) may 
manner. In the lirst places wc' show 
gous to I, 722, that 


PllorKR INTKCRAl-S 


'l'h« colls of K coiitaiiiiii.n' itoitils ol '.'I tali i>it‘ 
1“ the colls coiiiaiiiin*' iioiiits ol I lie ci-ll o, loil o 
of A; tlio colls !•[ coiitiuiiiiiq; poiiits of two or lo 

A',- -i: t 


whore /!/.«, /I/;, iu-o the maxiiua of ./' in c... c.'. Th. 
liav(‘. * 


I 


if r., \h tukt‘ii HuHirit'iit 1\ niiiuU. 


On thn otluT InuuU \v<' bavt* 


Now wn nnty HUpjm.sn nw tnkt’ii 'ntuill 




ditlnr from \H by as littlous wo Wr lm\ 

[U'ijporly t^hoHon 

Idi’iH witli <» ) 

wliinh witli b) provrs I ). 

4, /(j‘^ - • ‘ F /« 

itn tllrhiHH i' ,, *’ . 
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POINT SKTS AND P 


has both signs in 21. b’or oxiu 

whos6 center call C. Lot us off' 
equal squares and lot 21 bo tonuox 
and of 0. Let us define /as l'oll( 

/= 1 within 
= - 100 u 

For the division i?, 

A jy ™ ““ 1 4" i 

Hence, Min H,, 

On the other hand, |j,„ . 

</ u 

The theoreniH I, 72H, and itn an 
for unmixed divisioun of spucH*. 
be unmixod divisioiiH of the iU*!d 
so, is shown by the (^xamj)lt^ just ; 

6. In certain (*,asoH tht^ th^ld 
In such a case W(5 choline * 

j/' 

7. From 4 we hav(^ at onci^ : 

Let A he mi unmixed dbinmn of 

51 = Mi 

with respect to the class o f all d'iviMi 


VnoVKll LN'FKcaiALS 


with rcHptu^t to t!u‘ <^l{i.ss of r(n*tanipilar c!i\’i.sioft of 
But tlu^ (‘.lass M in a. suhclasn t»f tho olass //. 

'‘riius 

• Mini.’.. 

A /f i: 


Hon^ t.li(‘. two (uul t(*nns havr ihv vahu* 


3. ••• .r„j A' //t ho iimilrti in ihr 

Wi', liav(‘. lluMi llu^ following tht‘ortans: 


1. Jjti f (J Ul tWi'i'pt pttHHiifil/ tit ihf piHiliH ♦♦f* . 

Then. 

f/ 


For lot^ !//; • J/, 1,<-| // [h» a ruhioal 

la't Af^ (l(uiot(^ tho iua\iuuuu »/ in ih»* rrll 
Hot(* t-h(* oc*lls rnntn,iuin«^ [MUuf.H of whifo J Ui 


otluu’ ooIIh 
I' hou, 

nf VI/, . 

w 

iO/../. i 
1 

■1 



« 

1)/./ . 

1 ' ' 

i.V,./,. 

Hoiioi\ 

y» 

ii.v../. ■ 

1 .!/, 

A 

A'. •/, 


1 / 


and tlu* toriu on tho *“ 0 an ,/ ' ii. 

li. Lrf J ^ ij ifi nf f/o p’<uifs 
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POINT SETS AND PROPER IX 


3 . IfO^, 

hut e < 0, 



For in any (icll d. 

Max 6* Max/; Min-r 


wlien^?>0; while 

Max • af ^0 Min^*; Min • e 

when 6*<(). 

4. If g u integntldc In 31, 



.For from 

Max/^f Min//- : Max {f I //i M 

we have 


J>'+ />■ 



• 'SI 

But// boinjif ink'.grahh^ 




Hence 2) gives 


r . 

. r r. 


I'UorKIt 1NTK(;UA!.S 


(). Let f = H h, \ h ■ II <! 

{’(IllHfdfit 

in '.'1 

The 

lC-'- . 

j !dr 



For - II \ H 

'ri,(ui hy '2 aiul J 

^ // 

1 II. 


■ f II [ f;f 

.A;i 


{:, , 


or 1 * 

.. //\)l { // 

• m 


f.'' * 

,1 

II A. 

4, Ld/(J\ ••• An) 1^*' 


../ ’.n. 

n.H, 

1 ff ■ 

n 




1 








f t' 

(■ r 

r r 




.'.1 



I.;' 


• 

//* If j - .1/, NU* htttu' 




r / 

Mn. 




' .1 
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POINT Hirrs AN I 


To prove rS), wo use the* rc^I: 

-l/i 

Henee 

from whi(3h 8) followK on mini 
The (lomonstratfion of *1) in ^ 
To prove 5), wo olnsorvo tliu 

5 . 1 . Let 0 he Umifed ii 
the aggrei/ate formed of the poin 

Thin is ol)viouH Hiuot', tlw huh 

may have lonns in cuuninoii. 
twice on the of 1 ) uinl m 
to the limit, 

Jtemark, relation 1 ) nr 

LJmmple. L(^t % ;v^2(0, I i, ^ 
tional poiiiiH in Lot/ I i 




rUOI’KR IN'l'KfiUAl.S 


For 

S'-' 


l»y 

Hut 

r." 

i i\ '•> d. 

1, 

and obviously 

i 

0, 


a. Tlu( roadiu-shoulil noli' 

that tlM‘ ah«»vr 

tliu 

tnu! if iH not uu 

imiiuxiMi part h 1 '•Jfi. 


Knnnph’. Hid. 

tlu^ ratiniuil i 

>41. 

Hut 

f 

// i *“ 


'riiun 

X'- 

I. 



1. /.(•/ 'i'l /'(• II /iiirt I'/ t/tr liiitih ii lii 11 

yi. Ia'I n f in-iK iinit n /« o 'i\ 1\. 


'n ^ ‘ 1 ^ 

ff 


Kill- h'l N, Ih‘ till* mn\iii).i '•f.^ :> '»* ’ 

vv./ >. .V./ > > S.'l. 
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POINT .SETS AND 


For let \f\<M\.n t'l. Lei cj 



Henco pussinff to tlio limit it - 


2. Wo note that 1 may Ih' im 
For lot ?l 1)0 the unit stinurt'. ] 
coiicontrio M(piar(‘ wlio.so side is 
points of 2( ami = 2 for the olln- 



7 . In I, 71(1 wo lijivi' jfivon 
wiion ouch • : ))(. A similui- il 
viz. : 

Let if u u'. l>, t VI 

'il (ID u — (K T/uti for fitcli I 'll, 

VM„,„ VI 


AIho ft ir ji.n If /I /i ..t 


proper integrals 


belonging to a given point b of we denote b; 
by S. We write 

and call (5 components of 21. 

We note that the fundamental relations of I 

r f< f ( f<( f 

hold not only for the components etc., 
also for the general components 21, 

In what follows we shall often give a proof 
for the sake of clearness, but in such cases th 
admit an easy generalization. In such cases 
the a;-projection or component of St- 

2. 7^ 21 = ^ • S is limited and 55 is discrete, 

P'or let 2t lie within a cube of edge J (7 > 
space. Then for any d < some d^. 



Then < e- 

3. That the converse of 2 is not necessar 
the two following examples, which we shall r 
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POINT SKTS AND I’UOI’Kll 


For 


let 


m 


x = - , 


n 


•in, n relative 


i)< 1/ < -- - 
n 


Then, 48 donotin^j;’ j)nij('cl i(m of VI 

1)1 = 0, 511= 1. 


9. 1. Let 31=48 • (5 « Uniitrii jminf 

31 • : I O' ■ 31. 

•'>A 

For l(it,/=l ill 31. Lei. // 1 at eaei 

other points of a (lulie A - U • (/ euiilaini 


By 1, 7nn, 


ji = j>, « j 

.1/ ' -Lh ■ .1 ■■ 


But by 5, 4, 


1 -UOl‘KU INTKIiUAI-S 


In Uiis connwtiou we slnmhl not.', how.-vcr, that 
of 2 in .lut, always Inn-. /.<■• if O' is iut.-ral.l.Mh.a. U 
and 2, 2) holds. 'I'his is shown by tin- tnllowiu;; - 

Exnmph'. In lh<‘ unit s-iuarn w.- d.'liiw thn point-. 

Kor rutioual A O , 

Kor irrutiunal .r, \ . 1. 

'riuUi CS — .1 ^'VaTV X in llrllta' 

1^' -‘f 

Hut. sj 0, VI I. 


10. 1 . .f’t -'t 
Iff -(h 

Iff-'AK 


j- ) /'<■ liifiitt'/ lit fi» iinufi i 



la't. US first {irovf I ). b-t '.'I, Vh p In- in th- -.i-n 
r j~ n - III. 'rill’ll iin> fiihiral litv iiioii /i na id<- » 1 1>< 
cubiral I’l’lls t/.. X of \oliuu'' . -b ■! . >' ■I"'' 

vhmslv'/ P also tU\iil'-* V' and . i e uin. 
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rOINT SKTS AND 


2. To illustrate tlu; iuua‘ssi(y 
91 to be tlie Priug'slieiia sd. of I 
Then 


On tlic other hand 

Ileuce 


X 


X 

XX 


and the relation 1) doiss not lioh 


lirrtthh 

11 . 1. There, is a lar|,fe t'lnss u 
liavo content and ytJt 

91 

Any limiUul |)oint set satisfy in 
or more, sjuunheally it 1th i 

Kj'dmplt /. Ia‘( 9t et arsis! «if 

square. Ohvionslv 

91 

Jih 


rrKUAiuj-: fiklds 


Fj.rampli' 
iiiH'd thus: 


Let vH consist i»f the pninfs in tin* tii 

1m ) r nit ionul .r let - _i/ ■ . 

For irrat ional .r let [ // ! , 


Il(‘re : 1, while 




I. 


I hniee \H is iterahh- 


svith res|H‘e| 


I M i'' 1 Mil IH tf With 


Kjutntph' -J. Fet eiilisist m! ! ht* sitie:-! * h the llti 

thi^ rational points within the square, 

Ilt‘n‘ ” U while 

fo ■!. 

anil similar relations ft»r Thn-. iH umI }|i‘ralM» 
to either or li. 


Fxdfnph' o. Let ‘;H i»e the Friie^-'lieiia :>el of 1, , I 

Here \H L wliiie 

j\s 1 ’;^ 

% ^ 'll ^ 'a 


Henee ?l is not i|eral»!e uhh re.|*-.-,-f i-., .aifj*’: :W ■ 
A^’er// iiffiift’ti iiit trii* pf*hif Hrf L A , , 

itM 

"rih.H fthloWH at onee fisnu the dernufsMi aiel 
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POINT SKTS AXn 


13 . 1 . Let 9 t be a pc 

space 

A cubical division /> of mn*\n 
d and 9?, and 9t, into ctdls cd’ v 
b be any point of lybi.iT a 

of all the cells coniainin^^ ] 
Let denote ilu5 sum of nil 

whose projection falls in m>t 

We have now the foIlcnvin,Lf t 

If% is iterahle with renpi^ti /fc 

iimS/,i::ici 

Let now S == 0. I'he iSrst nm 
since 91 is iterable. I'lnm, (hi* 
the same limit, and this given 1 

2. is iterahle with 

lim 

I « 

This follows at onta^ from 1 n 


For 

Hence 


rnORAHLK FIKIJ)S 


Let AMenote,a.s in LL l, the eelLs ol' ij;,/, whidi e. 

and F Uic ludls containing points of hotls Cr, li' 
fall in d,,. 'riu‘n from 

w’o havti 

i I (r f MaW; I fi 

I\Iultipl\ ino by d,. and summim!;’ ov«*r \vr i 
::id,{S,^^-:id,Min<^ i i:*/. Max 

“ I Id, 

Passing to tlic limit, \V(' liavc 
yp ( P b // I 

ih(^ liniit <d tlm last li‘rm vanisldiig siiirr i** ’ 
of ''il. I Itn’c y\ //^ airc as snaill m wr* pliMN^c tin f* 
suuilL From 2) \vc m>\v havi» 

fp - ^1 p. 

* 

■t. /a’/ • ti /'C ift'rtddf' u'itk ffapf-r! f i f 

oj* ro/f/ 4'1 (tii i^idnin t[f "il udi^mt' pr^dt^-f 

/I iM lirrtddt with rrnjwet (*f If, 

For let D be a cubical «livi‘auii «tf ^-^pat’o *4'’ ic 


V» . .ill 


1 : „ , . I I 


% J 
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POINT SICTS A NO' 


As each of ilu^ hniwH is > 0 v 


A 


14 . Wo can now goucrali/,i* I 

73H as follows : 

llmHeA in i 

with rewped to >3- Tlom 



For lot m (ihooso the posit i\t* *•« 

f+A.^iK / 

Let UH oifoct a cnlncal iliviHion 
colls d. Ah iu this diviilos 
as well as tlunr coni out s. In d,. 
Ah usual lot 3! doiiott* tlio iii 
cell d ooutaiuin<^ a ptaiit of 
oxinuu(\s of ^/‘ when wo ooiiHidor 
proj(H‘.tion is Lot \ f\ < F in 
Then for any wo have In* I 

- /#)./. ■ r. 

* 

or 

Hi^d, 

sinoo m > ?aL 

Iu a similar mauiuu* 


ITKI!AlU-r. FIKI.DS 


where 1/3, |, aiel O',, a.i<l L^, slan.l fur (5,.. t 

whore 

for all i>ointH h in 

Lot c ^ MiiHi’ in (7,., then ■i') 

— //(V,/j C) I J I /3, • >/ i ' >,.1/./, ♦ 

1 ' 1 ■' 

wlierc' the indices I, - indicate llial in « we ha\i 

Mtdti[il.vin<c h.v <7,. :ind snniniinif ii\> r all the cril 
points <if iU, flic last rclatinn jpvcs 

i- ) 1 i;./. !;«<./, ■ ij t, . > 

1 -i* I 

) iirf,../, ■ 1'/.^ >/'7. i .11-7, ( 

>!! 'it ■ 'Ji 'i< 

Now iiH d, v,/ ■ x'l. i-./.l:, /. '.*1. 

‘H I ‘ 'it 

V,/.,' • f C' ’.'1. Mine '.'I : 

'I'lniH the lirst and last siiins in o) ai'- ciaii' • 
the other hand 

V/ / V / ... V / ... , i.'N I , s I s 
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POINT SETS A] 


2. If % is not iterablc wit 
ing the discrete set Let 
ponents B, 0, Then 1 give 



since 

3. The reader should gin 
only 21 is iterablc on reino^ 
the following : 

Bxample^ Let the points 
Let 2li consist of all the p( 
Let ® lie on the rational or< 

m. 

n 

Let us definti/over 21 tin 
/ = 

The relation 1) is false in 


while 



15 . 1. Let 1 
Let JD denote the rectangul; 

A'f .. flwxu/ 


ITKUAIU.K F 


To show that 1) exist we need onl 
there exists a (i^^ sueh that for any re 


uornis < d^^ 



To this end, we denotii by .E the di 
in<j^ oil ddien E is a reetangi 

- yl', 

If is surii(Ui^nl.ly small, 


an arhit.rarily small positive immhm*. 


A.:. 




if 7} is taken small enough. 


2. d'he inti^.grals 



h(‘r(‘t<)fore (‘onsichuMal may he ealled 
U^grals, in e,ontradistin(‘.tinn. 

r>. Ijii f he lunitetl In the Ihnifed j 
and onfee lower (upper) Infei/ntiH are 

For is u,u unmixtul part of ‘iH si 
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pomx se: 


For each = 0, and 


16. = 


For let i) be a cubic 
of Slj) fall into three ch 
these form 2°, 

8°, cells containing fro 
or 2°. Call these 


Let now (2 = 0. A 
Front 31 and this is dij 

17. 1. Let 

be point sets, limited 
The aggregate formec 
sets 1) is called their 


or more shortly by 

If 31 is a. general sy 
may also be denoted 1 

or even more briefly 1 



I’OINT .SETS 


ihmi, 

if is a f^'ciuiral syinhol as 


2. E.ntiiip/rx. 

Let xH hn llu- iiiU-i-val (0, 2); ® tlus inliirval (1, .x> ) 
/■('.'U y' )-(<), /,), i>^) .( 1 , 2 ) 


i'll =((),!), ( 1 , 2 ) 


•••)- -{(>, ,x 0 , 
XH, •■•■) . 0 . 




VI,. •••) (()*, 1 ), 


M'(Vt,. VI., •■•) I). 


VI, (.1.1,1). VI, (]. 1^/), Vl,.(|. 1 


/■(VI,. Vt.. ) ■( ()♦. 2* ), 


/V(Vl,. VL I VI,. 


l.rt 


VI, -VL VL, 


r />r(Vl, VI,, VI.,, 


.U VI, i O,, VI, ..VI., i 0, 


VI i i 0, i 0.. 


l.ct It.s jil’.sl cXi’lnili^ till' « sil.ru in I ). Thru (‘VI'CV 
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POINT SETS I 


Examjple. Let SI = : 

« = ( 

S = ( 

Then jj 

and ^ j 

are different. 

Thus if we write + for i 

2t + (53- 

18. 1. Let Sli>3t2>2l3 
aggregates. Then 

S& = I>i 

Moreover SB is complete. 

Let be a point of 2l„, n 
Any limiting point a of 
ing point of 

^ml 

But all these points lie in 31, 
%ni and therefore in every 
«> 0 . 

SB is complete. For let ^ 

K i 

As each b„ is in each 3I„, and 
is in 


POINT SETS 


For t^a(‘h point h of lit*s in soinc‘ or it lion in 
lu*ma‘ iti t*v<’rv /1„. In tlio lirst cust* lios iii in th 
A. MonM)Vc‘r it caiinol lio in hoth .1 and 

20. 1, Lot \Hj ' tn, • ... 

ht» an iidinitt^ S(M|uoiu*n (d‘ p«»int sots whost* union ra 
fiud. may lu' nion* hriollv indirat«‘d hy thr innatiiui 

()l»vitmsly wluui is liinitod. 


A • liin 


'Fliat tho intM|Uality may hold us wot! as tin' iM|ua! 
shown hy tho follow iu)^ i^yuniplos. 


Krainple /. Lot -/M ho smnnont ( ^ . iV 

\, n I 


Hion 


A f I n 


% I. 


A., 


K.rahipii' \\ lai a„ tlonoit* t hi' points in tho uinf infi 
alKSidssa’ aro nivon In' 


X . in ' a I, 

n 


'■!, ii rrlal i \ **!} p'l'iiii 


not 

Hrro 


-In ilj I 

is tho totality of rafionai nuinhor*-^ in l* K 

Ah 


« s 
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POINT SIOTS ANO PKOPKit IXIFJsUAL 


Example L 
Then 
Here 
and 


Lot i8„ = ‘■l“' 

id). t!i.' 

liiii '.H., ItuF d, 

hi 

^ liiu XH,,. 


Example 

Let 

Hero 

Hence 


Let he as in I, Lxainpli’ ‘J. !.-*i 

!iL==(L I 

^ IIh^ se».(int*n! ( i, - I and . ‘J, 

>i) < litn 


H. Let ••• Ae nnmixt'^i pdrt» *»f' 'i|. 

Then ti : iH k ilinnvU, 

For let 31 = + (Sft ^ th<*n ii., is an niiiiu%«sl ji.iii * 


3l ■ 31, I O’.. 

Passing to the limit n ^ /, tlii.4 

liin \i„ ■ 0. 

Hence tS is diHc.rete hy 2. 


4. We may ohvioUHly aj»ply tlu’ triune iiitiiin!«a! 
monotone decreasing Het|nene«»s, eti% |ri, L -jl | 
of the type I ), 2 ). 


21, Let (5 sa 31 4* 3L //’ 3L iire 



ruiN r sicrs 


1, if iL , H<i itrt tiimt 

0 'ULi^U t- ^}. 

rri UH iir.st slmw that 0 ia i-umpli'ti*. Lr! a hr a timitiniC j 
Ia‘t f’|, *•• hi* {uhitts uf {< v\hi«*h ' a. Lr! us M*|>;i 

iiilti two (*ias.s«‘;s, arroniiiio a^- ([a‘\ lirlnuo |u a|^ m* ho 
* uf tlirai* t*!a;'V'*rH must riuhraru an infitutr imiuhiu' ui |ii 
rli ' r. Ah hutli :H uith 'iS .iM‘ rum|i|fti\ r lir;* in rithiu' ‘ 
I lrm‘r it 1 tra Ui C * 

h tiiiii L Let hr | aunts »»t I w 

As rarii Is in hu| h ami ''iK thnr Itiiuliiii^ [auii! *i 
:nl "Jh Sima* tlirsr an* rum|‘!rtr. Urltrr */ is m , 

. //' "ih urr wr'/r/r Hi* ti/a* 

i> iW, r 

ur tlir |tuiiils uf ^ In* mihrr in Im'uhi 1*1 ur in l■h'u|i 

!r thr [luinfs uf l‘h’un! t ■ Kront aiai aha» ■ Fisuii \H. 

Ill a.ml h'ruiil arr ihsrr«*tr sinri- 1*L afr mriiir. 

3. isft ih»- r.ua/i/f7r n*-i 11 h,tr,- .f ,'uinphir /surf \^L 7Vir'« 

' Bfihtii I ■ ** rs fr#/*'»ur ■*' -L /S' •' iint^ *i f t' f i.' u* /iUrii 

lif i// jSiz/i ri«ui li'iih 'Jt int’ li fh^if 
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POINT SKTS AND I’KOPEU IN I'lUiK Al.> 


But the cells of (£/, may ho sulxlivi.ir.l, fonou.ir n. v 
■which does not chauf>;o t.he (‘clls ot s*' that oVi 'i' i 

•i 5 ^==ciu"'. 0 - . . 

Thus 2), 8), 4) give 

ill -I t' I <" I 0 I 

( f I « ^ f ' 

24. Let 31, ^ he complete. Let 

U = (XH, ijl), r 21 1. 

21 I 21 U I f. 

For let U 21 I .1. 

Then A oontuiiis ooiniilolo sots ( \ sin h iloit 
f';-U 21 t. 

hut no eomploto sot such that 

( -U 21. 

by 28. On the other hand, 

a-, 4 1 r. 

Hence A contaiiiH caniiitloto sets (\ such that 
(2>2i r I. 
but no eomploto set Hueh t hat 



1*1 1 r .sii |t|« s.H** 

L.‘t 


f k 


r 


/•■#.♦ 1 } ^ f , i; ^ . 

r‘\isVi IH *.Hj .i rMlujili’lr •u*! Ii.iUlii; li 

riHiuiiMii \\ iili i} :>in-h ! hal 


.I’i J ' Mirll I li.tf 

I.li 


VI, r 


/^I'f j I, 1 ! 


*! 1 m'U ‘J I, 


VI. ^ U I 

0 ,, '.'t , > 1 ', H 

'■'lu * I's -‘i 


.' 1 , r . t I'l, ' 1 , 


' A' i 


"rtiH'^ Vlj i'MiifaiU'i l!i»’ ii»»li i'« «IH| *]»' ! r ■:*•! 

»ilil III rMliiliiMll lllfli f. fis J!u" 5 -a r 1114 -i Oi! ..111},'. 

,» Vl^, «’MUl4IU .1 IlMli \4Uri|uil;/ » * *! i I ] - 4 , j ■ i j t 

Iifi 1 } I'-. alraU'd. 

^ f VI « : 1 | ■ Vi_. > ■ * '■ 4 - /‘Vr'^; ;^'| 

llif. i r.i-i 4 l\ I i^‘iu ;,:.4 • 


IMPROPER MULTIPLE mt¥A}UhlS 


26. Up to the piTSoul \VH‘. luivo viHumUn'M nul\ | 
iiitograls. Wo liiko up now tluM'iUHii* uhtui lli** ih*" 

is not limiUul Such iutt‘Krab nrv vMvd ii»prnj» i . 
we get the iiitegralH treated in \ *4. L C hapi* t I 1. 
application of the tlu^orv Wi* art* n*n\ tu lii i 

of the order of iutegratltui in iteraOnl iiepiMj*. r i 
treatment of this (lUeHthm given in VmL I iiia\ hr 
generalizetl by making unt^ t>f the prepert ie » et uni 
integrals. 

27. Let 31 a limitetl ptunt Kef in lu-n.u 'uu.*' 
point of 31 let ./\.rj •••./; J ha\e a dribuir' 

The points of inlinitt* disettnUnnit y el y whe n br 
denote by iU In gtnu*ral ,1 i‘' di>*ereir. .md Ih . . ..i 
most important But it is net neee^‘».ii \ . W » ^ 

miijular 'pohiU. 

ExampU* Let 31 bi^ iht* unit Ki|inirf\ \i tie 

y = these fraetious luniig irredtit'ilili*, hi y ii,«. 

points of 31 let/s^ L Ibi’e ever)^ pMiiit. h| i | 
discontinuity and lumee [) .3 % 

Several types of dertniliiut uf intj»ri.pr-r tnir’^u 
prop{)se(L We HhuU meiiiioti only tiiii-r. 


(.IVKIJAI. 1111, nKV 


,j. ;|j5 ri itli| ili'l > ' A <'i H'H'lll r'« .iM' t.iii 

,!r,i- :t!Ml «/ 7 *-r nl _f in A. .hm! aiv .l.-ii-.i.-.i 1.^ 

r I' ' /‘.’I. 

* * -n 

r iiiui'f* l»v 

Whrii iIm* liar.' Imib , i ii*- . urfr- 

rr .-H/ir.'/N/r'/if. U'.' at-^M '.ii. a /-:rrr -r a/i /’ 2i 

^i/r>/ra/ la \\’li'"U lii*- nil .'•’'ral'i .u>' 'i 

l’'i } Ilf 1 a I »!<’ Ill ':,H aJi.i *i»li**l*‘ ! 1 a ' U' *"» ’li 'iai-'i*' 
r n H -I h% j ,/■ 

* * a ’ » '.1 

\\*r »m 1I :i I iIh* 7- 

*' -d a I ■«' n. :.H aiMt liiat tJif iii*’* a' n., 

nf. 

I’lii' «!»-!iiil! iMli t4 aii Hii |4 * inn .na' nr4 .iu ^ % 

• f !h4f 7'3M4i III \ ‘-a. It * h.i|'1’4 II. 1“ .i : IJa' n.,n-r; A 4 

urn! m( I»l*'4 ».l All a n.-h ]■.!■ i 

»i"»7iiU5ii7 * » ■«! I la *','14 uln 1 . 

It I i i • » si i % «” I llr‘||l t - » .| 1< - .u. ‘ ■ 1 ; ^ s . ^ ■„ ^ ^ ^ ,1 ; 4 ■ ; ■' ■■ ■ • . 

Ill i'4 i al 'A \ «’ij h»- It 1 3ii unn! . I * > n 4 » ■• 1-4 . \ a . , a 

i| 7 ihr '1 I * t ill*' 'n ui 1 j- - ■ . I , 

|,,r| II 1 I »j4.i 4«' in 7 44 ^.4,^ » 1 n,< • •- a4, . . . 

i-.iillniAf .uul‘-»i r.-. » 1.4’ 'iff- ■;■'./ ■•i- n.,.- 4'4.. 44 

iVr 



iMPKorHK Mi‘i;rirLK ixi i m: ii,"* 


32 


Wo (lofino now ilio l(Kvor inlrifr.il 

( f ■ inn I 

.A Bimilar (lolinition holtl.s (m tho iipj»rr 
tonuH iniroduoocl in 28 apply Ino'o wiiIvmih f 

Thin (It^linilion of an iinproprr inir'fi.il dni- i'-- I- 
Poimin, It has laani oinph>yori !»>■ Inin and i*. 

with groat stituH'SH. 


30. 7)/pe III. 
at wliioJi 

Wo clohiK* now 


Lot iu jfi ' tp 
a ^ f{ a*! 


L«'t 


driJoli 

I- al. 


Ilir 


I 



Tho othor tininn introtlmu‘<l in 2H apply iirri’ 

This typo of (hdinilitni originatod ■uifli flo* an 

dovolopod in his ItHtturoH, 


31. When tho poinis of infinito di’a‘»oniiiiui ^ J 
and tho nppor iniograls aro almolutoly rMiiVrr;^»-iti, n 
tions load to tho sanm rostiH, m wo Hhall ^donv. 

Whom this ooudiibu m iiui HutisliiM/L llio ri-oilt'*, lu.i 
difforont. 

.Emmpk. Lt't ?t ho tho unit Hcptiiro* Lrf. ',1^ 4^ 
tivoly tho uppor and lowor Imtvos, At tho niiuai.il* 

^ ^ itt l(d. y ^ //n. At llio' littior |Mniihj 

/=->! !n?L^lot/^0. 


ii.srjiAi. 1 in «h:v 


:i ■ 1 !<*!'«* <'ni!»! ar'i'‘. all fitr |imiit,N nl 

iiuit<* iHiiiil m! «♦! fisr ir • fi iuiiif r;iril\ hi 

/■/ I. (■-' 

mul tliUH • 

*■ 

32, In till' fnliuWili’^ u** fhr ! hii <1 t \ |*«' « 

Hs It Im liMti t** lira 

|H»rtaill Mlhjrrl u| iuvi'r.a»«U «>t I la* «♦! «|rf m| llil «*‘.m at i« » 

\Vr lH»ia that if i'» liitutril iH Vl» 

Inti I j' t ha iirMin'r | f. 

,i,p- . • 'A' ‘ A* 

I’Vil' <«, /'I 'illlhrialii l;\ hiri'»% 

it iH i’* itrii*J'a!«% 

r.'- (■' 

“-a 

l*'*<r r‘i i|iNrr*ii‘. .umI haiira 



t!i*‘ liiiiit m| ihaaa intr-arahj i;i ii. 


33. /a-f 

7*/ir 11 


ai Mils# 


M Miif 4.71. 


hill r 


hin 



f; .?afr 


u 


h\irK<'i>KU Mri/rn’M'- intkcuals 


Tims in tht'.HO casi-K wf mav simiilily uur iiulatioii by r 

by . '.'I,, , 

re.HpiHstively. 

2. Tims havt^: 

rf::liin ( J\ M\n/ !h 


(',■ „Um f,.' , 


Max f in tiniit*. 


StHm‘tinu‘S wo luivo to tloal \uth sovi^ni! luiu‘t‘u>ti 
In UjiHciwn ihi' notalioii '.' 1 .,,. ambi,i;u..u.s. 'I’o miikv. it. 

let. ‘il/,.,/) <b'mttf thf puints ul '.'I ulu i-f 

-u" /• fi. 

Similarly, >bm..tfs tlm pniuls wlmn- 

u- pL otr, 

34 . ( f inunottniv tlt’er* J **J aj^^r each 

\ui 

I f in a iNt'i’ttiHi ft(/ f iUitiifOi *7 

If Max / in finite 

I f fi/v ntinn*t(fHe tlrereaaiti^i J i^neiitiuH nj a, 

'An 

If Min / lit fait*' 

( f (tre ninnntnne ineredHinii J nnfintnn ^it 


GKNKKAL ^rilEORY 


But (iacili cell of 9I«/^ lien among tlie celli? 
can break up the sum 2), getting 


IIt‘r(‘ tlH‘ s(‘eon(l tcuan ou tlu‘ right is siu 
not containing points of 9{«^. It is tluis < 
on tlu^, right 7n/ <‘m,. It is thus less than tl 


Thus 





it! > a. 


In a similar tnanner we may prove the s 
us turn to tlu‘, third. 

We netul only to show that 

i f is monotom^ decreas 


Let a' > (u 


Ah before 


Thm 



lim :£«. 




But in th(^ cells MJ - M*. Ilene.e th 
t hi' sanm as 2) in H), Thti second term of f> 
follows now as before. 


iMriu»i>i-;H Mri/nri.K in ri.;i;K as.n 




For by '^1 


r 

art', liinitiul nionotono fum*tu»!is. Tltrir IiiiuIh 

36. If M ' Max f in finltt\ and i J i'uHrta'ii* n! , f 

/a// upper inirtjral in mnvrn^rfii and 

( ’ If’’ M Hiii 

'* 


where/ * - a iti "il .,. 

Shnilarhp if tu ^ MlU f !h finite auti I / in n^»nver>.i 

€ * * ♦ % * -r,*! 

apoudlut/ harer lutei^ra! e*aieerpeuf ami 

y^n\%, " ( i / ^ 


Hi 


Lot m provi* tho first half thr 
Wo have 

f f liiu 

v%* .* *dn 

Ndw .. 

I f-' I \ ' Mil 

*’% .4 


W(^ liavo now only to pass to tho limit. 
37, // ( / in (uaiven/rnt^ and 



(IKNliKAL TIIICORY 


I. (it, 


TIkui 


/= 1 when X is irr 

^1 

y 


wlien % is n 


( l'~\ ; henee f / 


Oil ih<^ otluu* hand, 

f = f, |„Kf 


1 hnuu^ 


I . t litu i =: lim lonj” /d 

^ KJ> 


is (livt*r|j^(ni(.. 


38, 1. In tlH‘ futiin^ it will Ix^ convcniin: 
poiids of 'iH \vlH‘r(‘/ . • 0, and 'Jf tht'. points 
(*all thi'.m tlii(‘ poHitlve and (HwtjfoneUi 

!2. // j J\’ittirrr(/ni^ no do 

lf\ f oonverqen^ no do I f. 

For lot. ns tdTixd. a nuhical division of 
/d' jd. Lot. e d<niotc‘ thosi^ oolls (‘ontnani 
llios(‘ (‘oils <*ontainini^ a point of ''}.y hut ni 
(udls oontainino a point oi lait muu‘ of ‘‘I 




Idion 
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IMPROPEK MULTIPLE IN'l'ECRALS 


We find similarly 


f - f =lim!i(M:,- dfjr + iiil/yi. 

Now I /V > I 

MstaH' * 1 

for a snflioicutly largo «, and for any fd, f-i' ■ f-i^y 
Hoiuso the sanio is tnu', of the loft. of 1 ). 


As (jorollarios wo have : 

3. If the. upper intepral off ie eoniuri/ent in VI, then 

ff<fj 

Jf the lower viteijral off h convenjeHt in 

ff> ff 

For V . 

I, ,< I < I tio. 

4. Iff>, 0 ancZ aonoen/rnt, mo im 

1 / • 

Moreover tfie second integral is < the Jirst. 

This follows at once from 3, as V( — 



GENERAL IMIEORY 


Let 1) bo a cubical (livision of space of r 
(l(UK)tc‘. (iollH containing* at least one point o: 
y’X). l^it n«' , tta" denote cells containing 
Sla'vi" which /< 0. Wti have 

Subtra(*.ting, 

I .... :iMA I < I :inrA - :^ma i + 

L(^t M[ - Max / for points of 'Jf in d,. 
sign in "JL 



Lt'.tting d = 0, 2) and iJ) give 


f -f 

< 

+ 

10 

1 





Now if /:^ is iaktni HnHituently large, tlie fir 

< t/2. On tlH‘. other hand, sinc’t* I f is eoi 

2(L Heiuu) for a Hnllieiently large, the last 

< </2. 'Fhas 4 ) giv<^s 1). 

40. I/fin intetjrtthle in 5(, it m in aitjf « 
Let. ns lirst show it is intt‘gnd>h‘ in any 


40 


IMPRoriCE MllLTUi.K INTKCaiAI 


Now any (uOl d, of 51, ./i is a, (uOl of an 

Heu(‘.e Thus is a uioiu^ttnio inc 

of a, fi. On tho oUuu* luuul 

Hni ~ : 0, 

l)y hypoUussis. Honce - () and thus^f in intt‘j 
Noxi \vi f lu‘, liunUal in tlnnj O* j * , sunn* 
y. Htiiy' Iming intograi)lt‘ in 'Hy, y- d is ii 
Lot us now oonsidor tin* g-tuioral oast*. Sina^f 



both (^onv(n'f((^ by dS. Ltd ntnv y\ N bt* t ho jHUi 
in .^3. 'riuni 



Thus 



both oonvor^nn Iloiuu*. by ^>0, 



botli ooiivtu’^tn But if dtuintt* tin* |Hhn^^ 

‘-a <f <h, 


f liin r /; 

*1. f. 


by (lofiuitioiu 


!3ut as just stHui, 




« r 


(iENKHAL THEORY 


For l(^t 
(‘xisl. Sinct) 
iHH*(‘ssarily 



(‘xists and I ), 2) an* 


42. 1. Ill study iiiL*; tlu^ funivi ion,/* it is so 
introdiua^ two auxiliary fuindions d(*iiiual a.H 

wlun*(*./*>< 

. : 0 wlunHy/’' M 

0 wlu*n*/>t 

Thus f/, fi an* hoth -* d and 

f // A, 

l./’j ,'/ -l A- 

Wi! (‘all thorn tilt* (tsHtKUdfe^l 

2. /Ik HHua! let tH..„ </ (he jxfinis oj' 'iH 
Li t denote the ffoints inhere // ’ /'i, and 


42 


IMPROl'Hlt MI LTII'I-H INTKCRALS 


Let the irrational points in = 1 ), 

= ~,u forx="‘ in \H. 

n 


'Fhaii 



Af(ain lot/ = - 1 ft)r tin' irratiiOial puintH iii 


= n for ilu' rational juniits x : 

n 


'i'hcn 


1 /,..= (). 

( 

•'St. 


43. 1. 


1) 

('■' ■ 




fh- 




1 . 



fTiwided the infetjral on either nide the ef^uttiitins eo-h 
2>roei(led the intet/rtxh on the ritjht »iiie of the inef^ottHiini 


liOt OH prove* 1); iho othora art* Hiinilnrlv 
a cubbal cliviHiou eif apaoo of norm *{, wo havt* for a lixot 

sffi liin I 


(iKNKEAL THEORY 


R. If j / is c.oiivergi^iiii, we cannot say t! 
vtn'ginit. A .similar remark holds for the Ic 


Kor U‘t 


'Hum 


1 at the rational points ol 
— - ^ a-t irrational poin 



I. That, tin*, iiuspiality sitj^n in 2) or 4 
shown thus: 


Let 


Tlum 


M. 1. 


/ ^ for rational x in = 

vx 

— - \ for irrational x. 


Vx 





f/=± 




ff- 

1 // -■■■ 

■ lii.i f , 



.-Xi 

fr 

lim 

f e C 


.iOi * 



pntPtdiul^ 1 ' ffu' ititi'pnd tut the left exists^ or 
I lot it t>n the rhjht exht, 

Knr lot us cllts’t a tmhical division of no 
taininjx p<Hnts of fall into t wo cdusses : 


IMPROPKR Mri;riFLH IN'rECatAI.S 


4.1 


Lest now If ilu^ int<‘L(ru! on llu^ It^ft <»f 1 

ginit, thn 'mU‘g’nil on tlu*. ri^^ht of 1) is ooiiViU’^ont !»y VA 
ilio Huiit on tht‘ ri^i^ht of 1 ) (‘xists. TsifiLC now PJ, 2 , 
Lot UH now look at tlio hypotln^sis. Uy 42, 2 , 


lim I (f 



Thus passin |4 to tlu'. limit in 4 ), wt* Lp4 1 ). 


2. A n4aiion of tho typt* 




<looH not always hol<l as tlu* fotltiwini^ sliows. 


blvampU. Li‘t f -- n at (tn‘ points r 
— n foi- X 


{H 

o;'M ^ t 


1 at till* otlan* points of "Jl (t 


Tlum 


j:-' 


1 


f 


h tt. 


45. If f h rofuxr</i'nt\ it in In ami unmixetl part t' 
lavl us ('.onsidor thti tippor inti\yn*al first. Ily 42», 2 , 


(iKNKRAL I'lIEORY 


Ah ilu* limit of tlio rig^ht si(l(^ that 

From this fjuR, and hiu-austt 1) (‘xists, 



rxists by l b R 

A similar dmmmst rat iun Imlds for t!u‘ low 
46. //’Vlp ./h/v// t(n UHinivctl dlviHi 



pravltlt'il tlh' init'fjriil t>H thr fvft exhtn or <f 
ritjhf iwint. 

For if dcnulo tlH‘ jHHuts of •'ilufj iu 



Now if tht‘ iulrgral un thr loft of I ) is ron 
un tho riydit i»f I ) all cMOUi^rgr by lb, l*as: 
«yivt*s 1 On tlio ut ht*r hyputhosis, tho iiit 
I ) <*\isting, a passagt* to tla* limit* in -) si 
this t’uso alsi >. 



For !rt ,i.| t!tmf»tr I lu^ |Haiits o| wlirro 
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48. {. // 

|y’j Fonven/FH^ l^oth | .i 

f rvUH'fT//#*. 

Fur an tiHual U‘t dt‘nutf. thu point 

s uf xH wlnuH' 

Than 

C f.... 1*! 




^ 1 

is coiivcrj'tsut, by HH, :i, hiuc.c ( './'j ih (Mtnvfrj.'i-ut. 

•.ht 

Similarly^ 

/( ■/) 

ff 

is cuuvur|«fuut. 

Thu thuuruiu hilhnv.s 

in»\v liy •UK 

2. 

muFFn/rn^ ntt 



' ) 

^A}| 

i //. 

'it 

Ki.r by 1, 

J/ 


Inith 1 'iinvi‘i'g*'. 

Thu tliuonau now f 

nlluWH \i\ IH 

For 





ikith ii* it in mui Mujfirinii that 



in mnmTffent 

Fur if H) tlui -| Uolh r<iiivrriu* 

<ht thii uthur hiiutl if buili ihi^ ‘i) uuuvfrt^i 



(iHXKUAL T H HU IlY 


Uut 

l.v 11, 

K/\s iiitfi( 

ruiac 

ill A,t. 

Ilf mu 

1(1 I’V 


ThUH 






j, 

j-'l 

- liin r 

m- 

-fi 
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49. 

I'l'iiiii 

tin* uho\f it 

foilows that- 

if both 



thr\ foil ahsolutoly. 'riius, ii 



('ou\fn^fs» il is ahsttlutfl) <‘oMVfn(fnt. 

Wf must, ho\vf\fi\ 'yiuirit thf rfiuliT aifui 

jn»:siui^ that itnli/ vimxvvi^vni upinT 


Hritmph\ At thf rationul inhuts oF .s-'U ^ 

/'t i I * ■ 

2 \ .r 

At tlif irnitioual |MUutH hi 

fi f ) ^ • 

X 

Hfi'«’ 

I f' 1 I >' t 

‘Hhif., aiiiiuts iiu n|*p*u', luit not n low 
h.iml tlf UH|‘or iiilf|,.^r4il of / liofH not 

H'or ol>^ iouh1\ I ^ 


iMPUtH*Ku Mrijnij: 


4H 

L«i UH i'tnmicltn% ftH- <»xatuplt\ 



If Wt' .r .. » wr 

It 

J : 

u 

whit'll by K but ih iih! ;i!tNMlnt«'ly v 

I, tMtb 

'VluH lippart'n! ttiHfrt’psUH'V nt «»nri* \v!ii 

that iu‘ct)r<Uii|^ It* ibt* tU*tiui!itiu laid tlnwii in VuL I, 

i*i 

J s® It ilili I /tlj\ 

wliiln ill tht^ jwtw'n! t'luii>trr 

J Hut I f*ij\ 

Nnw it IH taiHV tn Hin* that, a hiri.n* at |»lriiHur< 

I fitr • '3 as |s'i A jf , 

an iliiit */ tluuH nut at’uurfliii^,^ tn tmr j-frr‘4rit 

III ilit* ilitairy uf iia uriHtiarily 

itii tlin cmltnibiH a Hiuiihir |ilirntiiiirit«ui vi/,. t 

rfirivnrgaiii iittrgmlH I'xint wliiui m 1. 

51. 1. If i \ f\ It 


‘J. //■ ( / ix i-tiiu'rninil, \ f an- niim-nu'nt for m 
•'vi •'•}( . 


For I f is rnli\ h\ oH, 4 . 


.1/ 


! Iriirr 

runvori^r h} IH, it, 

:i. /fl i \ J m i'tifU'f rtft'Hf tiiiti Miti f is finite^ ^ 
r(*HVfrtit'Ht itnti \hi\ J' ji it it t\ ihut 

f ‘"’1 


in . 

''This fuilijus ii\ lUt sihI ::, 


52 . Lti f * in \H. th* iiitf^ifid 




If 

itnu umnii^J p-irf ■■ 


O' .0''*“’ 


r f 


ir/fc’fr' 


«l ■ *F 


^ Q. riM'ii ';*ln I Oji is itfi illilii 



iMnuH'Ku Mn;nrLH iN'rwniALs 
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1 {inu’c ;« 


r . r i 

1 + 1 



•'■Jl a^; 

* 

'1^ " e,i 

FlMlH 'j) 


/ • i* 

it' 




*■ 

! i' 
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• ' lU 

VI liirli I'HtiihltHlu'H ). 

SS. tj thf inti till 

j 

f ^ 
n * ' 




1 ^ 0, 

(f . 

% 

hif ituii ^ % $urlt that 


(T. 


Lrt tw firnt thut If tin* 

lli«*ri^ luiWi’Vtn* rnuuH takru, a ^4^ .sat 

lliiit 

'Hii'Ii tlti»n*- I'xinlH it tnihiful tUviHiiai uf H|mrr‘ 
|ir»ililH nf 1., riill thcMU ij, whirli lit' in t'l^lls runta 
fl, lint liUt'Ii lluit iS<(r ulnti. Mtnantvrr in an uu 
■riii.!ii friiui 4) ftilltiwH, hh / -H), that 



iil«n 

IM. m nnw iiiki^ 0 m ilnii 



UKNKHAL lliKCHlY 


I nn\v iitT * i% t \u*u 



« 


\vlH<‘h ciiut r;ulii*t.s a ), 

Lrt. UH nnw mukt* im rent rirt ioim nii the 


If '• 

) 

i- V 



Htit 1 ) Um‘ pn^sritt rasr is r 

54. 1. t»tt I aiHii'r'n/f’. 

/#r'f tlHlhli 'il.vi Htfit tiit' il tit ii'hit'} 

.1^, /.r* 

l‘,t i .1.,. Vl..„ ■»«■/ l>l ‘ " “• 


I'tir if iii't, U-t 


liia f^,i 

VH, fl - * 

Inn r,.*;! L ^ ,.■* 


f»»r ;ui> \ ihvVA vxihIs a luitiiulu 
atifh I ha! 

I - \ f«»r II * 'if 
f ' ill 


Lrl Jl4^ 

I Iriii'i’ 


Miiua., h t la'll 




lint f H l>aU >•! ’.'f 


iMTUorKR Mri;riPLK ixi'KtaiALs 



For, il iJ * lu»lcls, 1 * httlds also, 



'FhuH 2* is rtnltUHnl tt» 1', Lrt thru tlu* V 

Wr hava 




r ■*' II !> r /'> 

m ’1) in 

t’h t .shtnvH, Lrt now 

I'hiMU 


/* y* * • . * 




lliii t 

-i It. 

a.s ic, •/:, Uy fri, la’t ua imw 

a, 0 -s jf. 

ill it). 

SiiKHi tlm limit th' tin* hint trrm 

iri*! 

ft’ ’■ 


litu j //*r3 lilil 1 if, 

ft, *1.^- * 


lim f h ^ lilil I h. 


Similarly, 


2 . Hit* lulhtwiii’f t-Kaiuph* is ins! riirti as show 
tin* t*oii«lit i« *ii.s impMstMl ill 1 ar«* uot fiilfilliMh ilu^ rt* 
not liohl. 


Krti/iipit\ Siiirr 


p,/, 

j- 


/ , 


tliiTc exists, fur ;tii\ /<„ -II, a u. A„. such tlui 


. 1 : 


(f 


t Ih'Ii 

a.s A. ■’ Lot iMtu 


0,0 J' 

r/j- if.. 


n* r 


! tt»r tht* ratiitiial [HtintH in 


I 


lor I III* irrat ional. 


Hnai 

Lvi 


(ft' 

‘'.'i ; ii 


"■ '‘r I- 


hof iho poinrs mI 1*1 III ( I i and tlioir 

in I ). 

Hitai l" ^ 


i ^ . 


ttliil 


lint nhviollfdy liii^ art rolijU:.Oltr to C )n f 

f / ^ U 

Inn I ,f' * ^ • 
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iMHUjrKit Mn/riru*: iNTiuatALs 


t UH i‘Htal»liHh tilt* tlitMin'iu fnr thr uj»|M*r iiifi^ant! ; xim 
.Hoiiiiiijf jiiay ha untul .for the h»\var. Siiu-r ! | ih atinvan^i 



^ X =3 Hiu i h 

«. a * 'An,. I 

Hi Ijy 4h 1. Siru’a *\) axists, Wf* hava hy hih 



Hiiy S* HU(*li that ’ ntaua ah 

MiH»a 4) axiHtH, Ihta’a (‘xints a pair nf va!uiv% a, h Mtialt fltaf 

X r f> \ , 0 ." v- V 

c‘a lira iiitagml uti tha rii^ht huU* i»f 1 I is a iiaauttuiia' inaraan 
H’titiu of a, h. 

Miiaa tl ^ I (S in im unniixatl tliv iniiitt <4 


f h-. r h f r h. 


Mtiaa /i-Mh anil tla* linut 4) axintH, tlia nlmw sIimum that 


at aiitl itiiif 



a '■ tim 



/i 


X - fi 4 " a. 


riiaii #1, /i haiu^^ tha miiia an in It), 


tai.NKKAI, 'rUH(»UV 


'I'luiH, t 

^ r 

I / I ./ n 

JiK J.iX 

hv M, t. 't'inis fdllnws un 1 1 ) ai; 


57. /f fhr intffral | and i» 

.Hindi that ita a thru 



lint 1 

■'■ 1- 

f\ 


>* - 'ii_, 



l‘‘Mr if 

\Vi‘ :a't f C,., tla* 

la.Hf .HI' 

i iH ail 

ilH»l Qsj 

' H. Ni*u 
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^ ■ it 




* In t iltitlU ^ * 

uu usilitt 

5B. 

I. laf f,.., 

HU'.'l, 


lj\ I 

, th* upvtr ''f 




'.*1 ■' .. 

1 ■ 

4;,' 

. . ii.. 


M an 

^ ft. 

#■ , 

and ij. 

;! , fhi' lippf'f 


t >i are 


1 if'* a 1 

- f f 

1 1 i/. 


% ■ 

dn 
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IMPUOI^Eli MULTH^LK IX'rKCatALS 


f)6 


Then 1 )^^ luuy 1)0 cliosc^n so that 0. 

Now 

I /-). i j 


since the fields are unmixiuL Ih' oi>, the serond intei^r 
right s= 0 as a, x* . I h^inai 


liin I iiui j t 

«ar /4 ' ' V.,;j 


Similar reasiniiiig iipplitss to r/ and^’ { //. 

Again, . 

L (7 + '/) ‘ I f I .V- 

Tims, letting /:^ x wt' get *J). 


2. When the mH(jular paintn t[f J\ // *trr <linrnit\ the e^j 
holdit, 

*{. If p is intetjrahle (tnd thr ra^hlifitmH I \ 2 \ d arc Bat> 

i c.r i //) j / \ i //. 

*X,j‘ 

4. If f if (tee iiiteprahle and etmtiitian 1 is Haiinfird,/ 
iegndde and 


(ilONERAL THEORY 


Example. 

Lei 

at ihi) point x 


L(^i 91 e.onsisi of the 
/ =z ] ^ n , 



Then 


rationa,! poii 

g = 1 — n 


Now 


J + // 
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91 , 


■{/. lift 


(nnhra(‘t‘ only a linil.(^ niunber of points for a 
otluu' hand, 

9l/i.,..H = 9l for/^>± 


''Idius tln^ upp(‘r eontont of tlu^ last H(‘.i in 
a, /-^ A' .X* and condition 1“ is not fuUilltid. A 
not hold in this (‘as(‘. h'or 


('(./■ t .'/) - 


, , f. 

59. //■ r ; 

. 0, 

t/ini ( rf:^ <■ i /; 

(f e - 

” 0, 

then i / 

provitlcil the hiteprai on < 

a'fht' 

r Bide in eonren/en 

Ftn* 


i *“ 

j 

(■ 

,;/• ,-l / 
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TluiU i>„p way bo. oIiohcu ho tlwi ,v. < 
Now /• . /' 


/ / f > 


since tlio liolds an> iimuixoil. 15> ■>>'< 
right = 0 as a, IS ^ 


bin j / 


Similar roamiuing aiti'lios to >/ .ui'i.f 
Again, T . i' 


I (/>,■/! ’ I 


TluiB, bitui}( ^ ^ 


2 . When the miujithtr /mfitM ■ , fh^ 

hol(h- 


3. If i/ U intetjrtthU' tind (hr I , l! 


I ^ !( ^ I * I 


4 . If\t\ // ^(ee iiitri^rithir itn^i I 

tegraMe and 

I </■ l ;n I ' ’ I 


fc/l I 



Ul.Sl M XL 'i ii|ji!:v 


L*'! » ••fru -I mI i 1,*- I.^li.iii.il jiMilil'i lit I 

^ ^ / \ i u , I /I 

it! I hr* j»M||i! j .1 hi-u 

/ * ;/ n. ^1, 

Nu\v ^ ^ 

Miii\ .i Inn!*- ii\iuih> i »<! |h., 3;1- |..r .i :u\ru a, ri 

n s! I sr I' h .11 !* I , 

. ■ "I !•■: 

J’liirj !!\« ^ni**'* *'! *:■.»• L\ -i m 

# ,.U;4 rM|j4.!s’'3i I li'4 I. >i. Ai 

Hi *! Ijs ‘hi Hj i' ^'.1^ ’■ ! • -J 

! '• .'( , I ’ ", \ ■! 
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)' •• : fh r fh^- 
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Similarly 

Thus 8), 4) Rivu 

‘-J’ 


j: 


w 1 h*II r‘ 


f 


fl * 







* 


We iu)vv need only \nim tu I In* limit 


60 . (ffie if the intr^ifitin 



eoniH*rip\ fif mi p 

cmuHTife itnd itn^ tupinl, d «iiiii7«ir thfurein 
intetjmh. 

Fin* let UH the llr^l iiitr|rr-i.l in \ ^ 


then 

Now 



ThoH tins Hwmml iiift^griil ifi 1 ) at 

the intoLnidH in 1 ) aro rntniL 
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lien CO 


i'g xa lim < a, 

a~'i» 

s= In tlrfiiiifii 


64 . If CMh convm’g‘c‘nt, W(» raiiii«a ili 
similar rtumirk Iiohin fur thr tuuur iniuifia; . 

Example. For tlu^ ratiuual in 'il i 

/{ x 1 * ; 

:i \ j- 

for the irrational points lot 

/i j- .1 ^ ^ . 

I 

'Them 

Win I I }Ji ■ !im I \ r j 

tt™.M 

On the othm* hunch 

/*« ^ tn,ii j / 

4, fJ 

does not o^cint. For htnvrvrr luno* ,i r. 
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mnvn(jc and are nptai in ik e i ^ -u- 

For Ini l> 1)0 any cminpluii* lin i'omu ,4 ,4 i 


j,i,A r!<*\ lU IVM.I N nil. IM ttF I VliCS I 


11,-u. r I >. I '.'n.' 

l' f ( "n ( ‘ ^ |i'f an> h - sniiu 

*• .. . 

^ Ijj t.Hi* r H , i ^ -inf;riru!h Mti-ill, 

i '-a ^ 'i. * • ' »' - * K’ 

1 I f' # \.i i f ” .1 - I . 

Ui/ !■' luili ‘ I^rl 


/» r ^ 


1 * 1 * ^ » I I 1 ‘s. ‘ ■? ■ ,* III' ^ '■ r %. <■ ‘ f jl 

I ^ M I r! -M I 1 if* fOalilH < 




.‘J ‘ 


IIT / ■’ I 

i i* 1 

I i.. II 


' :^ ' • j; • ^ r -j"-' Ilf . '• * ^ 

.1. , -.■, ..:i .4 .j -I.'.- m! ij..rut il. 

t -.Hi*- ;t ill ‘^l;. 
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*/v|| 

for X .Hutric.ieuUy hirr- l*>'' A i'" ’ 
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I V 

.'jt 


if ff is takfu sutllt'irntly small ut 2 ». 
From ii), -t ) follows 1 ). 


69 . If f«/ « of'Sn/lJf. /.»/ 

to till- formpon'IIiuj 1 ' 

For by *>7, <J is iilwohit.-lv i t.iiv. i u! 
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Thus 

<'n/ 

f / 1 “ - 
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(V - ) 

i i >■! . 

a 

Ilomm 

j)s=('3t/ I'n' f 

Now 
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1 

1 )■ • f 
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To provulo f.n- tiu' cuh.- (hal <!> u-.i 
points of i8 wo ^ivo tho syiuhnl -.! t U,. i-.u.- 

I j t' lini ( ( 

whcro r = (S whon th" iitl.-r.il t • ‘Ox 
tniry ciiso 1’ is snoh ii par! nl C; ‘1‘ai 



luul such that, (ho inlogra! in > >■- nnm. i ;. 
penuil* 

SouietiiueH it h t‘Hnvrnit*jit !•* I 

The poiuis iU '' 

be uoiituid that (‘ut^h in 
the iutefi^nil B) in not rv»ii\»i‘!,p‘’iii. i 

•ji 

Heuct^ wluni in *‘Mniptr!r mi 
iiiu 

»<k. 1 ^- '■ 

going furtliin* it ^ull .ii4 -5* 

6xatni>U^H. 
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at at =s Wn Hoo that 
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I f -if 



I !i»- III l'/\ . I li\ i, \Vt‘ {frtin 
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I., I - 1 I 
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^ ^ fl ^ 4 ■ 
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I I 4 

i';«i rii'sl, .i. j I "1 f* 'I' ladi'-n.u i, and « # !» 
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Example- .1 'I" '" • 

Lot , „j 

tor/ i‘ 

• /I 

r*; ■- /I fur j 

a 

At the other points nf In f' I 

Then 

Here ev(0‘y p^int t>f n |H.iiti »•! mis 
thUH 3 s» Sh 

Here 0 % in net clelinmh rro! 

definition itn mtmt lilnoul inlrrprii.ili>’ii, 

The mune renuirkn ludit f»o 4, 

On the (Mher Imiid 1 ^ 

f i ^ # , 

I* 4 

(loen not exint, Htnee ^ 


Moreover ,, ,, . 

'v'tf * ‘ h 
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1/ J,X 
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*'-nr lirld mI inlrirt lit |Mii rtiUHihf H'f 

-I* h'l ii‘i r.iH ll ailtl iUintlir 
n;^iif, hr! / Ifr rliiiliril u\Tr 
\ , I, .Ui»l ]*'! /* I ill A. 


.»:■ jj: 


' ' I ' 

.?l '4 


'V'’. '• 


r„ < . !..•■■. n..l rxi.,!, 




» * ' 


n iLr ! ' ; 1' <u an*' 'ir*-| ur *iiiall irHtrii'l mu 


.' t i'lii-i il<'ial»!r Uifli ft* tjl, 

;i ‘iiiaa- i*‘ s i*'. 

'.f I L*'^' I n! r ;,*! ,lli» I A l-lli !«” 



Let = ■' 

which contain )io point ol U '■ i i 

take without loss of nmentl it i/ 

'Jh. 


For lot UH adjoin to VI a di-rivt.- ■ t i •. 
from 31 Huch that the projortiMi. .■! i i; 


Let 


i V ■■ ^ 


Wo now Hot 


ill 

n Hi ? 


Tlion 


( 4 ^ I 4 ^ * I 4 * I 


.i: 


Similarly 

lloiuio 


f./. j'h- I'.t 

»■ 'ii. *■ . 

r r \ ’ 


3. I'llO sot (5„ boUt|( m 111 ' 


73. Let (kmitr thf " '1^ .if 

u iterahlvy with reMpni ft» 

iiiH /I, 


For ninoo H in itoriiU!«% 


1 1 iM \ I ! h !\ rrjatALs 


\\%' h.i\ «■' 

a . 

\\ ill 

A ', fiii- ]*" 

I’.nf 

A 1 * 

h ■■ : I I 

74 ^ . 

1 ., ,• V /r 

.a . 1 ^ A:. 

n.n 

a 1 


lit 

e e., ^ i., , i\, a 

inmn \»'*i. I L n. ^ i , an nil r‘^n'al»lr I'uitr! i 

'I 'i.. f ii' ) ,. I I 

x ■ 


It - ai. a- a # , 



11 , 



I ■ *J /* 





* 4 


a i A -n- I ... ;. f. -M. I,, - 


J' 


f 


e... ‘a 



08 


iMi’Uoli'.it Mi l iirn 


Lot Ila- i'.'.liS ‘ 

which coiilniii nti ■'! ' ' 

take, withoid hex nf i/nh-raltfii 

lAir let us luljniii til '.*1 .1 ill • !• !> 
fruiii SI such thill the |.inj. i n-m "i i ■ 

I'Ct -H i r S' . * 

\Vi^ now Hrl i f 


Tlmn 


Siinilurly 

Houtu* 


j> 

.C' 

f.). 

* ■ *> ' vi • 

r !'■<■ r, i' ' 


♦1. 11 H* Ht‘l Hi 

'i! 


73. Lti ^ ikr .1 

u iternl*li\ with r#-f/«rrf r^j fl, 

hill li 
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Ml i.i n-ij IN i ! • i; 


Wo may now riwon on vi\, ,i'- w .!;.i 
Wo got. a o(mi|ilotf wl tJ'.j ’n i ■ ' 


(loiitiaiiing wi' g' l 




last now 


h l> 


'riusn ,, .j, , 

by 20. 

I/i‘l bn jiuiiltH m! ll fill 

b«jb^J. Fttr \vi I* Ih* nus jiMini 
tluu’t* ('xints u rr. mti’h that 


for nny C ntirl* that r ■ o,. 1 io'r* ■ 

Sbn(. 'rilUH b„ b jt?4 h in s'H||||.!r!r' 

Houoo I 

Ion 

which with I "U ^ 

75. /.rf 


he mneettfeni iirti/ $h 






T2 

Bui for a lixtHl n 


Uviwv ft»r f/,, 



when* I\, % art' j»tuut ^ “I I 
Hfiu’u 


N(»vv Ilia) ia4 \w rofis|» 

Ah iH t*tuiij4t'ti*. 


Wu luav tht'rofun’ ^ 



By lih tlu* lanl Ui ti 
it) tin* limit. 



HiiU’t* €>tt \n Miiiiill at j4r.i'>ui 

i )u llio otlmr liaial, jw^ui 

n sa WO 
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Hill, for u ti 


Tlu‘u 


I InuUt 

f(»r (f^^ Mdiirirnllv 

I / ' I / , ill I'iS* If |..#US? 




when? l\, 7 „ urr jMiinis 1 * us t. 
I hinci^ 


Now S3f/ Hiuy nnl 1 m» riiin|i}iir; if \vi 
Ah ® irt ooinploUs 

f f 


VVa nmv (horofnro wril*^ mj, ajnii }j|tf I 


. II 


ff f f f rr 


My 7i), till’ li\nl IsM’UI <'!* llsi* M J 

to (lio lituit^ 

I I / ' luH j I l!\ 


HilK’t* ^>0 ifS HIUhII ul |i|iMPi«IUi\ 

Oil (|h< (iIIut Ililli.l, Ji.WM|i|tJ 1 .. Il„, i,,„js f/ 

n ^ x\ Wo [(I't 

lltil (ffj 

• 't> > » '-0 i '(J 


TIium :i), Id), !t), aixl j) ijui’ If 

I/ft HH iiuw supfumi^ l!i(il 111.- jju«l.JI« U’lm . 
Wo liiivo HH laofuro 

r j hisa II ' Jr 

Hoiloo tlio iult'Knil nil il(o tiijla ..1 1 « 


'I 1(1 'il. 

If. 

■ / 

.J ’ 

( 

Im’ I Hllll.ll'U'li )IS, 



I lilli JiiWailij. 

(1 

»•« " », < 1(111 chuH 

( in 

I I t*! «iu «*rj»riit. 



ri'KIlATKl) IN''rK(l|(.Al,S 


[„•( iiH now in iiu'lric, Wt- ('fl’i'cl- a fuliifal iliviaitm 

(if i)^,, of niii'iii (/( mill ili’inilii hy ihimn ihiIIh (•(intuiiiiug only 

[loiiilM of 'if. M'lii'ii in t'iiiiij)li(ti> jijid 


lim /#,, 'iS. 

ll M 

LpI /I,/ tlrliiilo ihuNi’ poinlH t>r VI nvIhjhm jH’njcu;! iunn fjill nji 
'riifU -'1,/ iltTuhlp wilh rr.HjM’rl td //^ hy l«'h iJ* mul \vc» luivn mh 
ill llui mnv 

f’ff f- (‘1 

If ihw inithlU' in 11 ) in (livi’rji^i’nl,^^iH tUvorgiMil luitl 1) 

h(il(Nt h1«<i if tlui l«iHt itt II ) in cli 1 ) Su|h 

jumi' (luMi llmt lUv two lu^i in II) ann ounvorpnit* 

I'luni hv f)? 

Vnuf 

liiuf’ if. 

'riiUH lu chtt limit t/ itt II) mi ^at 1). 

UH tioto j^upptmt (}^ ij .. 0, 

TI.cii 

u / 1 a . 0, 

ami \V(» can a|i|ily I ) In llm lu'W fnncliiiii </. 

* i ;/ I I // • j If. ( 12 

f-/ ffK?m (1.1 

hy ft, Miiiro in tliHiMH'lis AUn hy lljo mimi lltiumnu* 

( H “ ( X f hiu ( J + ii Ft C 1 1 

*^11 

ilt'nrilin^ hy llm uf (S whnm 

{} ^ J ^ 

iuhI milling 

F « lint 
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tMl’KOl’I.U Ml 1.1 in, 1. IMl.i.im.s 



i 



Now foi' luiy n 


rioiKiQ 


fi;. f fo- 

hni ( { fr (r Issjj | 


01 ‘ 


I 

.. . .. 


Now for a lixod n, y may *«' l-«i“ 'i ••■• 5,ii|.;.' iL u 
of ffl, 

y', ' c,- 

llunoo 

,-• hiH U , ■ i.\ 


llonoo «- . r r . n 

.'H .'l* ’’'t* 

IIOIKIO ^ [*{•. 

timl lliim r i« itili’gralilc' in 
TIuh rosult ill M) giv«»«. «•« u»»jg .'»**, 3. 



[ f / » 


From 12)t IB), ami ITj /u|k*w^ I i. 


77. Ah corollariofi of Um Wi ikr^xrrna %^r 

Jt! as in 7(1, 

F /// Ai M 


Jff<^ th 


I TKUATKl) IN' TKCllAl.S 


r 

i ti 


l\. Iff - (f titiii mtr (if tht' intrtfrdin ( \ runvrnfrtit^ (hen 






78. l*et VI * 0 itf^nthlr with rei^pert (o trliirh lant i« (vm- 

ji/ftc (*e mrfrir. hrl (hr ^itujuhir \\ he tlisrrt'(f\ If 


(>■> 

(■ 


( I 
(2 


hath atnirrf/e, (hft/ are etputL 

Kor Inl />f^t Pg ’»• Ih' h Hi'ijuniiu) <if inihiral tliviniouH 

m ill Wi* lufiy huiuhw^ m hi»fnrn tlmt vnv\\ uri 

SiiuH' I ) in riiiivi»r}|ont 

» •>'. V *£/ ('/• ' '""v 

BiiuH*/iH limiliul in whirh Inttnr m iU^rnhUs 

f fm f f J\ 

'riiiH kIhivvii ihnl i* f 

irt lui intn||rHlilt» fum^litni in inul haiux! in any part nf 
Krnin H), "I ) wn Itavn 


(H 

(4 

t?i 


f f f 


n > 


I ! 2 

Wn winh innv in ^hctw that 

I r r _ r c j < i 

VVhtui thin m iloins h) ntul 7) prove Urn Uieurtntn 
Tu eatahlbh 7) wa Ungin Uy almerving that 


n > 


iil 


C' 


f r - Urn f r 
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IMl’Uni-Kll Ml I.IH'M. IN Il.'.U \t 


Now for II II, II, iitiu !h' t.il.-u i!«.a V O.-iil rini.i.i.-.- u 
tliu poiiilH of for rvorv poini v'«. K-i h« 


r O b I 


S f I' f ■ I,', f 


'J*., -J*. 


liH. r f f r 


In 1. T;;i. 


On Iho nllior ImtnU 


(* r /i ( 1^1 f ^ j ! 

TlUlH 7) IH UKlulllWirtl wlsru \V«’ thill 

1 I f . * ss • S 3 ( 

' ' - 

To llliH i'ud wo luilo l!»<ll ,, /' snlr;fa.d4«' sn 4*^» 4, llvut 

by 77, 1, 

f • r r ' 0 

AIho by I, 7 < 1 1 , 

I ? ■ ■ II'' { 1 

From 10)» 11) wo b»no fuj 

fi/ f / -f r ■ r r ■ ■,. o 

Hilum tlio loft Mido o. 


Bui in H) 


f (••/,,(• (• . . /• /■ 


to llio liniil 


« ■*- |fn»- 


ff f , . /•(• 

‘■f's ' »'is* 


TIiIh ill 12) giviw U), 


fMlAP’PKU III 


SEHIKS 

Prt liniiunvtf I h ftmiutns anti 7*lit nf t ms 

79. l*rf tip (Ui iiitiiiiii* HiM|ui'uri' uf muiilu'r«. 

.1 f f ■ ■ (I 

i.*4 1 ‘ulU'tl HU itifinifir l.rl 

tt^ \ I j rl^. ( 2 

If 

liiii {*1 

ft 

in (uiiiis wu Hiiy lliu 1) in vonnt^fiit^tL If thu liuul Hj in iulK 

nilu ur tlmm not \si» miy I ) in \V!u*u I ) intuiuvt'r* 

lln^ limit *1) in rnlUnl tin* i$um uf tiu' It in tumlmuHry 

In rupii'Hriil H Hiul ilK ntim I»y tlm hsium’ lutlm\ wimu iu» (mju- 

fimicui will uriHu. \Vluumvi*r priirlirHltU^ \sv nlmll inlupl lUr ful« 
inwiun' utiiftM UI mitiitiiUK Tim (nriim nf n Muii^n will 1 k< <it»hi|4’nutiH{ 
liy Mumll tinmttfi InllntHi llm wMirn tiuil j^uiu Will Uo (Uuintml liy 
I hr rnrrr>^|Hmilin| 4 ’ rujulu! Irllrr. ^Ihr m/m fist Jit n ftnuB nf n 
Hri'irH HH *l will hr ilrutiiril hy I'hu iiiliiiilr M'nrH fninu'il hy 

roiunvin^ tlir flrMl « imuiH, iw fur r^umphs 

t . 5 + . 3 f ‘ h! 

will hr tlrimlinl hv Hlul will hr rnllril ihr n muhu/rr tt/frr n 

1Tr m'Viv^ ftinurd liy rrfihirin^ rurli (rrui <if it w’rirM hy iti^ mi« 
uirriiuil \Hlur in «'hII«^«I thr ^rnV®, \Vr mIuiU ilrs^iKiuiir it 

Iiy irplurilill thr Hssmstn IrltrrM hy tlir mrrr^jHuuiiim (tirrk nr 
(furtunii Irttrr?!. Tlnu^ thr nil joint of 1 ) wmihl Im ilrntilrcl hy 

A i T "* Ailj A 

^K) ■■ 

n 


whrro 



7H 

M.Ull ^ 


If 11.11 tlui (I'nuH (if (if 11 

^^l‘^|f 'N .u < ■ - 8 f 8 

i4t'nn»nl uifh i(n 

luljoiiit. 



A sum (if p ('(iimiiciilivi' 

trriu*^ .SN 


^f« i i 



WO ilemolo by yl„,j.' 



Ii =: (»., 4 .1,, 

f 'r, ^ « ®! *.i 


tic the HcrieK ohtiiincil /r"iii 

/I As/ SIS"/ ■»-V 5'.^ 

f. ^ ?i5^ ituif ^eininli. 

Then A mill H I'niici’ri/c or 

•tiier r>ir &uiiiu^riiH« 

1 n i *i At ii >• WlJ'r'r 

(lent then him the siime »«"' 


Ii'cir 

IL .1.,. 



Thus if tluj limit tUii'illuT ihrhsssH *4 

oxiHlH find btdh nw mjiml. 

'riiiH h1u»\vm that in nn iniiniu* wv uu\% /nu irriim 

without affoutiug itn rlinrnrt^T «»r \^dul^ W«' ^U.ul iliin 

(lono unloHH iho rcmlrnry \n nUiS«^4, 

A HorioH whoau nil wt^ mil irtm 

Hf'ries i Himilfirly if il?< nil - f*, » .41 8? n n^- join s' !rrm 

BOWH* If *h ff \V** fihidt V th 

itive t(*rm «fTfVi»» Simihuly sf **, n • ^ .s!l H nn 

tiallji nvifiiiiir term 

tf yl in iUi OHHiUiliuily jHmiUii?'’ (amn nn4 4a%rr|,#rul< 

* if it ia au nr^»nl8i»r N'lns ainl »lj“ 

voi'f(unt, liiu /!„ - cr. . 

Whon Urn /!« ^ ± ix, wo wuiioiMnr^ tisn vl i # , 


80 . 1 . IhrAt^ Cfinvrt^e^ ii is ihiii 

« >tl» 1 .4^ f. j "'■' IT, n - m, p -- I, 

For the noooiimiry luul Muffirioue rondsiion jhni 

!usi A^ 

ox’mtH is ^ „ , . , 

C P** U, wf, j ‘f" f, n " m 

Hut if p w ?i +/f 

.4, - /!„ a p « ,)^ . j f. ^ ,. t ^ 

I'lius 2) is idonliaal wiili 1 >. 


0 



ntKI.IMI.NAItV IIKKINITIONS .\\l) Tit KOUKMs 


7<l 

"Ji 'Phr (it’fi fir/'tt'H ,1* *1, (Ultl thvvi'iff if , 

Wht'n 

'I A, i A,. (i\ 

Kjir uhvinunly if untlu'v HuliHlum ihi'nriMu I> tlio ollu'r 

Ul\\M^ Hiiu'o llu’ IrnuH nf a iln nut rnlur tUu ralatiun 1}, 

( )ii [\w ntluM* liumK . 

* *« I * »#. p* 

/» % \Vj' ^^i’! U). 

II. If A is t'MHVfVifr'Ui, ,l ■ 0, 


•ur 


liiu liiu ( A .1^ ) 


'■ ■* A ■ ■■ liiu A^ /I — A 

Fttr A it iu thnt cr^ U, 

l''c»r ill 1 ) tiiku jM « 1 ; it lun'titnuH 

\Vt* inf(*r lan^aunv tt^ th<*rt<fnru A in tmU" 

vor|,j;i’Ut. Knr nn wu Himll w»u in HI, x 

1 1- 1 f I + ••• 
in yul liiu - <1. 

1. 7Vir* trrm ntrit^i A i& if A« in limit t^th 

Kt»r tiuui lull A#, liy K 

fu A nerirn ml^ttini rmiverifeB in 

Kur Uiu mljciint A t*f A runvuiy|uul, 


t(ui 


i > 0, tih ' - V, u - m* p U *1 


A«. ft « I t ^ ” "f if ^ '' ? I 1" * ” "1^ » p ' «- V 1* 

1 kUH HI . , 

I A«. J < f 

luut A in tuuivur^uut. 

fhfinitum. A rn^rlm whumi ndjuint m tMUivurgcuil in nnllcHt 



80 


M:Kirs 


* il I 


HorioN Of) nal ronvrriri* inav iu' u !«*u 

/KItUJH.HUry lhi^4 f.U-U in'atpij/ .#ir, a;. 

()♦ Lf't -1 ^ ^ ' ' 

ha ahsolutel// ronrrn/nii, 

LH \ '/,. f ; U 

he anj! »vrie» whm‘ (erm» ttr* itlitn /r>*m .1, a.sriit^f ih^ir rtl.tiirr 

ovder. Then li !it ahmtlutrit/ runrrr^jit ni <ia»/ 

// A. 

|/C'- A,. A. (I 

cIiooHiiiji^ -/i H(j lurji^n (lm( A„ cMiiiCainn «nrry fiMin ui 

for w>Houio iii\ A„ - Mss, “Htunr fnau «•{ A. *rhnn lo t||«^ 

litiiiC ill 1), tlio lliutoviii in |in»v<ul, 


7. Let A^tt^ 4 f 


The m-ru'M // n k>g.^ I ..., #. 0, 


convert/eH or dleertfem mmittiitnetmuhi waVA ,1. IVhtn 

// 

Wo Imvo now only (o (o thr hnu(. 

From thiH wo moo tiuit n ni%niti\o nr im r^HrutuBlh hwm 

HoriciH (*itii iuj c’Oiivm*lBMi iiitn h *»r an 

Loriii HorioH hy multi|ilyin^ itf« trrno^ 1*^ 1. 

H, If A h Himjtltf etntirftfnit, (he m'tsrg ll aVis 

htkvH in the order (he if uveur ni .1. inn/ (he t * h^rsntd »»i' (hr 

luufdteoe terniHi nhu tnken tn (he i^rder (hr if ^lerut os *i, «ov hath 

(Uveri/enL 

If Ji ami C^aru oonvt»r^i»nii wi aro JK T, Saw 


Ad 4 1 


n I?, f (1^ 


Ifonoo A wouUI lio tuinvor^intl, wliioSi «**»!jtfrarv t<* 

If only olio of Uio wirieH /A (' is ft<iivcr}|*'Uf. Uio rrlrtii..i» 




aliowH Uiat A would lie divor^jt-iit, whirl* in i-..mr«ry l«i lij jmilsraiH. 
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9. The following theorem often affords a convenient means of 
estimating the remainder of au absolutely convergent series. 

Let A = + a 2 + he an absolutely convergent series. Let 

jy = -f. -h * ' • he a ter7n convergent series tvhose sum is 

Jcnoion either exactly or apjjroximately. Then if n'>m 


For 


|''^n,7»l — "i” “h 

< + ••* + &n+p 

Letting p = oo gives the theorem. 


EXAMPLES 

81. 1. The geometric series is defined by 

G^ = 1 + '7 + '7^ + </®+ ••• (1 

The (jeometrio series is ahsolutely convergent when |^1<1 and di- 
vergent ivhen |_^|>1, When convergent, 

1 


a-. 


When <7 1, 


1-^/ 


(2 


Hence 


1-g 1-9 


a. 


a 


1-9 1-9 


When lim^’‘ = 0, and then 


lim Q-n -■ 


1-9 


When 1^1 >1, lim is not 0, and hence by 80, 3, Q- is not conver- 
gent. 

2. The series jgr^ i + 1 + 1 + 1 + ... 

2 ^* 3 ^ 4 ^^ 


(3 



18 called the general harmonic series oj exponent / jl . When /x = 1 , 

it becomes + }+. + , + ... 


(■i 


the harmonic series. We show now that 

The general harmonic series is convergent when /x > 1 and is di- 
veTgentfor g><l. 

Let Then 

1 


111,12 JL 


L -L _L ^ _|_ __ »1_ ^ __ — 

^ ^ 7 ^ 4 /" 4 ^ 4 ^ ^ 


i + ...+J_<i + l + ... + l = l = ^ etc 

8^ ^ ^ 15'‘ ^ S'* ^ 8'^ ^ ^ S'* S'* ^ 


Let n < 2^ Then 




, Thus lim jr„ exists, by I, 109, and 

1 




E< 


1-. 


Let fi<l. Then 


2^~i 


1 




n 


Thus 3) is divergent for 1, if it is for ^ = 1. 
But we saw, 1, 141, that 

lim e7„= oo, 

hence t/is divergent. 

It is sometimes useful to know that 


lim- 


In fact, by I, 180, 


J. 


log n 
Jn-J^ 


= 1 . 


lim- — ^=lim 

log n log n — log (n — 1) 


= lim 


1 

n 


log 


= lim 


n — 1 
1 


(5 


(6 


iog{i-r- 


=1. 


Silu r * #1 * ha\i^ 

Hill '^■‘ • " : lull / . r - 1. f 7 

fi l,i> ' ' 

AiJi'llu’r iim-fii! n-liiUdii iH 

fla 1 J ^ J •■■ I ^ f 1 ), (K 

U . i n 

K^r l^nii 1 ^ w j l»>^( I I ^ \ ^ . 

\ m / t/i 

l#rt w « 1, "J •■ n. If ilip rt’HuUiiig im'(|naliUiiH w(' 

Uvi H). 

H. Alf^Tmiinui ,sVr«r^s. Tliiii i!M|Hirt6U*i Anm t»f m tlufnuHl 

ivg ft41tnvM. l*i’i fiij '’*1^ » u. 

TIu’ii A .1, i ,1^ ii^ i (11 

vvluiw’ »i|j»H rtr«» iiiiirly jM»»iiivr nnil ut'gnUvi!, Im muuIi a aurieii. 

Tk^ 0sr-rir-§ 1*) si s*arsr#’ra/r«f 

(1« 

.K«»r Ir! p'^-o IL Wrf hgu «'' 

« ( 1 }-/*. 

««Vnl8* 

/ •-*>■4 f ^ " ’t“ C. II ^ I fl 1^ ^ ' 

If jiti m u4d» 

/*»(^^^| ’••■'■' *#^ a 1 1 'f’ ’»* 4 I *^e( » . S ) 

Tlilta III Ih4Ii 

Agmtu if /# in 

^ 3. s I ) 

* f«a f, ins, fl«i '' Ifi iti^ ^I«I4 ^ fp|4ii«l % ijm. 
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SJiKlJbiS 


. Example S. ^ 77 


is telescopic. 


3 (x + 7i — 1) (x + n) 

^ Vl i— ^ 

^ lx •\-n--l X '^n 


^n=- 

X 23 + W X 


— 1 , — 2 , **♦ 


82. Eini's Series. Let + ••• he a divergent positive 

term series. Then 


is divergent. 
For 


AAA 


7) ^.?7n+l I 

*n, P J ~ 


^m +1 

1 


I ^T»+P 

A 


>-j («>n+l + ••• + ^m-hp) 


> 




•=1 




“ 1 ” -^m, p -^^m+p 


Letting m remain fixed and jp = oo, we have since 


Im+p = Hence i> is divergent. 


Let 

Hence 

Let 

Then 


A=l + l-fl + ••• Then = n. 
= ...is divergent. 

^ = 1 4“ 2 "h “h * * ' 


• + ; 




1 2(1 + ^) + 

is divergent, and hence, a fortiori., 

V.. J -. 


+ -^:=X 


nA„ 


But 

Hence 


A-i > log n. 


^ fyi. ] r\a 


^ -I — 1 — [. 

' O 1 f) I 


2 ' w log n 2 log 2 3 log 3 

is divergent, as Abel first showed. 
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83. 1. AlteTii *SVriV!«, 

An important liliusH of sorios Imvo tlio form 

77 -f -f- ... (t 

Ah Abol lii’Hl. Hlunvtul luiw llui coiiviu’^oiuh) of cortnin typon of 
thoHO HorioH (ioiihl l)0 (^HlabliHluul, thoy may ho ap]H'()])riatoly oallod 
in luH honor. 'Plm rouHoninf^ doponcln on tlio Himplo idoutity 
(^AheVs identiti/), 

ssa (f^^ J H ,y( 0 d ^ ^ til J) p-l) 

^ iC^i \ 1 f a H d' /!«, d I r* 1 w) ) d- » p/ln, ^ 

wlioro an UHiial ^ m Urn mini of tho lirnt m torims of the ro- 
maiiidor HorioH yl„. Kroiii tlim iduntity wo havo at oiiou tlio fol- 
lowing caHUH in whioh tlio HurioH 1) convorgoy. 

2, Let the Beriea /I s® rfj -f d“ ••• the, series S 1 | 
eoyiverye* Let the be limiteiL Then H ^ + ••• oonverc/es, 

Kor Hiuoo A in coiivorgonU thoro oxintH an m huoIi that 

<®! n>m, 1, 2, H ... 

Honoo 

KAf.pl ^nal d- 'h ••• 

8. Let the series A » -I eoneerj/e. Let 7., ■•• be a 

limited monotone setiuene.e. Then li is eAniverneut. 

TIuh iH a corollary of 2. 

4. Let A nfj + . be snoh that \ | < Q'^ n =>1, 2, ».* Let 

<^onverpe and ^ 0. Then li is eMnoenjenL 

Kor by hypothoniH thoro oxiKtH an m huoIi that 

I ^ii+i ™" I d- 1 ^M -8 1 d* • * * + I I < e 

for any n > m. 

6. XM |A„|<G^ > •“ Then B is eonverpent. 

Tliis is a Hpouial oaHo of 4, 



' 6. As (111 a])[)LiC(iUoii of 5 wc see the iiltcriuitin^ scrios 

jK = — *“ 

iy convergent. For as the A series wo may talco yl = l 1 -I- 1 
1 -j- as [ A;i j ^ 1» 


84. Tri(}onovietric Series. 
Series of tlii.s type are 


(7 = -i- a^. cos rr + cos 2x'i- cos 3 x + ••• (.1 

S = sin x -h «2 2 :i; + sin 8 :r 4 - • •• (2 

As Ave see, they are special cases of Abel’s series. Siiiicial cases 
of the series 1 ), 2 ) are 

r = ^ + cos X + cos 2 a; + cos 3 a: -f . 

S = sin X + sin 2 ic 4 * sin 8 a; -f- (4 

It is easy to find tlie sums r„, as follows. Wo Iiavo 


• ( 2 771 1 

2 sin 771X sin J :r = cos — — x - 


2 + 1 

cos ' - X* 

o 


Letting w = 1, 2, n and adding, we get 


2 sin a; • = cos | x — cos 


2 ?i + 1 


(6 


Keeping x fixed and letting n = oo, we see oscillates between 
fixed limits Avlieii a;=?^ 0, ± 2 tt, ••• 

Thus S is divergent except when 03= 0, ± tt, ••• 

Similarly we find wlien x=^2 m7r, 


sin (n — l)x 
2 sin I X 


(C 


Hence for such values oscillates between fixed limits. For 
tlie values x=2 mrr the ecxnatiou 3) shows iluit r„ = 4 - 00 . 

From the theorems 4, 5 wc liave at once now 


— conve7yjes cmd «,, = 0, a7id he7ice m ‘particular if 
5*. ^2 A *** series 1) co7iver(/es for every .r, and 2) eo7iverye,s 

for x^2 7n7r. 


If ill 3) Ave replace x by o^-j-Tr, it goes over into 
A = cos ii; 4- cos 2 cos 3 4 - ... 


(7 



Tlnirt A„ usc.illiiU's IxtUviuMi iixiul limits if j'^-p ± Qlvi 
wluui 11 ^ X’ ♦ TlniH 

//' “H ^^ll and rf„ 0, and. htniov in fartioular if 

* *“ nrrifH a^^ « a^ (M)n x ~|- ^r^jCOH 2 ;?• — (^o}^ H u;-}- ••« 

convvmje^ fin* r P ( "1 ni 1 ) tt. 


85. Potver Scriv^. 

All (*x(n‘iui*)y imporlaiil riiiNs (jf worias arcj Uioho of tho typo 

/> JS3 X - a ) p (u^ (x - a)'-^ -f ( X — «)•• (1 

callod powtM’ Hurii'S. Siuiu^ P rodur.os to if \v(^ sot x =» a, wo soo 
that oV(U‘y powni* sorios oonvorp^os for at loust ono point. On tho 
othor liiuitl, tluo’ti arc powor sorios wlutih oonvorgo at but ono 
pointy e**//. 

</,, 4* 1 !(J* - «) 4- -'Or ... (2 

For if x Pa^ lini ;i! | j* — a|“s!sx, and thus 2) is divorpfont. 


1 . If thv powtn* Hvrit^H P tionvntirB for x ^ it oonverffos absolutelif 


ioithin 


Pfn) 1 X 5=^1 I a -- |. 


Jf P dive.TijrB for x^ b, U diomfOB without Df ct), 

Lot iiH snpiHJHo lirst that P (toiivorfifOH at In Ia'.L x ho a point in 
])f^y ami md \ x -- n | "riiuu tlio adjoint of P bucoinoB tor this 

^ * 11 «() ”P 4- 


Hut 


f<Q 4'* KjX 



liin 0, 


tiinoo Horius P in oonvtn'^^ont for o' 
Ilonoo 


f<A” 


ThllH 


H. 


m(^ 


M 

1 + ^ 


n > 1 , 2, 


4- 




M 


1 


\ ' ' X-y 

aiul II in canvorgttiil. X 

If P (Uvorjjj'OM ut r «3 //, it imiHt divorgo fur all h' Hiiuli tliat 
I fi' — rt I > X. I''ur if not, P would convorpiv at h by what wo luivo 
juat provod, and thia ouiilimUota tlio hypothoaia. 



2. Thus we conclude that the set of points for which P con- 
verges form an interval (a — p, a + p) about the point a, called 
the interval of convergence-, p is called its norm. We say P is 
developed about the point a. When a = 0, the series 1) takes on 
the simpler form • ^ + . . . 

which for many purposes is just as general as 1). We shall 
therefore employ it to simplify our equations. 

We note that the geometric series is a simple case of a power 
series. 


86. Cauchy^s Theorem on the Interval of Convergence, 

The norm p of the interval of convergence of the poioer series,^ 

P = aQ -h a^x -h Oep? + ••• 

IS given hy 1 «/— 

- = liinVcc- 




We show n diverges if f >p. For let 

i>^>i 

p ^ 

Then by I, 338, 1, there exist an infinity of indices tj, ig for 
which 

V^>/3. 

Hence 


and thus 

since ^y8>l. Hence 




is divergent and therefore H. 

We show now that II converges if f <p, ^^"'or let 

Then there exist only a finite number of indices for which 

Va„>/3. 

Let m be the greatest of these indices. Then 




Hiiiif.o 

niul 
'I'llllH 

I 

< 

and II in cDiiviU’i^nuil. 

.Exam pit* /. 




1 -/:??’ 


lluro 


I X 7*^ 

4 4 ,*^ .4. 

1 ! 2 ! .!i 

r:® * sra 0 by I, 185, 4. 

! 


Ilonoo /3 ra 00 null llui Huriun oonvur^OH absolutoly for every x. 
JSJxaviph 2. 


.r _ a:® 

T 8 fi 


>/rt;„Es3 ral by 1, 185, 8, 

*Vn 

Honeo I, Hiid tlio Hm*ieH oc>nvin*]LfeH iilmoluLely for |a;|<L 


Vhj^is 0/ (hrwmjancx for PoHitwo Tenn Serien 

87* To dotunnino whother a ^iveu ponitivo tenn Horioa 
yl ra j "b • * • 

is ooiiYorgonl or not, wo may coinpai'o il with iiortaiu Hlandard 
serioH whcmo ooiivurgouoo or divcrgoiuu) in known. Sucli com- 
pariHoiiH onablo ub alHo to OHlabliHli criteria of convorgenoo of 
groat UHofidnuHH. 

We begin by noting tlio following thoorom which soinotimoa 
proven iiHufub 

1. Let A^ B he two HvrieB wkkh differ onlp hy a finite number of 
terms. Then they mmiwrye or diverye simultaneously. 

Thin followH at once from 80, a. Ilonco if a HorioH A wdioso 
ooavorgonco Ib under invoHtigatiou lias a oortairi property only 
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after the mth term, we may replace A by which has this 
property from the start. 

2. The /u 7 ida 9 nental theo7*em of comparison is the following : 

Let A = be two positive ter77i se7*ie8. 

Let r > 0 denote a constaiit. If On< rh^, A convei^ges if B does a7id 
A < rB. If a^'> A dwe7'ges if B does. 

For on the first hypothesis 
On the second hypothesis 

An > rBn* 

The theorem follows on passing to the limit. 

3. From 2 we have at once : 

Let A == + ^2 "h -B = + ^2 “b **• tioo positive term series. 

Letr^ 8 he positive co7ista7its. If 


or if 


t <-^<8 n = l , 2 , 

hr. 


lim 


exists aoid is =?^ 0, ^ a7id B converge or diverge swiultaneously . If 
B converges and ^ 0, J. also co7iverges. If B diverges and ^ =^oo^ 

A also dioeiyes. 

4. Let A^ a^-\- a^-\- • • •, B =ih^-h h^-\- • •• he positive ter 7 n seines. 
If B is convei'gent and 


2, 3 

hr. 


A converges. If B is divergent and 




^n+l 


A diverges. 

For on the first hypothesis 


^ ^ <?hl. 

^n-i-1 h^ 


Wo may, ihoroforf, uj.ply 11. On the Hoooud hypothesis, wo 
hiu'O 


luul wo may aj^aiu apply :h 

Krumplf /. /I -- I * 

is fonviM'giMit. l‘'t)r 


hn /ij 


;i :; . .1 


.1* -i 

// • // I I vr 


I : 


ami V „ iHiuinvor|j|;<‘nt . 'I'lu'sm’U'M A was oousaloiod hi 81,4, Ex. 1, 

Kvamph' A ^ - r cos r cos 'J x H* 

is ahHo!ui(*ly coiivi*i’|^n‘iit for r><h 


lA)i‘ 


! 


wliifli ia thus < the ;/tli term in (Iio oouvurgoiit goomotrio Hovioa 


Fixamplv •If, 

is tionviH’goiit. 
Kor 


Ifmnm 


,!r '■ p!. 

H u 


+ ‘V- ' ()<f)„<l. 

\ iij a ' 

/('■'i, n) ' ifi 


0 < ((„ 


1 

'riiUH A is oompamhlo with Urn (‘ouvm'gonL Horios ^ ^ 


88, W(^ pi’ooootl now io tlodimo varionH IohIh for eouvorgonco 
ami divcn'gomun ()m? of tlu^ HiiujiloHl is tlio following, obtained 
by oompariHoii with I ho hypoi'harnnmic Horum. 

//#'/ A |‘ ••• hv a poBifm (mn ftmcB. it is c.onvmjmt if 

liiii 


lim > 0. 


and dbxrpont [f 
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For on the first hyiDothesis there exists, by I, 338, a constant 
(t > 0 such that 

n-1, 2 , ••• 

n^ 

Thus each term of A is less than the corresponding term of the 
convergent series 

■ On the second hypothesis there exists a constant g such that 

a„>- TO = 1, 2, 

n 

and each term of A is greater than the corresponding term of the 
divergent series 


Example 1. 
Here 


y 1 


log^^ n 


m >0. 


na„ 


log”*' n 


+ OO, by I, 463. 


Hence A is divergent. 
Example 2. 

Here 


nan = 


log n 


n log n 


-0. 


Thus the theorem does not apply. The series is divergent 
by 82. 

Example S. 

L=th = 2\og(l + l^ + ^) , r>l, 


n 


where ft is a constant and 1 | < O'. 

From I, 413, we have, setting r = 1 -f~ s, 




n’ J IV 




Hence 


nl„ = ij. , if /A =?t: 0, 


TKSTS ok (’0NVKR(;KN(‘K for KOSITIVK TKRM SICUJKS 

ai)(l h in (liviu'giMit. ll h is an Ovsmiiit.iiilly poHiUvo term 

Heru'H, Ihwuio If /x - (J, //ss co. 

Let ii U. 'riien 


(I 


!'«( 1 . 




^I<«n <1, 


which is coinpanihlo witli the eoiiverfyent Htu'ioH 

N*' ^ 1 

TlniH L iH oonvorj^imL in Uiih cjiho. 

Example 4, 'i'he luirmonie Hcriim 

I +1 -K ^ -p ... 

liiu woftt 1. 


H divorgonl. J^'or 
Example d*. 


yl a y ^ 

Xy ..tt 


Hero 


log^ n 


i} « 


0 arhiiravy. 
a< 1 

ly I, 4(Rh h IIuuoc^ jd \h (livorgont for «< 1, 


Wrt„ ®» ™ vq 00 

log^ n 


Example 0, 

Hera 

Example 7. 
Horts if /t> 0, 


1 


^“2.. 




•tut- e= • 




by I, laf), lOx. 8. 



' *= 00 , 


iiioo n'* > lop n luul 


0-D 


A" . 


ms 


Hoiico A in (livorgont. 
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89 D' Alembert' B Test The i^oBitive term series + ^ 2 + ** 

converges if there exists a constant r< ^for loldch 


It diverges if 


^i< r, ?i = l, 2, 

> 1 . 


This -follows from 87, 4 , taking for B the geometric series 

1 + r-f ••• 

Corollary. Let If 1<X A converges. If 1>1, it 

diverges. 

JBxam'ple 1. The JExjoonential Series. 

Let us find for what values of x the series 


/y» /vS 


(1 


is convergent. Applying D’Alembert’s test to its adjoint, we find 




n - 1 ! 

(tn i 


n ! 


Tlnis B converges absolutely for every x. • 

Let us employ 80, 9 to estimate the remainder Let rr > 0. 
The terms of B are all > 0. Since 


we have 


^ ^ xf ^<5?/ V 

n\ + 1 • n 4- 2 * + 1/ ’ 



(2 


However large x may be, we may take n so large that x<n^l. 
Then the series on the right of 2) is a convergent geometric series. 
Let x<^. Then however large \x\ is, is alternating for 
some m. Hence by 81, 3 for n > m, 


wr vwjk > r.tvM r.»\v n rui; ruhlllVK I KKM SKIUKS i)7 


Knun/f/t* A.'. T/iv lAi<farUhmio Sevier, 

I,c(. UM liiui for wh;i(. viilucH tjf .r l,lui hiumoh 

iH coiivi‘rg'(Mil, 'riiii tidjtniii. jjfivt'H 


‘»'i 

(U 


n 

n I 


.r - ;r 


Tims L (•<mv(»rjL((!H uhncduUily \'nv luiy |^:|<1, and divergns for 

|:r|>1. 

Wlioii E3a 1 , Ij bta'.Ulllt'H 

1 I + 1 ™ ] + ... 

wliic.li iH Hiii)|ily iimivur^oiiL by 81 , 4 , 

Whon ;rs53 — 1, /y l)lHUJnU*H 

I J 4 , 1 I 4 ... 

which iH tho divorgoni* luirinonio Horion. 

Kmmjde S. yU-., LhA 4 .A+ ... 


Y, 

(i„ \»-i-i/ 


1 . 


Ah a in uoiiviTgoiiL wlmiv fi>\ iiiid ilivorpfonL if /u<l, wo hoo 
tliiil 1 )’ AIiiiuIhm'L’h IchI jrivoH us 110 in funuaLioii wluin I = 1 . It i.s, 
lidwcvof, ('.(luvfi'ffDiit. fur tluH uiiHO by 81 , a. 

Examph 

2 , ”■■ ;r> 0 . 

Y (1 +.0 ■••(« + X) 


noi'o 


\t„ , , n -I- 1 . 

" * Esa I , 

tf,, n -h 1 H-* 


and D'Ahnnhort'n Umt dooH unt apply 
Mvmnph 

llcu’o 


*U i I 

fui 


A t®3 li 

n 4- A'‘ 


TlniH A converpeH fov|;rl< l aiul (livi‘r^r,.s f(u- |.rl>1. For 
I a; I =1 tlio toHi not api)!)’. Koi' .r — 1 \vi‘ know hy HI, 2 
that A Ih ooimu’^nnit for ^< — 1, and in divorg'iMit for /x> 1. 

For — 1, yii« divorgont for fx \ Hinoo doos not J: (), j[ 
is an alternating aoriivs for ^ <0^ oonvt*rg(‘nt. 


90. QmLGliy'9 Uadioal TvHt, Lt'i A -[• l*t* a imitive 

term ^erm. If there <t eon^tunt r • 1 eui'h thnt 

< r n 1, li, -• 

A h convergent If^ on (he other hand. 

A Z8 divergent 

For on tlio first liypothoHin, 

- r" 

so that each term of A is < Ihu rorroMpoinlitig term in 
y + 4. ... a convergent goonudric HuricM. On tin? Hoconcl 

hypotliosis, this gooinotrie HorioH in divergent and > ir”, 

Oorollarzj, lini Va„ —U and ^ < 1, yi is ca n verge nt. If I >1, 

A in divergent 


HxmnpU 1. The sorioH 


1 




is convergent. For 
Example 


i'>K « 

^ (7i +0" 


is convorgenb. For 

My-- 1.1 


t. 


HxampU S, lu tlio olliiitio funolioiiH wo liiivo tn ooiiHidor aorios 
of tlio typo 

0(v) = 1 + 2 ooH 2 trnv 0 »■: <j < ], 


I TiD I 


« I wni I I \ r, I 




'riiis S(5ri(’S r(»n vcr^^t's abstilult’l v if 
7 i ■ 7 *’ 7“ + 


OOH. 


Hill ln‘fa 


'riiiis 0( n) ('.oil v<*r).^i*H iiljHoliUf.iy bu* t^viny i». 
KrampU' (t • /<* I. 'V\n\ si'rii\s 


.1 

■ II 1 li'^ 1 ir' 1 /)■' -1 ... 

roll nil. 1 ^'or if 

II ■ - III 


V ^^,1 — vV'"" h. 

If n ^ 2 m 1 - 1 , 

V //„ ^ 'v (!!“'"' • (U 

TluiH for all n 

*^(t„ /> < 1 . 

Lai UH apply l)'AlainlKM*l'H (liHt, Ilara 


//Aym 1 

[ ) ^ iX» 71 — li -b 1 T 


v^/ 

<t 



Tlnm lliv. toHl uh no infoniutlion. 

91 . ihurhjf'H liitviirnt Tvni, 

Lot ho ft /iuHitioo nionotvno dooroitiiini/ /unofioH. in tho inlonutl 

Vho HorioH 

(1> (t>i \ ) +f/>(li ) -H 0(i!)+ 

H convon/nit nr tUvorifonl aoonrtUntj ftn 


c/>(r)ilr 

8 cvHVor//ofi/ or divortjvuin 
For in tho inturviU (vn n + 1 ), n in > 

+ 1 ) ri 0 C;<O <'/>(»')• 
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Hence ^n+\ 

(fxlx <4) Qi), 

Letting 7i = m^ w. + L * 'in and adding, we have 

X ni'hp 

^ (f)dx ^ jj+ 1 * 

. ^ 

Passing to the limit jt? = co, we get 

5l.< (1 

which proves the theorem. 

Corollary. When <I> is eo7ive7pent 

^m< f 

Exmnple 1. We can establish at once the results of 81, 2, For, 

taking C". 

J\ J\ 


is convergent or divergent according as ;a>l, or by I, 

635, 636. 

We also note that if 


then 


A = — + — + -i-- -f 

I'l+M ^ C2l-hia ^ ^ 


z< rj-=i 

^ n ^ IL 


2^ 


Exmnple Tlie loi/arithmic series 


X 


1 

7i\nl^n • • • l-s^iul^n 


8 = 1 , 2 , ••• 


are convergent if fi> 1; divergent if /i< 1. 


We take liere 


<#>(«•■) = 


xl-^x 


J 


and apply I, 637, 638. 


i^uK rosiTiVE term series i(jl 


92. 1. One way, as already remarked, to deternune whether 
a given positive term series -4 = aj-f-a 2 + convergent or 

divergent is to compare it with some series whose convergence or 
divergence is known. We have found up to the present the 
following siaridard series S: 

The geometric series 

1 + (1 


The general harmonic series 






(2 


The logarithmic series 


T— 


^ nl^nl^n 


' nl-yUl^nlln 


(3 

(4 

(5 


We notice that none of these series could be used to determine 
by comparison the convergence or divergence of the series follow- 
ing it. 

In fact, let ?>„ denote respectively the nth terms in 1), 2). 
Then for ^ < 1, m > 0, 


A, = JL ^ 00 

««+i 

or using tlie injinitary notation of I, 461, 


by I, 464, 


Thus the terms of 2) converge to 0 infinitely slower than the 
terms of 1), so that it is useless to compare 2) with 1) for conver- 
gence. Let; 9 f>l. Then 

=: ~ oo, 

K 


This shows we cannot compare 2) with 1) for divergence. 
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Again, if denote tlu‘ //th tfrins (»f 2 1 

have, if /It > 1 , 


log^^ n 


hv I, It 


or 




If At=l, 


Intf n - ^ 


or 


iin - 


Thus the c()nvi‘rgtuu‘o or diviTgt^m’r <d' 
from 2) by comparisoiu In the sanu* way w 
the others. 

2. Tlicse considerations hnid us \o intrn 
notions. Let A = aj -f 4 - -f 

series. Instead of eunsith*ring tlie be!nivi«»r < 
erulize and consider the ratios /i^ : //^ fi»r «li 
for convergent series. ratios tibviously 

of the rate at winch ami appn^acdi ihei 
B are: divergent ajul , 

* 

we say A, B diverge etiually fast ; if 

A^ * 

A diverges slowm* than ,/i, and If divrrgoH fa.^^ 
I, 180, w.(i have : 

Let A, B he dweryent and 

lim'/v /. 


'rKSl’S oF (’<F\ VF.It<;KN('K Foil FOSmVK 'rKRM SFUII^> 


B (*()nv(‘ri,n*H lastrr ihan -1, and A slower than B, 

I, 1S4, wt* ha ve* : 

Let /K // (tnd 

liin /. 

A(u*tinini<i f , A i’tinrrnjni ftiHfrr, rqiKullf/ J)tst^ or . 

thdfi B. 


Ui'turninR now to the st‘t (»f standard s(n*ies wo see tliai 
cniivt‘rot‘H (diveri(e*H) shnvtu' than any |)r(uaHlin|j^ series of tl; 
Su(‘h a Hid. may tlun'id'ore appropriatidy hii called a scale oJ 
verijfent ( div<*r|jfi‘nt ) stndt's. 'rims if wi^ have a decaHMising pc 
tiinn Hindtss, whost^ ecmvin-otnici^ or divta’^tanui is to ho a-scori 
we may compnr<‘ it snceoHsividy with the si^alo aV, nntil we 
at ont^ whitdi e<»nvi»roi\H i»r divm‘^t‘.H (Hpially fast. In pra(‘,tic 5 ( 
serii^s may always la* fountl. It is (‘any, howiwaa', to show tliat 
exist sericH whiidt c(»nvorji(<^ or divtir^e slower than any 
in the Health *V (»r indtHnl any {)tlan‘ smile. 


he any Health c»f ptmitive t<*rm c’onvorR*t‘nl or diverjj^ont series, 
liana if iumve.r|4imt. 

A ^ - B * - r ^ o. .... 

if (liviirf'ciit, < ^ _ __ 


'I'lms ill licith cusi’H \vi. am It'd In a K(.(jiH!nc.<) of fiiiuitioim 


tyiH. 


/,( « ) It ) > 1 ) > ••• 
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Thm there exist positive iiieredKiiip Juiiett'ois i 

F()r!is/j>/2 !•<■' Ill ::-■<! such 

x>ay Since. t-lH-i'*' exists iui <f„ - «»i 

for And in general tliere exists an 

/» >/nfi + « f<>‘‘ > "n- •-*d. now 

//O') = /..(■'■) 4- I in (./„ 

Tlien (/ is an increasing nnliiuited fuin-ti 
finally remains below any./'^(.r) + m — I, in a 

0<lim 4''''^ =Hm , 

a.„x. /„{X) ./>» + '"“■ • 

Mcnco^</„. 


93. F rom tlu^ logurithrnif. srriiiH we van 
tests, for example, the following': 

1. {Bertram' H Teets . ) Let A = f f 
mries. 


Let 


U)ir 




If for some s and rn. 


1 

' a na fiN --4 p/ 
L I f 




A is conven/ent. If h(neeeer^ 

A is diver(/ent 

For multiplying 1) hy /gtgu wt* gt*t 


TES1\S OF CONVElUaCNCE FOR POSITIVE TERJM SERI 


Thus A. is convergent. 

The rest of the theorem follows similarly. 

2, For the positive term series A=:a^ + to conve'i 

neeessar// that^ for 71 = 00 , 

Ihn = 0, ^ na^ = 0, lim 71 a Jpi = O, lim najpil^7i 

We have already noted the first two. Suppose now tha1 
lim 7iajpt ••• Ipi > 0. 

Then by I, 3B8 there exists an 771 and a <?>0, such that 

najpi ••• 1^71 > e , 71 > m, 

or 

> . 

7Upt ••• l^n 

Hence A diverges. 


Example 1, 




1 

71^ log^ n 


We saw, 88, Ex. 5, that A is divergent for a< 1. Foi 
A is convergent for /3 > 1 and divergent if /3 ^ 1, accor( 
1)1, Ex. 2. 


If a > 1, let 




Then if ^ ^ 0, 


fi ~ .1 ^ 'Wj "!>■ 2 

i-t /i — , „ -Jr 1 ^ *j, 

logp 


and A is (jonvorgent since 



If^< 0, let 
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Example 2 , 
Here 


A=V ^ ■ - V ^ 

(^1+1+ ...+i'i 


n^e 


) 


log-i- 

__ — log^ + /xlogn+.g^ 


l^n 


l^n 


\n 


^ _ 1 4. I = //, 00 by 81 , 6). 
log n J 


Hence J. is convergent for />6 > 0 and divergent for fx - 
test for = 0. 

But for At = 0 , 1 

log 

^ a^nlpfi Rn ~ ““ ^2'^ 

V2 - 


^3^ 




Zg'H 


= -00, 

since l^n > IqU. Thus A is divergent for /a = 0. 


94 . A very general criterion is due to Kummer^ viz. : 
Let A = + «2 + "'he a positive term series. Let It 

set of positive numbers chosen at pleasure. A is converge 
some constant h>Q. 


K. = K 


^ 71+1 ^ *** 




A is divergent if 


is divergent and 


jB = I + ^ + 

/c-j, ^2 


Kn<^ n = l,2,..» 

Enr nn fliA fiivcst-. Vi vrinthpaiQ 


ami A Ih coiivcri'cail liy KH, ■(. 
On till' st'i'uiul hy piidifsls, 




<1,. 






or 


. 1 

.k,.h 




' 

llvuco 

A (livt^ri^rs Miner 

It is 

(livert;i‘.nt. 

95. 1. 

l^'rnm Ktmuurr's 

t.nst 

wo may ihuliic.i 

at otKu^ 

For tjik<^ 





r:. k.^ 

= ... = 1. 

Thou . 

A f?j 4” }• t* 

(UiVtU'f^rH if 


K 


• ~ \ > k > 0, 




1 

i.{\ if 

1 1 




* ' P 

' 1. 





Similarly A (livc*rgi*H if 

. 1 

> 1- 

'1. 'I'n 

ilrrive llaal)r'H test we 

tako 


K 

n. 


TImn 

A lumvt'rjfOH if 




K, 

n 

"" -.-(«+ !)■> 




i.e. if 

7i( 

\ 



1 



> t 

/ 

1 
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96. 1. Let J. = «! + <^2 ^ ^ positive term 


\(n) = 







Ipi 


<^n 



A converges if there exists an s such that 
\{py^ S > 1 for some n >m \ 
it diverges if x,in)<l for n>m. 

We have already proved the theorem for \Q(7i 
how to prove it for The other cases folic 

For the Knmmer numbers we take 

h^-^n log n. 


Then A converges if 


TIOS'I’S OF ('ONVl'.UOKXCK FOR FOSITIVK 'I’KIlAl SK1U1'> 


For if thin uiipcr liiiiil is imt -f- 




H n 


( l) 


ur 


all n. 


< a 


n 


But tlu- rill’ll! ,siclt‘ (). 1 loi’ v/>s()nic m 

1 is <liv(‘r| 4 *t*ut. By L 


Kxitmple. W(‘ m»tt‘ tluit I{aab{*'s tt‘st (lot‘s apply to tlu; lain 

• 1 


cruus 

1 +• .1 

Horn 

/ (t,. 


/B 


. 1 

IIciuh; 

Pn 


liin P 


and 


IltnH’o llu; HuriuH 1 ) is divi*ri(onl. 

97. i'htum' Teat, /a’/ A 4 ^ (4^4. ... fte a poHitine term 


ueh thitt 






/#* 4 ^ " 

. ,4 



«,,,j /I" i Aj//^ *4 .. 

• + 

^firre h, Uj 


• (ft* flat dept' ml t*n n. 

n,’n A 

1 - /'[ 1, 

ftud 

dleertjrHt if Uj Aj * I . 


Using tlu; idiudity I, tU, ti), wo havi* 



1 
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98 , LaA = a^ + <h + - 


(In I 1 


« 


. 1 


Then A is converf/mt if n > 1 
For 




and A converges if « > 1 ninl diverges i: 

\i{n ) = II ) - 1 ! -- 

and A is divergent. 


EXAMPLES 

99. The Binomial Berirs. I.et us iim 
fz tlie series 


1-2 ■ I 

converges. If /t in a posit integer, fi 
Vov /x= 0, jB= 1. We now exi‘!utle iliei 
Applying D’ Alembert's U^st to its luljtiiii 

lk:a = ‘ jx 

'<« i . " i 

Thus B converges ahsolnlely fur [.rj < 
Let a: = 1 . Then 

a = I +;.+£:,'‘7 


1-2 ■ ! 
Hero D’Alembert’s test^ipplied to its 


I'KS’FS OK ('ON VKiaJKNC!-: KoU !»OSrriVK 'PKIIM SKIUKS 


Thus H <*(Ui vi*ri(<‘s ahs(>lutt*lv it /x>(), and its adjoint (liv(‘ 
^<0. d’huN H doos not roiivt*r^t‘ ahsoluttdy for /x<0. 

But in this oaso wo nolt* that thn tonus of B a,rt^ alttuair 
ositivi' and nt^i^ativt*. Also 


= I ■ 1 ^ d M I 

) that tin* lu„| form a doonaisino: s(M|mm(U5 from a cau'tain t' 
h) iavosti^att'^ in»w whon ’O). Now 


: ( ^ I 


( /O) ( /i { I ) • « • ( /A + 11 - I ) 




In K l td, lot a — - /d - K \V(‘ thus lind that lim = 0 
hon ^ Thus H oonvorgos whim /i.>— 1 and dive 

hon ‘ -■ 1. 


/i — 2 


Ijet X =» 1 . 

li .-=4 1 - f j " j _ ,j 

If /i>0, till) tiiruiH of It liimlly have ono Higii, ami 


+ 


"( 


j — A a 1 "I fx. 


Honot^ /# convorgoH ahHulutoIy. 

If /i<0, lot /i =5 A* Thou H btaauuoH 

1 ^ X 4 - ^ ^ ^ ^ ^ ^ 4 - ■• 

^ ^ 1*2 1 * 2 • *5 
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100 . The Sypergeometric. Series 


^ ^ -< , « • /3 ... , « • « + 1 • • /3 + 1 „2 

FQa, A 7, - 1 + •'' + ^ ^ .2 


. g • + 1 » + 2 • /3.- /j+ 1 • /3 + 2 
1 - 2 - 8 - 7 - 74 - 1*7 + 2 


Let us find for what values of x this seri(\s couverg-es. 
to the adjoint series, we lind 

an+2 _ + ‘^0 ( ^ 4- ;>0 . 1 I =1= u I 

('>^+1) (7 4 -^0 

Thus F converges absolutely for |:^:| < 1 and diverges for 
Let x=^l. The terms finally have one sign, and 

2n+j = 

^n+2 4 ((> + ) 4 

Applying Gauss’, test we find F converges when and o 

« + ^ — 7 < 0. 


Let x = — l, Tire terms finally alternate in sign. L( 
when = 0. We have 


I a I = “ ™ 1 ) (« 4 w) (yS 4 1 ) • •' f yS 4 

I - '* (1 + 1) ..;{r+;o(7 4* 1 ) (7 4- ^ 


a-\-m — m(\ 4 , /3 4 ‘M == m ( 1 4 

V. mj \ mj 

1 4 m = m ( 1 4 ) •. 7 4 w, = m f 1 4 • 

V mJ \ mJ 

- ri + “Yi+^^ 


Thus 


PRINGSHEIM’S THEORY 


Hence 


I = 7 3(' 


m. 


m TY? 

= iVl + V 


m 


Hence 


m 


nv 


log I 

^n+2 1 -|:iog(i+ 


«+^-7-l , Vr,^. 


m 


+ ■ 


m 


1 

/ 1 ' 


and thus 


i = lim log I a „+2 




Now for to = 0 it is necessary that = — co. In I 
we saw this takes place when and only when a + /3 — 7 - 
Let us find now when | | < | |. Now 1) gives 

^w +2 ~ I _j_ g 4- /5 — 7 —• 1 ^ ^ 

«n+l n 71^ 


Thus when « + ^- 7 -l< 0 , \a,^^\<\a^^^\. Heno 
case F is an alternating series. We have thus the i 
theorem ; 


The hypergeometric series converges absolutely wheri \x 
diverges when | a; | > 1 , When a; = 1, F converges only w) 
~ 7 < 0 a7id then absolutely. When a; = — 1 , F eonve'i 
when a-f/3 — 7 — 1<0, and absolutely if oc + /3 — 7 < 0 . 


PringsheM s Theory 


101 . 1. In the 35th volume of the Mathematische 
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where A is any positive term divergent se: 
where B is any positive term convergent 




It will be convenient to denote in general a co; 
term series by the symbol 

(7 = H- ^?2 + • • • 


and a divergent positive term series by 

D = ~|- ^2 


2. The series 


V - ^+1 ~ ^ 




n+l 


is convergent^ and conversely every positive term 
may he brought into this form. 

For 


1 

1 


1 


ifcC Mr. 


n+1' 


ifi 

and O is convergent. 

Let now conversely C=c^+ c^-\- ••• be a g 
positive term series. Let 

C — ^ 




Then 






n+l 


3. The series 


PRINGSHEIM’S THEORY 


Let now conversely i) = + - be a given positive te 

vergent series. Let 


Then 


d. 




102 . Having now obtained a general form of all converg 
d divergent series, we now obtain another general form o 
nvergent or divergent series, but which converges slower tl 
or diverges slower than 101, 2). Let us consider first c 
rgence. Let M'„ < lf„, then 


convergent, and if M'^ is pi'operly chosen, not only is es 
■m of 1) greater than the corresponding term of 101, 1), but 
11 converge slower than 101, 1). For example, for M'^ let 
re J/jJ, 0 < /i < 1. Then denoting the resulting series 
= 24, we have 

A. = .MA±l. 


• r'* 


1-r 






Thus converges slower than (7. But the preceding a 
Dws that and 




averge equally fast. In fact 2) states that 




Since WT. is anv "nnsitivc incrcasincr function of n whose lii 
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Now by I, 413, for sufficiently large w, 

log - log nr. - - iog(i - > 


Replacing here by log ilf„, we get 


7 — / If > log Mr,+-i log Mn ^ Mz'zt 


and in general 


log ilf„+i 


Z2ifn+1 - h^n > 


- Jlf„ 




Thus the series 


- M„ 




converges as is seen by comparing with 4). We 
the theorem : 


The series 


V:^^2L±1Z1:^ y ^n+i — 


2^ 

1 


M. 




n+l ' 


•itf. 




1 , ^ 


-t-1 


/orm <3cn infinite set of convergent series; each s 
slower than any preceding it. 

The last statement follows from I, 463, i, 2. 


Corollary 1 (^Alel). 
divergent series. Then 


Let JD = cZj 4" ^^2 "h 




dn 

711 -I- w. 


denot 


fi > 0 


PRINGSHEIM'S THEORY 


For by 101, 2 we may bring O' to the form 

Then any of the series 7) converges slower than 0. 


103. 1. Let us consider now divergent series. Here 

•oblein is simpler and we have at once the theorem : 


The series 
verges slower than 


^ (M-n+l — ■^) = 


That 1) is divergent is seen thus : Consider the product 


p„ = n(^i + 




— n 
1 


M, 


hich obviously = oo. 

p„=(i+(Zoa+<^2)-a+^n) 

= 14“ -f- . . . -f- -h + d-^d^ 4- • * •) 


4” (^d-^d^d^ 4- *•*) d“ *■ * d“ d-^dt^ d^ 
2 n I 


Hence = oo and D is divergent. 
As ^ _ _1_ ^ Q 
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Then M^+i > and 




- 1 /,. 


Moreover == <»• 

+ ,/ ) - (1 + <A.) 

M, 

>H-/;„ l.y 1, !'(), 1. 

Blit i>„ = oo. 

y r- 

form an infiniia set of divenjent series^ eaelt senes 
than any preaediny l^f ln ^ 

log — log Mn = log ^1 + 

Mr ■ 


This proves the theoreni for r = 0. Htnict* ns 
replacing ropeateclly M„ by log il/„, 


^r+lMn n fr i \Mn 


M„.i 


M„ 

■IJL 


Qorollary 1. If we tak(' M„ = w, wo get the seri 

Corollary 2 {Abel). Let I> = </j -f <l-i I be a u 

term eeries. Then , 

'IT'A 

^'lZ. 


rUlNCSHKIM’H 'I'lIKOKY 


11 


4. la Kx. :! <>l‘ 1, la I, wa liavo sacu that ilf„+i is not always- 
In casa it is \va hava 

Till' 

MX' , Mun-Mn 


.W,>- 

nvertji'iit • 

:)llu\vH fnnu 102, 2). 

The BvneH 

1/ ~/If 



/a l -t*.' i< 

^ /k (iivvrtieut if 

:0. 

or 

a"".. 


m 

/a> 

IB 



yi;,. 






! ^<0 

M. 

^ #%«» 

1 1 ~ 

M,. 

. If 

~ H’C 

havf 



/|.t |iV« , 1 ■' 

f If ^h% \ 

y 1 y .. 


nC 

<\)r by 102, 

a), IIIH, 

U), 

iir 






... fa.i—' 


iWj, ( ♦ 1 *#*‘'A* 


Nfow sina.a .V„, wa havo alao obviously 
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It diverges if ^ 

dqi 

In the second place, A converges if 

^w+1 < 0 

and diverges if ^ ,7 

° ‘ ^>^+1 _ > 0. 

The tests 1), 2) involve only a single term of 
and the comparison series, while the tests 3), 
terms. With Du Bois Beymond such tests we n 
tively tests of the first and second kinds. And 
relation between p terms 

^n'> ^n+p-1 

of the given series and^ terms of a comparison se 

^n+p—l^ dut ^w+1 *’* 

which serves as a criterion of convergence or di\ 
called a test of the kind. 

Let us return .now to the tests 1), 2), 3), 4), 
are testing A for convergence. If for a cert 
series O ^ 

not always < (^ , n >m 

it might he due to the fact that 0^=0 too fast, 
take another comparison series (7'= which c( 
than O. As there always exist series which conv€ 
any given positive term series, the test 1) must 
vergence of A if a proper comparison series is f 


nUN<;SHKIM’S 'niKOUY 


It dirrrt/rH if 1;,^^ -V,. 

Ji , I Jlf^ 

TIuh I'ollowH at^ iini'i' rniiii Ul.'i, 1 ), :i); luul 101, 2; lUll, 1. 

'J. 'I'o lasts uf ffn-atcr pinvcr wt* liuvo only to 


-’A. ' -Wn 


justaiiiployisl in 1 ), ‘J ) l>y llir scrias of 102 and lOd, 2 wlua.l 
vtim‘ (divarira ) sluwar. Wn tliiis <j;al rnan 1 : 


77 n' p’lHitirr trriii xrrlrx .1 if 




a/„.| a'n 


.1/,,., d/,. 


It ilivrri/i'n if ••• l,M„ . „ 

M„., Mn " 


Donnrt's Tt'»t. Tin- jMnitii'i- t,riii xcrirx /I minurj/es if 

lull /(/(H ••■A ,«/!'"« • «n < *■' ’ /*>•>■ 

It </u'ivv/as if J|,„ 0. 

Kulluws I'n.iii tha praaisliiii,' sattiny' .1/,, -■= «. 

!i. 'I'ltr jioxitii'r trnn xrrii'K .1 ciouv/v/as nr divrrijcx arrordu 


'■ ' """ ■ 1 , M 

M.., 

* 1 , yU * 0. 

For in tin* lirnt vim* 

„ - ■ I ; /i > 0, 




*1 llin t’St’Ht* 


It divenjes if 


!(.: 


M' 


lini ■ 


■<0 


or Hill ■ 


l/„ 


ifn ^ 

Here r = 0, 1, 2, ••• and as he fore 
For taking the logarithm of bot h sides of 
vergenco log ~ 


d/„ 


As fj. is an arbitrarily small but lixed jiusi 
verges if lim ij' > 0. Making use of KM, H v 
of the theorem. The rest follows similurly. 

ItemarJc. if wo take M„ = n wo get ('am 
and Bertram’s tests 93. 


For if 


log 


T 


n 


log 




log Vitn > 


it is necessary that 
Also if 

log 




1 


(i^nlyH ••• I^n 


log 






/, , 


l‘'J( , 

1 ,, 




log 


1 


••• 4 


it is necessary that 


PRINGSHEIM’S THEORY 


Pringsheim's Criterion, Let he a set of post 

chosen at pleasure, and let P^=pj4- — [-p^. The j 
series A converges if 

log 

lim— >0. 

For A converges if 


lim . 


log 


■iC. 




•>0 


by 106 


But Mn+i — = dn is the general term of the dive 

I) = d-^-\' dt^ - 4 - •** 

Thus 2) may be written 

log^ 

lim . >0. 

Moreover A converges if 


A>r>l, 


that is, if 


lim > 0, 



where as usual (7= e?j4- + ’** ^ convergent series. 

Hence A converges if 


lim.^ >0. 


But now the set of numbers Pi, p^ ••• gives rise 
P = jt?i 4- JO 2 + • •* which must be either convergent 0 
Thus 3), 4) show that in either case 1) holds. 
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Or in less general form: 

The podtive tenn series A eott verges tf 


It lUvenjes if 


Urn 



iim 



0 . 


Here as usual (-onvm'gt'nt, 

a divergent series. 

2. Although wo hav(^ alrea<ly given om 
Kummer’s theorem we wish to show hen^ its p 
general theory, and also to exhibit it nn(h‘r a 
Let us repla.ee <?nu valm 





-’A, 

• 1 



<fn * 1 



or since 



■Mn.V 



ffn 

’A, 

‘ 1 ' 


^4 1 1 

(fn * 1 


■K 

or by 103, 2 

<4* 

1 . 

- : 

■0, 


where i) = ^ 4- <^2 “h <hvm*gent p- 

Since any set of positivi; numl)ers /fp kn, •- 
+ ^2 + ■*’ 'vhieh must h(‘ ciitlun’ eonvergmit 
from 1) that fi) holds when \vi\ n^plaet^ the f 
have therefore: 


AUi riiMKTU! ophuations on series 


,11(1 t!u ^ s all. ‘ lU'bitrary positive numbers, the 

t) ) }lls<i 


r( 


if 


k 


I HiH'ii by ritin,i( 


^ 0 ; 
f \ 


mini;, umt tln'ii iln.pi.iujr t.lu; accent. 

, 1 ' roiu Kuinini'i s theorem we may at once deduce a se' 
K t>f |H>\vtu\ viz. : 

Vir jHmiiiJ't' tenn /I (Wivergent or divergent acoordiui 

„ _ 

^^w +1 ... KM, 

p {) or iii ' ■ b. 


or /r.4 wi! ha VO used here the terms of the diverg 

m td* «b 


ArlfhnidJc Operations on Series 

I, SiiH'o iiti iiifuute scries 

j\, = -j_ -j- . . 

nd a true siuu hut t he limit of a sum 

A = lim 

?ls=-ao 

now iiHiuirt! in Imw far the properties of polynomials hold 
infinite potynomial 1 ). The assoeiative property is expre 

das t-lann*tnu : 
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This theorem relates to groupins^ thi^ terms i 
The following relate to removing tlumi. 


2. Let B = h-^ + + ••• be conven/ent and /e\ 

h = + '*»!,’ ••• V ^ + n,_j 

A=^B. 2° If tJw terms A is ro)nu 

<jt? a (ionstant^ and a„ = 0, A is ranve^ 

On tlio lirst hypotJiosis wc have only ti 
A == JB. On the second hypot.hesis 


Then 


€ > 0, ///, lif, < c, n 

A„<€, s>ni,,. 


On tlie third hypothoHis wv. may std 

A, = Hr 4“ K i I 

where denotes a j)art of tlu^ a-ti‘rmH in 
tains at most p terms of A^ 0. 

Hence ^ ^ j _ ^ 


Example 1. The series 

i? == ( 1 1 ) 4 - ( 1 I ) 4. ( 1 1 ) 

is convergent. The series (>l>t.ain(Hl by nnnovi 

^ = 1 t + 1 ... 1 .4 

is divergent. 


Example 


A^l 


i + x 



2 + j.- :! 



o_ V'/'> 1 X"' 


X 


AitrniMKTU' <)|*|.;kati()Ns (»n- sioriks 


Thr ti'riHH Ilf <t sinipit/ n>iii'iri/iiiit ncrifH A = a^ + + ... , 

(imtni/ftf to J'orm n m-rirH S, for which Inn A'„ is ony prem 
numhcr, or I 'f.-. 

For lot 




-{- fi,, 4. ... 


+• <'a 4- 


1)0 t.lio Hori(‘s fonood ro.s[)fi4ivoly of ll)o po.sitivo and nog 
ternw of /U Ilf rolitlivo ordor of tho tonns in A hoin,i^ preso 
'I'o fix ll«' idoiiK l<*t / lio a posilivo iiuiiduT; tlio doiuouHtr 
-if tho otiior OHMOH in Hiitiilar. Sinoo 4 - 00 , tliore exists i 
auih that- 

K > i 


Lot 7«i ho tho least iinh-x for which 1 ) is true. Since 6 ''„= 
dioro cxistHan Hindi that 

/C. 4 - 0^ < I 


Lot wi,j Lo tho least inilox for which 2) is true. Contin 
NG take jiiHl enough tonus, say terms of so that 

/f«,+ 

Thou jii.st, enough tonns, say v^^ tonus of 01, so that 
4' t 4- /fm,. m, + m, < A 
)tc. Ill this wa.v wo form the series 

S =3 4 4 - m, 4" 

vhoHo Kiiiii in L h’or 

I rt, I < e * > cr ; 
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We may now take 7i so that ~ / 

wliose index is < /;/.. Thus tln^ icvins of , 
positive sign are a part of A,,, and hema^ 

•^7t I ^ ■ 

Thus B is convergent and B = A, 

The same reasoning shows that B is coin 
absolutely convergent. 

3 . If A = -i- (h;;, -h ••• tfiv rammiif 

ahsoluteh/ co n venfvut. 

For if only simply convergtmi we could an 
to have any desired sum. But this contradict 


AdilUion and Biddntctioi 

111. Jji*t ^ == -j” ^^2 ”f~ ' * * 7 B /^j 4” ^**2, 

The aeries 

0= ( r( j ± ) 4" ^ T ' 

are converf/ent and 0^ A ± B. 

For obviously 1 B,,. Wt* have' now 

limit. 

Bxample. We saw, 81, a, Hx. 1, that 


» y., 1 | + ... 


ADDITION AND SUBTRACTION 


1 


We note now that 


Ia = a+Ia 


K'f — 1 1 — I — ] LA ^ LA 

^ \4 n — B 4: '/I — 2 4: 71 — 1 4?z J 2 ^ v2 n — 1 2%) 

= y('_J _J — + _i LA + yf ^ i 

4w-2 4w-l 4wy '^V4w-2 4j 

= yf-i + 1 I 

in-3 2? 


n. 


= £ by 109, 2. 


Thus 




This example, due to Dirichlet, illustrates the non-comniutati 
operty of simply convergent series. We have shown the cc 
rgence of B by actually determining its sum. As an exercise 
proceed directly as follows : 

The series 1) may be written : 

8 -- 

>ir-\ 8 77/ — 3 1 77/ 

A' (4 ^ _ 1) (4 ^ _ 3) A ^ ^ 1 ^ • 


Comparing this with 



3 see that it is convergent by 87, 3. Since 1) is convergent, 
also by 109, 2. 


112. 1. MultiplicatioT^i, We have already seen, 80, 7, that ■ 
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responds a lattice point k and conversely, 
it a great help here and later to keep this corr 

Let -4 = <^2 + "h -i? = ^2 ^ 

Then 0 = ^aj)^ is absolutely convergent and A 

Let mhQ taken large at pleasure ; we may 
contains no term both of whos 


Then 


+ “ 2 ®^ -P .. . -f 
+ ^lAm. + -p . ^ 

-<[ -f' B^A^ 


Hence 


< € for m sufficiently 
lim r^= A - B 


and 0 is absolutely convergent. 

To show that (7 = ^ • jB, we note that 


I 0^ — AyJB^ I — A^B^ < € 

2. We owe the following theorem to Merten 

If A converges absolutely and B converges Q 
lutely\ then 

C=z af)^ + C‘^1^2 "b "b (^1^3 “b <*2^2 d 
is convergent and Q A • B, 


e set a = “h ^2 "b ^8 ”b * " 

Jj 


where 


AiH^rrioN xsi) sinrntACTioN 


lint 


in = 1, 2, ••• 

^ ) i 1)4 ••• 4 " H ’— ” 

^ J + (hJK) 


AJt ii.. 


wlwrv^ 


Thci th(*orriii in |»rt>v<‘(! whtni w<^ m1u»\v f/„ =i: 0. To thin 
UH coiiHultu’ tlu* two HrtH t)f rfniaiu(Un*H 


^ Ih ^ 

n^ 4 - fi^ = n. 

lait * tntcJi inw in ihn firnt m*i hv, | < | and na(di in tlu 
8(4. I < j .#£|. i1uni m\cn 

sa {_ ^1 1 j ‘ • • 4' f 1 ) 4” ♦ I 4" • * • 4* ■/? 1 , 

I I .■■; 4- 4' **’ d- %) 

Ncnv^ inr imdi t > thorn oxintH an Wj Buch that 




alnt) a Hindi that 


A*. . ... ^2 > 


2Af, 


Tliiw 1 ) nhowH that 
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The series A being alternating is converge 
adjoint is divergent by 81, 2, since here /^ = 


VlVl \VlV2 


V2VI 


+ 


4: — + -4= + ” 

Vl V3 V2 V2 


= i?2 + ^3 + <^4 + 


and 


1^ I ^ 1 ^ I ^ ^ I 

^ VlV^— 1 V2Vn— 2 


By I, 95, 
Hence 


V m(n — ^) < 




Vm(n — m) 


> 


2 




> 


2(n — 


n 


Hence C is divergent since does not = 0, 
were convergent, by 80, 3. 

4. In order to have the theorems on multij 
we state here one which we shall prove later. 

If all three series A, J5, 0 are convergent then < 


113. We have seen, 109, l, that we may groi 
convergent series J.= 4- ^2 -f ••• into a series 

each term containing but a finite number of t 
easy to arrange the terms of A into a finite 01 
number of infinite series, J5\ jB^', ••• For ej 

5' = «! + flp+i + a^p+i + ••• 


TWO-WAY SERIES 


1 

all terms whose index is the product of m primes. We t 
)w what is the relation between the original series A and 1 
ries 

If is absolutely convergent^ we may break it 

to a finite or infinite number of series B\ B’\ Bach 

ese series converges absolutely and 

A = B^-hB^^ -f ... 

That each B^'^^ converges absolutely was shown in 80, 6. I 
i suppose first that there is only a finite number of these seri 
y jP of them. Then 

•^n + Bn^ + ••• + B}^^^ =: ^ .. . 4. 7^^. 

As n = cc^ each n 2 “*=Qo. Hence passing to the lin 
= 00 , the above relation gives 

A = B'^B" + ^B<^K 

Suppose now there are an infinite number of series 

B = B' + £" + £'"+ ■■■ 


We take v so large that A — B^, contains no term 
dex < m, and m so large that 

Then , _ 

1^- -SnI < A,„<e. 7i>z/. 


TivO'ioay Series 

114 . 1. Up to the present the terms of our infinite series ha 
Tended to infinity onlv one wav. It is, however, convenh 


SERIES 


l:M 

Sm*h we called two-way series. 

'f . « ■ 

liiu 

r, a X. ?i /* 

in luiitc. If (hi- liinit 2') does not exist, I 
ti'iisiiiii of tli(“ other Un-ms employed ii 
pieseiit ease art' too ohvions to need anj 
n 0 is exelmh*d in 1); the fact may 

thus ii'ii,,. 

2. Let M he an intejfin- ; then -wliile n r 

:L - 2, - 1, 0, 1, 

»' 3 It (■ III will ranf^i' over the same set w 
will he in nnits uhea<l or behind n acc 
shows that 

<30 00 

"V If •— ^ (t 

■H ■ i/'. - CO 

SuuilurlVi V./ . 

n )l:-CO 

iU Hramylr /. (4 == 

5—14. « 4- 4 

xla 4- 

ThiH HcricH is ftuulaiiuuiial iu the ellip 
ha am pie 




TWO-WAY SElllKS 


Tfor a two-may series A to converge, it is necessa 


that the seriea B formed with the terms with negative 


^iiindent that -- - - 

the series 0 formed with the terms with non-negative im 


Zm^er,. JfAiseonverg.,,,A=B-,C. 
7 ,n^....«sarv. Koi’ ^ convorgcut, 


It is necessary, rui 

I — O'. 1 < e/2 , \A— Br— 0,, I < e/2 

if 8, s' > some <r lUicl r > soino p. 1 lonce adding, 

I O, — 0^1 1 < e, 

wMck shows 0 is convorgont. »iiuilai-ly wo may show tli 

convergent. 

It is sufficient. For B, O being convergent, 

lif-y^,l<e/2 , |0'-0;i<e/2 

for r, 8 > some p. Henoo 

\B+ a-iB,+ 0,)l<e, 


li#+ 0 


W-it 

7~2«J<e. 


lim !S«„ = jB H- 6\ 


Example 1. The series 


X + 71 71 


is absolutely convergent if a:=#sO, ±1, ±2, 


J 11 = 1^1 

x + n W \'H^ + 7Sx[ 


SKKIKS 


1 lure 




V (fn 




.X/ 

'riio (‘aso a = 0 is obvious. 

Thus llu‘< s(M-ies (hhincs a ouo-valiuul 
As a.u uxiu-c/iso iu luauipulat iou U‘t us pr 

H(u-) in an even fa net ion. 

For ' , 

M: 

If \v('. c.oniparo tluH sories witli 2) \va 
spoiidiiiff to II = III tiiul n — in luivts siin 
reader will S('.e if he aetually writes on 

<;V. I l l, 


2” M(u' + 2 mil) = <■ ' "'"’M( j-). in - 

For wo can wriUs 2) in tho 

form 


.r^ f 1 r* ’ 2 ( 1 * 1 1 

H(.r ) s= e 

4«i V^» 4»i 

n f 

Thus 

t .r » 2mts 1 ^ i 

H(.r 1 2 nia ) = e 

4e< 


t! 




whiuh with 4) 4). 


(niAPTKU, IV 


MULTIPLE SERIES 


116 . u‘=:.rp 1 h‘ a point in m-way space ) 

coordinates of .c an* all int(*g*ers or zero, x is called a lattioe 
and any s(d. of lattice points a If no (aairdins 

any point in a lattice system is m^gativts we (‘,all it a non-ne 
lattice system, c.tc,. lad. /(.Cj ••• didined over a 1 

system 'PIu^ set. called an rn 

sequence. It is tmsiomary to H(d. 


Then tlui Hetpience is n‘prescnted by 


The. tmans 


lim .1 , lim A , lim A 


:is q ••• (a)nv(H*|j^c‘s to an idtnil point hav(^ th(‘refor(‘- been dc 
md H(mn^ of tlu»ir (fhmumtary properties |>fiveu in the disci 
3f I, :I14 :528; :j:h; n:iH. 

Let J* .Cj ••• // ;/t •’* //m two points in 

h *“ I/m * we shall write* morc^ shortly // > :r. 
i’.anges over a scd. of points .r' > y' x^'^ «*• we shall say tha 
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117. A very important class of multiple seqp 
with, multiple series as we now show. Let a^^.. 
a non-negative lattice system. The symbol 

2^4 ...tm (-I = 0, 1, ••• 


or 

denotes the sum 
tangular cell 



0 


of all the a’s whose lattice po 

0<x^<v^ ••• 0<x,n<v^. 


Let us denote this cell by or by J?^. T 

effected in a variety of ways. To fix the ideas 






0 0 


etc. In the first sum, we sum up the terms 
then add these results. In the second sum, w( 
parallel lines and then add the results. In th 
the terms on the parallel lines lying in a given 
results; we then sum over the different planes. 

Returning now to the general case, the symb 

A = ••• = 0, 1, 


or 


A — 

0 


is called an m-tuple infinite series. For m = 
out more fully thus 


^00 + <^01 + ^02 + “ * 
+ <^10 + <^11 4 - (ii2 + • *• 
-f ^20 + ^3^21 ^22 "b “ * 


<iI<:NKRAL TIIKORY 


is finite, A in <;<mvcr</rnl and t.lio limit 2) ia called the sum c 
series Jl. When n(» confusion will arise, we may denote the t 
and its sum by the same, hdte.r. If the limit 2) is infinite or 
aot exist, wo say A is divrriient. 

Thus every w-tuj)h! series ^iv(!s rise to an m-tuplo aeqv 
Obviously if all the terms of A are >0 and A is d 
jent, the limit 2) is 4 'Xi. In this (lase we say A is infinite. 

Let us rtq)lac.e. e(!rtain Im-ins of A by vasros, the resulting- i 
nay bo called tlu^ deh-tvd xcncH, If we (lel(d.(i A by replaein 
he terms of the cell by -/.ero, the res\ilting series is e 

he remainder and is (hnioted by A,,^ or by j 4„. Similai 

he cell liy c-ontains the (-(dl tlu! terms lying in /i„ and iv 
Efi may l>e <lenote<l by A^^ 

The 8eri(!S obtaiimd from A by rcijihunng each term of A I 
lumerieal vahus is called the atijoint eeries. In a similar mu 
nost of the ttn-ins (unploycsd for simple stiriea may bo carried 
;o OT-tnple series. In the series iia,, the indices t all b 
vith 0. There is no necessity for this; they may each begin 
iny integer at pleasure. 

118. The (h'tmeirie tS’erleH. We have seen that 
™l4-^r4"n‘^4'‘'* iejs^l, 

1 — rt 


j _ 4-f'4-//“‘+ - K'Kt- 


1 

(1 - n)( l “ /') 


0 


Hence 
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119. 1. It is important to show how any to 
be oxpressecl by means of the 


II 

'• »‘m “"■ ••• »'j 

1 hen ‘^*'i*'a'***'M i“"i 

'••i ••• ‘’m 1- l«'m 

Let ••• »'m -2 ~ 

‘ »'m ■ 1 ••• 1 

Similarly 


Avv-.-. a = ^‘VV 

.,2 ““ 

Av'a •••» „» » 2 



Kiniilly />,, = - A,., p 

and p 

If now wo roplaeo the />\s by tlunr valnoi 
the relation 7) shows that a„, may 
terms of a number of where t^at^h fA>,. 

h\)r = 2 w(5 find 

I I 

2. From 1 it follows that wo may take a 
t(^ form a multiple series 

A = 

This fact has theoretie. impt)rUuu^e in stud 
that multiple series |)resent. 


120. W(‘ have now the followinii* ihtmrtun 


(;knkuai. thkouy 


3. For A to foNoort/o If m norenHurif and Huffwient that 

lini /!,. -^0. 

I* * 

4. A HorloH ivlamr <ulJoutt raNorn/rn h natvcrf/rnt, 

f). fjet A f>r afn^olafo/i/ ronovrifraf. Ani/ drlrfcd aeries B oj 
aholutelif eonvenjent ttnd | // | < A. 

(). If /I «= IS eonrertjenf^ so is B = and 

B : kAy k a mnstant. 


121. 1. For A fit It in itfiu'Hxitrji that 


D 


I'lPj— ‘w-l ’ 

For by 120, i 


O., 






! 0, as V ^ 


! A, 




it Xj "* Mi Mm ' 

ThuH by I 111, 1 ) 

i I • ' « ">/'• 

HeiKH^ paHHiiig to tlu* littiil p =« -jCi, 

•'"* O, , ■' f. 


Ah € in Httmll at plcanura, thirt hIiowh that 0. Ii 

way W(^ inu.y i’untiinu\ 

2. Altlu>u^h t. a 

^ inn 

1*1 ... *■ 

whon A. (‘.onvtn'gOH, wc^ lunst guard agaiunt thu error of BUp| 


U^2 


MIILTIPLK SKIUKi 


A 


A 8 

is convergent. 


liin = 0 

r, "X. 

Bnt 


lini I ff,,., I = 


Um I 0 

s- 


'J'hat is when the point (r, a) c^onvei 
(oo, or to tlu-s ideal point (r, oo ), d( 

8. However, we do have the theorem : 


Let 


A = 


converge. Theyifor each e > d there existB 
for any t outeide the rectangular cell 

This follows at once from 120, l, since 


122. 1. Letf{j\ -«• x^) he monotone. 


Vunfix^ — Xm) = Z ^i< dp ••• < 


x-‘-a 

exists^ finite or mfinite. If f in limited^ I i 
ited, / = -f 00 ndien f u 7rionotone incremint 
immotmie decreasing. 

For, let/ be limited. Let ^ = <4^ < a^ 


Then 


lim/(«„) = I 


n ' *< 


iH linito by I, 101). 

Lot now i? = /9j, ySg, = « bo any othi 


(;KNKRAL I'llKORY 


But for CiUili «„ t lu'ro uxisf .s a 7 , 
hence 

and tlierefort*, / : 


fi (O 
L 


Similarly, for oa(ih thon^ (‘xint.s an > 8,^; 


hence 

and tlieroforti 
ThuH 2), J! ) ^nv(^ 


/(K) </(^^.) 
/ - /. 

run./*(.r) L 


Jit 

Hence by I, iUb, 2 tlu^ relation 1) holds. 

The rest of the theonan follows alonij^ tlu^ same lines. 

2. Ah a corollary we have 

The positive term series A is eonvertjent if 

limited. 


123 . 1 . Let A, 5 = =3 , B == = '2h, he iwt 

negative term series, //’ t/ieg dijfer onlg hg a finite 7mmb 
theg eonverge or diverge sintulfaneouslg. 

This follows at oium fnnn TiO, 2. 


2. Let A^ B he two non-negative term series. Let r> 0 i 
i constant. If < rA, , A converges if B is convergent and 
\f >rh^,t A, diverges if B is divergemL 
For on the first hypotlu^sis 


md on the stscond 


A^< rB^, 
Aj, >rB},. 


S. Let A, B he two positiiw term series. Let n s he po 
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4. The infinite non-negative term series 

and 2 log (1 + 

converge or diverge simultaneously. 

This follows from 2. 

5. Let the power series 

P= *•* 

converge at the point a= ••* a^), then it conver 
all points x within the rectangular cell R whose cei 
and one of whose vertices is a; that is for \a),\ < | 

For since P converges at a, 

lim •••<*= 0. 


Thus there exists an M such that each term 


Hence 




<M 


7711 •• 




Wi 


7n, 



a. 








Thus each term of P is numerically < than . 
responding term in the convergent geometric seri 


El 

TTlj 




a. 


We apply now 2. 

W e shall call R a rectangular cell of conver genci 


124. 1. Associated with any m- tuple series 


general theory 


1 


blie terms of A arranged in order lying in and so 

efinitely. 

['hen 21 = ^ + ... 

Lii associate simple series of A. 

J. Conversely associated with any simple series §l = are 
.nity of associate m-tuple series. In fact we have only to arrar 
1 terms of 31 over the non-negative lattice points, and call n 
! term which lies at the lattice point the term i, 

5. Let 31 he an associate series of A = ... If 31 is converge 

is A and A^% 

Por = Sin- 

Let now V = 00 , then ?^ = oo. But 31;^=^ 31, hence = 31. 

L If the associate series 31 is absolutely convergent^ so is A, 
Follows from 3. 


5 If A ... is a non-negative term convergent series^ all 

weiate series 31 converge. 


For, any 2l„,„ 
iliciently large 
Hence 


lies among the terms of some 

Af^^ ^<€ X< fl<V, 


But fo 


6. Absolutely convergeiit series are commutative. 

For let B be tlie series resulting from rearranging the gi 
lies A, 

Then any associate 33 of B is simply a rearrangement of 
sociate series 31 of A, But 31 = ^, hence A=^ B, 


T. A simnh/ convenient m-tuple series A can he rearram 
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Then either S5J, = -l- oo or — oo, or botl 

suppose the former. Then we can arrange 
form a series (S such that = -}- oo. Let n( 
series of (7. Then 

and thus 

lim Cv = lini @^ == + oo. 

Hence 0 is divergent. 

8. If the multiple series A is commutative 
vergent. 

For if simply convergent, we can rearrange 
resulting series divergent, which contradicts ' 

9. In 121, 2 we exhibited a convergent 
does not need to converge to 0 if ••• 

point some of whose coordinates are finite, 
have the following : 

Let A he absolutely convergent. Then for e 

a such that any finite set of terms B lying ^ 

relation i -ni . ^ . 

1-^1 <€; 

and conversely. 

For let 21 be an associate simple series of 
convergent there exists an such that 

But if \ is taken sufficiently large, each 
which proves 1). 

Suppose now A were simply convergent, 
there exists an associate series which is inf 


(iKNKUAI, 'nUCORY 


cxtondt'il over a lattice syst.t'iii ''J)l in ^)i„ is a sinipUi scriiis i: 
■^(3 (!iiu ^(“ncrali/.n as rutlows. Lot. = Jij ho assooiat.(Hl \v 
lattioo. systoiu ''Jc' -= )./! in ^)i'„ such that to <!aoli t oorrcspunds a, 
couvoiwily. 

If t~/ wo sot, a,. 

Tluui A ,y;ivi^s ris<‘ to an inlinity <if //-t.iqilo so.i'i(‘s us 

/{ .■:£<,. .. 

At “'An 

VVo Hay H is a nnijiitjatv a tupfi' 

We liav(‘ now the tollowini’*: 

Jjet A he ahHolitteltf ranrert/efit. Then the Herien H h ahnc 
(ionvef^ejit and A 

For lot. A\ ho uHHoe.iuU* Hiiuple neries of yU Ik Tlion 
are absolutthy ocnuM'rgtnit and htnua* /Ih*- Ik. But h 

Iloace A == Ik and H is uhsolnUdy eonvormnud-. 

11. Li*t A = he ahsolnitdy oonvorgout^ Ltd. ii = 2 

be any jt)-tuph^ stnnes t'ornnal of a part or all the termB of A. 
Bm absolutoly (anivin*gont ami 

|/^ir:Adj A 

For ltd. Ak Ik he asHoeiati* Hiinplt* stnit's of A and Ik Id 
convergoH almidnUdy and j Ik\ * Adj A* 


125. 1. Lot 
Set 

in the cudl 


d M 


/ I .1 ** * 


1 n'ff" I 
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by employing a sequence of rectangular cell 
> 0 we may, and we have 

For the non-negative term series 1) to converge i\ 
sufficient that the integral 3) converges, 

2. Let > 0 he a monotone decree 

X in J?, the aggregate of joints all of whose cod\ 
negative. Let ^ ^ -pr, , \ 

• im — J ^m)- 

The series j 'V.v 

is convergent or divergent with 



For let i?i, be a sequence of rectangul 

contained in Rn+i • 

Then X, gb being taken at pleasure but > some 
Z, m such that ^ 

But the integral on the right can be made small 
is convergent on taking l> m> some n. Hence 
if t7is. Similarly the other half of the theorem 

Iterated Summation of Multiple a 
126 . Consider the finite sum 

^1=0, I,-- ••• 4^ = 0, 


I'l'KItATKI) Sl'MMATlON OK MlILTIl’LK SKRIES 
aiul so ('» arriviiiff Ihiullv iit 

*»rt MJj 

tm ** ij 

vulut' in tluit oi I). W(^ cull t.his procc'us itcviitcd 

tioiu Wt‘ could have* tak(‘n the indices ••• in ai 
instead of tln^ om‘ just cinployinl; in (‘ueli c.iise we wo 
arrived at the* sanies rt‘sult, diU5 to tlu‘. (toinmutative 2 )r( 
finite sums. 

Let UH sec h(»\v this applies to th(‘. inlinite series, 

* ^ '• »„i'' L ’ * * ^>n ^0, 1 , • 0 • 00 . 

The corresponding^ process of iterated snnnnatiou woul 
to a serie^H , v v ... 


which is an m-iuple iit^mted »cr/c«. Now by definition 


while 


>*m *'m I »'i 

flsaliin lini !!£ *.• liin 

k'm ‘m “ t'm \ \ I* ^ 

lim lun ••• liiu A^, 

»’m * rm \ *' >’i ' * 

A =2 lint A. . 

O'" *’m 


Thus A is (!(dim*d by a general limit while 91 is defin 
iterati^d limit. Thesu two limits may be (piite different, 
in (>) W(^ havii passed to the limit in a certain order. ( 
this ordt*r in <i) would give us another iterated series of 
4) with a sum whieli may be <|uite difffu’etit. However i 
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Let 


= ^00 + <^01 ^02 + h ^10 - 1 - <^11 + 

be a double series. The row forms a series 


0 + + 

and the column, the series 


= T/ 


ji^O 


(7^«> = + ^ln + 


in 


m—Q 


Then 


00 CC 00 

11 = S/i<"‘'= S 

7»~() 7?/™o n~o 


Q= SO''”* = S 2a„,„ 

n-Q fn-i) 

are the series formed by summing hy rows anc 
tively. 

2. A do^Me series may converge although eve 
column is divergent. 

This is illustrated by the series considered i 


is convergent while 2a, are divergent, sin 
not evanescent. ^ 


3. A double series A may he divergent althoug 
tained hy summing A hy rows or the series 0 ohtc 
hy columns is convergent. 


For let 


A,,^= 0 


if r or t9 = 0 


r + s 


if r, s> 0. 


ITKRATEI) Sl’MMA'FION OK MULTIPLK SKRIK8 


i, la tho lust (^xanlpk^ h* and 0 f.onvcrgiid but their sums w 
I'eroat. We. now show : 

A doutih* Ht'rti'H nut If dinvnjv d/fhonffh both It and Q converge c 
i)e the Hit me num. 

For let /I,,,., - b if r or ,v = 0 



if r, K > 0. 


riien l)y h ^11 ih lim /!,, does not (^xist and A is divergent. ' 


3 other hanth 


It lim lim = h, 


r ’ii> jr- 


(/= lim lim = 0. 

4 *> r 

riien It and aS' both e.onv(u*ge and have the same sum. 


L28. We eoimider now some of tho eases in which iterated sii 
tion is pennissibhn 


Let A = be convergent. Let dp , ••• ^^K^I permutat 

the 'indiecH ^p i„,. If I ^hr m — \ •tuple Heries 

»#. t fr» 

V V ... V 


u. 


convergent. 


*r -‘r/ 

t w i w t u 

^3 a m 

t ■/* 

yl = i; - i; a 


- !» e --!) 




rius hdlowB at oiuu3 from I, For simplicity the theor 

there stated only for two variables; but obviously the deim 
ation applies to any number of variabU^s. 
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For if / is limited, 


lim / 


*ia < a„ 


XLg — (iLg 

exists by 122, l. Moreover 8) is a monotone fi 
iiiaining m — 1 variables. 

Hence similarly y 


exists and is a monotone function of the rema: 
ables, etc. The rest of the theorem follows as i; 

2. As a corollary we have 

jOet A he a noU'^egative term m-tuple series, j 
its 771- tuple ite 7 'ated series is coivergeM, A and a 
m-tuple series are co7ivergent a7id have the same sati 
series is divergent^ iheg all are. 

S. Let a he a non'vegative term m-tuple series, 
the s-tuple iterated series of A are eo7ivergent if I 
these iterated series is divergent^ so is A. 


130. 1. Let A = he absolutely converfj 

s-tuple iterated series 6* = 1, 2-*-m, converge a 
on-tuple iterated series all ^ A. 


For as usual let \a,^....^^\. Since A 

vergent, all the «-tuple iterated series of A 


Thus 


00 M 

§1 = 2 is convergent since 2 

1^=0 ■ ii=() 


*1 1 < °'i- 


OO QO 


S Sa. .... 

<2—0 <.1=0 


m 


Similarly S is ( 

t ,=0 <.1=0 

= So-j is convergent; etc. Thus e 

l2 


I'l'KltA I'KI) SUMMATION OK MUl/l'IKLK SKRIES 


1 


'ioiisiilcr till' si'rics 


I 4 ff 

A 1 “f -H 4 * -f • • 


4 ’’ 1 4 " ^ 4 ■ 


i>i -'Yr-r 




+ 


leiv. 


na {tiify^ 


14 4 


I H v'^ 4 4 

rhis is a ^^‘omctr’u*. Herit^s and eonvcrgn.s ahwlutely iov a< 
UH niH'- of thn douhh^. itoraUul scrin.H of A is absolutely conv 
it. Wt'. cannoU howi^ver, infer from this that A is converge: 
the iln'ortmi of - riapuros that one of the iterated series form 
m the adjoint (d' A should (‘onvergo. Now both those ser 
t divt‘rgtmt. I'he BiU'ies A is divergent, for | j = oo , 

f 4 tX) . 


131 . 1. Up to the pnment the series 

'la 

tm 

^e been exUnuled only over non-negative lattice points. T 
itrieii<m was im postal only for eonveuience ; we show now h 
may be reinovetl. (Consider the signs of the coordinates o: 
int / = (.rp .14). Since eatdi eoiVrdinate can have two sig 
U’e are 2 ^ eombinatiouH of signs. The set of points x wh 
irdinates belong to a givtm one of these combinations forn 

n ivihI ii or 


MUI/riPLK SERIES 


IM 

If lini 

A ^ 

exists, wo say A is co7iver</ent, otliorwisc A 
similar manner the other terms employed in i 
be extended to the present (*.ase. Idie rectanii 
figures in tlu^ above definition may without h 
replaced by the cube 

j j < • • • I I X^y 

Moreover the condition necessary and suni* 
once of tlie limit 8) is that 

I — Afj, I < € X, yu. ^ ^ \ 

132 . The properties of series lying in th< 
may be readily extended to series lying in sov 
the convenience of the reader we bring the 
omitting the proof when it follows along the s 

1. For A to imwerge it in nvvemari/ and 

lim = 

A 

2. Asmen whone adjoint ronpergrs w aonporg 

8. A'ng deleted HerieB H of an ahBolntelg at, 
absolutely convergent and 

|i^|< Adjyt. 

4. If A = 2a*, ... *„ is convergent^ so is B ^ 2^ 

5. The non-negative term series A is eonven^ 

X=s ^X). 


ITKKATKn .SUMMA-nON OK MULTIKLK SKRIKS 


eonver(/(‘x or i/irrjyi x irith 

the intejjration erfiihlai avrr ttU npai^e contiiinhui terrm of A, 

133 . 1 . (\ (itoiofo the forniod of the fm. 

lyiny io the it if event pnlifnutH* For A to eonverpe it in hi 
although not neiYHHttrg that H, O, ••• vonverge. When, they dc 

A = /iA <'+ />+ - 

For if Bx, (f ••• (ion(>to tlio tt‘nnH of B, C which 1 
rectangular coll /^m 

A, ^ H, + (A -H - 

PasBing to tlui limit wo get 1 ). 

That A may c.ouvtvrgo wlum H, iX ••• do not in showai 
following example. Lot all the termn of van: 

cept thoHC lying m^xt to tlu*. cochnlinato axoH. Lot thc 80 In 
value + 1 if <p ^^*ul let twiy an lying on oppoeit 

of the cotirdinate plamsH have the Hame numerical value hut o] 
sigUB. Obviounly, /Ia liemui A m convergent. On tlr 
hand, every //, O in divcu’gent. 

2, Tlnm wlum /A O ••• converge, the Htudy of the giver 
A may he reftu'HMl to wndeH whoHC. tcnmiB lie in a single p( 
But obviounly tlie tluuu’y of sutdi sericH is identical with 
the series lying in tluy first polyant. 

8. The lyrecuHtiug property enahles us at once to exte 
theorems of 12!h 18(1 to sericH lying in more tlian one p< 
The iterated series will now he made up, in general of t\ 


(CHAPTER V 


SERIES OF FUNCTIONS 

134. 1. Let A = (4p /.2 ■** ^») 

Let the one-valued functions 

/.. - .,.(•''1 • • • ) = /.(y ) = /. 

1)0 defined over a domain 21, linito or inlinite. 

F^F(x)^ 

extended over the lattice system is converjjft 
valued function F(^x^ ••• x^) ovav 21. We pi 
jiroperties of this function with reference to ( 
tiaXion and integration. 

2. Here, as in so many ])artH of the theory c 
ing on changing the order of an it(U*atcd limit, 
is fundamental. 

We shall therefore take this opportunity to 
properties in an entirely gimcral manmn’ so t 
not only to infinite series, hut to infinite proc 
grals, (dc. 

3. In accordance with the definition of I, 3: 
1) is uniformly oonveryent in 2t wlitm convc*. 
limit F. Or in other words when for eatdi c 


GENERAL THEORY 


135 . 1. Let 

liin f 37 ^, t-^ *‘*^ 71 )= •** 

t^r 

in 31. Here 3K, r may be finite or infinite. If there ex 
97 >0 such that / = <^ uniformly in F^(a), a finite or infir 
shall say / converges uniformly at a ; if there exists no 97 - 
say / does not converge uniformly at a, 

2 . Let now a range over 31.* Let S 3 denote the points c 
which no 97 exists or those points, they may lie in 31 or 
whose vicinity the minimum of 97 is 0. Let D denote a 
division of space of norm d. Let 53^) denote as usual the < 
D containing points of S3. Let S/) denote the points of 31 
33^. Then/= ^ uniformly in however small d is tab 
then fixed. The converse is obviously true. 

3. Iff converges uniformly in 31, and if moreover it conver 
finite number of other points 35, it converges uniformly in 31 - 

For if/= uniformly in 31, 

I/ — ^ I < € xm% t ill Vsf(T). 

Then also at each point of S, 

lf^<f>l<€ x=b, t ill 

If now 8 < Sq, §2 these relations hold for any x in 
and any t in 

4. Let f(x^ --x,,, t^-tf) x,f) uniformly in 

f he limited in %for each t in Then cj> is limited u 

For cl>=:fCx,t)-h€^ |el<€ 

^ Qlf 4- T7 T of nc f.r,OT*o-fnrA -fiv 
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2. If the power series P = + ap: + -f- 

end point of its interval of convergence^ it con 
this point. 

Suppose P converges at the end point x = h 
however large n is taken. But for 0 < 2 : < P 

/ ^\m+l 

= + • 

< € by Abel’s ident: 

Thus the convergence is uniform at rc = 
^ manner we may treat a: = — P. 

3: Let/^(a;i ••• 2 ;^), n = 1, 2 ••• be defined ov 
\Jn I < some constant c^ in 21, is limited in 31 
iCn are all < some constant (7, we say the f. 
limited in 31. In general if each function in 
If I defined over at point set 2f satisfy tlie rela 

|/| < a fixed constant (7, x in 
we say the/’s are uniformly limited in 31. 

The series F— '^gj^n uniformly convergent in 5 
is uniformly convergent in 21, while 2 1 hu^i ~ 
uniformly limited in 21. 

This follows at once from Abel’s identity as 

4. The series F='lgfh^ is uniformly conver 
^ 1 ^ 71+1 “ ^ 71 1 uniformly convergent., h^ is w 
and the Gr„ uniformly limited. 


( J KN KK. A L r U ICOU Y 


(). The serii'K F ~ ix cunvergcnt in ?l if 


Q- =//j + i/.>, nnij'iirnif// limited in ■;'( and. if h„, 


form <1 monotone deerenxin;/ xe(jnenee for .v in ''ll hat (dxo 
formljl evnnexeent. 

For by H:!, l, , ,, 


1 /'„u 1 0- 


Mmnifde. Lot ,1 - n^ n., 4- ••• bti c.oiivcrj^noit. Lot h^, I 
be a liuuU'.d inonotoiio so(iu(ou‘.o. TIum 


F{.r) 




convorgi'H unirormly in any iiiiorval i>l which does not c( 
point of I * ■ • 


For obvionsly tlic luunlxn-s 




n 


1 


1 Kj: 


form a inonotoiu^ at each point of 51. We now a 

,7. Ah an application of tlutse theorems we have, nsinf]^ 
suits of H4, 


The Herics 


4" f/j ('OH j' 4- (^oH 2 4" ••• 


Gonven/eH unifonulji Ifi (tnj/ romplete interval not eontainin(^ 
the pointH i 2 -niTr proviilni j a,^^ j • - | in eonverpent and 
and henee in particular If a^ ' a,^ * •- -I: t). 


8 . The aericH 
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10. The series ,j. _ j.;,! -j ,. „:isin .‘i 

converges uniformli/ in nni/ etDiipleh' interval na 
the points ±( 2 wt — l) 7 r providnl !i, | . i + 

= 0, and hence in partirnlnr ij • lO • ••• 


138. 1. Let 


he uniformly convergent in i’l- Let A, II he tiva i 
Affr) </A(.r) < liff-r) in ' 

Thayi /~i V # f »• t* \ 

is uniformly eonvenjent in ?l. 

For then AF ,,,< 0 HF,,,. 

But jF being uniformly conviU’gent, 

2. Let 


converge uniformly in 51. Then 

L =3 i lf>g ( 1 4”“ /i ) 


is uniformly convergent in 51. More ever tf F i 
is L. 


For f, > 0 in Sf, hence 

!/ i < 

for any i outside some rectangulju- cel! /4. 

Thus for such i 

Af < log (1 +/) Iff ill 5 


GENERAL THEORY 


1 ( 


For if / = (^ uniformly in §1, 

€>0, S>0 — 

any x in 21 and any t in Fi*(T), h independent of x. 

But then | A | < e f in 

2. As a corollary we have : 

Let Uj, Ugi ••• = «• Let F = 'l.f, he uniformly convergent at 
en ' tT ^ ^ • /i 


L40. Example 1. 


lim/ = 

t4s=0 


: lim 


sin sin 2 . 


w=o sm^ "h ^ cos^ u 


2 for a; = 0, 
0 for a; 0. 


rhe convergence is not uniform at a; = 0. For 

f — 2 cost^ 

l + x cot^ u 

Hence if we set a; = 


lim/= 1, since u^Q,ot^u = l. 
Ihus on this assumption 


lim 1/—^ I = 1 1- 2| = 1. 


Example 

Here 


jP= 1 --od + a?(l — a;) + a::^(l — a?)+ — a;) + • 

jF= 2(1 — x') • a;”. 


0 

Hence F is uniformly convergent in any ( — r, r), 0<r<l, 1 
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SERIES OF FUNCTIONS 


We show now that F does not converge 


unif< 


For let 
Then 


a 

n 




and F does not converge uniformly at rr — 1, by Ir. 
Fxample S, 


S (1 + nx^)(l “f in + 


Here 


l^nx^ + 


and F is telescopic. Hence 

1 




" \j^ x^ 1 + (n 4- 


_ , a;4=0 


Thus 

Let us take 

Then 


\FA^ 


1 -f 

= 0 , X = 0. 

1 


an = 


l-i-(n+l)x^ 
1 


x=^ 0. 


" Vt^Ti 

Fn(an)== l- 

and F is not uniformly convergent at a;=0. It 


( — oo, oo) except at this point. For let us talc 



(JKNKRAI. TIIKORY 


» V . I, V I J \ 

/• . »■ + 1 

11 4 1 4- (>/ 4- 1 yir^ j 

F is it‘lt‘sc<)pic.. IliMKU' 

y/ _ _ (//. 4“ 1 )>f' 

'' 1 1 4- ( 7i. 4- 1 

= ■'■ ., ill % = (-/£, It). 

1 4" 

'h(^ (u>nv(*rjL(t‘ncH^ is not unifonu at x == 0. 

or st‘.t * . 'Phcu 

H 4» I 

1 /'«(>^, ) I - 2^ = 0. 

L is, howovt‘r, uniformly convergent in 31 except at 0. F 

r|>«, 

F (v)\^ (« + i).T (« + i)/e 

"'• ' i 1 +(« + \)V • 1 +(« + -lys^ 

< € for n > some ul 

11. Let \iH suppose that the series ,F converges absolutely a 
formly in 31. Ia4. us riutrrange F, obtaining the series 
:‘e F is absolutely ('onvergtmt, ho is (} and F= (h We va 
, however, state that (/ is uniformly convergent in 31, as liSci 


SKKIKS OF FFNCTIOXS 


lt)6 

Lot 


(?„ = 1 


ii 1 


Hence Gf does not converge uuilormly at j' 

142 . 1. Let /= <j5) unifonnlif in a finite i 
3 I 21 Thenfconvergen uniformly in thei 

For by definition 

6>0, a,>(M/-(^l<c a* in 


Since there are only p aggregates, the mi 
is > 0. Then 1) holds if we rephuus by B. 


2. The preceding theorem may not Im tr^ 


of aggregates ?Ia is inlinito. 

K or eoiiHi 

i'= 2(1 - 

■ T)S^^ 

which converges uniformly in :>I 

(0, 1) 

3I. = ('>-'‘, ■ * ) 

\ If If + 1/ 

« := 1, 2. 


Thou F is uniformly convergent in each 3f 
union, which is 


8. Letf^ ^ -\|r unijvrmly in 31. 

Then f± a » d% 4 - nnifum 


(JKNKRAL TIIKOKY 


4. nhcnv that 1 ), 2 ) uiuy ho falHo if cf)^ yfr arc not limitt 


4 ^ 1), T = 0. 

.r 


I'lu'iii ^ and tho <u)nvtn*gi‘noo is unilorm. 


A "■./// ^ 4- 

j' 


Thou A '« 2 an fisO, and f(/ docs not 

unihnanly. 

Again, lot j 


.r.: .* -f t, // X + tj 
X 


the roHt btnng m lu^foro, 
'Thon 


aiss , ^ X. 

X 


Bui mdd-ing x •■■•■■■* t, 

I A (-• - • ^ ^ as « = 0 

' ‘ 1 // t 


and (liitsH iKit, (vniVurL't! unit'urmly U) ^ ■ 

11 f 


143. 1. A« an axltiUHiiiii of I, 317, a wo have : 




uni/iifmig in %* l^ft 


f r ^ r 
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form a limited set Let Fiu^ ••• Wp) he continu 
set containing Then 

lim i'(wi ••• Mp) = FQo-^ ••• v^') 

/=T 

'Uniformly in S[. 

For being continuous in the complete set 
■uniformly continuous. Hence for a given e > 
fixed a- > 0, such that 

I F^u) - Fiy) I < e in V^(y') , 

But as uniformly there exists a fixed S > ( 

I I < 9 a; in 91 , tin 

Thus if e' is sufficiently small, = ••• Up 

when 27 is in 21 and t in Ff(r), 


M4. 


1 . 


Let 


lim/(a;i ••• ••• tf) = 

i-r 


'uniformly in 91. Then 


lim e^ = e"^ 


t~T 

'uniformly in 91, ^ ^ is limited. 
This is a corollary of 143, 2. 


2. Let 


liin/(a;i ••• t^ - i(„) = (l)(xj^ - 

t=T 


'Uniformly in 21. 
Then 


Let he greater than some positi 

lim log/ = log (^, 


<:kxkual 'niKoRY 


IG! 


li hy U), hn:/'-\iHx4i uiiirormly in %; and by 142, 
J' ‘ in % Huiirn 2) ^rlvc8 1) by 1. 

K 1 bn dnthiitinn of ntiUurm convt^nifonno may be given i 
tly ditTnrmii fV»rm wlurh is snnu4iini‘s iisidnl. The [unction 

/{.i\ ... tj 

dinetitin «>f fut) sfts nf vuriables .r and one ranging in an 

in an 

4 WH set nu\v iv i j j ... .r,„, — /„) and iu)nsid(5r w as a point ii 

way Hjnmm 

i .!■ rangcH t*vcr ninl t ovi*r r/(T), U't w range over 
^ lim/ 

I- t 

irmly in u ben and only wlam 

€ G, « U I r cjf) ' . t iv in S fixed. 

; means of tbin HOiamd tbGiniiion \vi? obtain at once tbo follow 

. Inairem : 

tif iht mruihh'H ... .r^, ... /rf. m inirodiwe th 

thleM //j ... a I *•* a,, that tta rr ntnt/en orcr 

•2 f //| ym> •“ 

m ei»er //le rtitrt^Himadenn* hrtirrvii fSa tiniforni 

■ly’-’s i#«i/ciriii/// /a /eAea niul tailii when 

t: - <b ^ G \f ■ • ^ I e , z in iSai S fueiL 

» ^ /*** 

Example, l4*i firi\ n ) ^ ‘ ^ 
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As the term on the right = 0 as n ~ x» , wt 
ill (^a, />). 


When, however, a = 0, or h = oo , this reastii 
In this case we set ^ 


which gives 


logi/^ • f 


As the point (x, 7i) ranges ovm* 3E defiiUHl Ir 
2:>0 , n>U 

the* point w) ranges over a liehl J dtdiiuul 1 

t>l , n> 1 , 

and the correspondence Ixitween J ami X is ui 


The relation 2) shows that when x>(K t 
when = l for any n. Thus the mm\ 

uniform when ^ 


Uiii J. V/A. AtJL YVAiUJll 

Ct A* 

The couvorgonco is not unifona at a- =» 0 wlau 
For take i 


a:= — , n-=\,'2, 

HA 


For these values of x 

\f--cl>\^e 

which does not = 0 jis n » oo . 


146. 1. (Moore, Om/ood,) Let 


ck.nkual tiiicory 


17 


:»> lirNt Hh<fW ‘I' exists. To tliis eiul \vn show that 

• , fi 't> , \ <!>(•<'') ) \ < e Vi*(a). ( 

ow Hiiicf ./■(./•, f) coiivi'i’fffs uniformly, tlioro exists an tj > 
1 lhaf for any .i\ .r" in 

O f t' rm ri,*(T) ( 

/(.<•”, 0 1 e". |t' I, |e" 1 ( 

n tho tilln-r Iniini, sini-t\/' ' tlinrt^ exists a fi>0 such that 

x/^tO I t"' ( 

/(r", ftO 1 t" h'” 1' I I <1 ( 

imy x" in f 4*((0 ; t lixeth 

ruin 2), <1 ), 4), /» ) we have at once 1). Having ostahlishe 
('xistenee tif »t', we sliow now that thaaT. For since f coi 
ji'S uniformly to <ft, we havti 

O 1 *■' !, ill 31 , ^ in r,*(T). ( 

4 

iH.\f wii Imvil 

A C) -■ ■f to i * .rinfVfn) , « lixetl in F/ (t). ( 

m ^ 4\ 

1 <^(x) • ‘I* j X in ! «-'•(«)• ' 

IS 7), H ) hohl HimuUumituwly for S < 2', 2". 


2 

SEIUKS OF FUNCTIONS 

3. The theorem in 1 obviously holds when we replace the 
stricted limits, by limits which are subjected to some condit 
r. the variables are to approach their limits aloiiff some curv 

4. As a corollary we have : 

a, limiting point. 

• he uniformly convergent in ?1, of which x 

Let limf = h, <ind set L — '21,. Then 

lira F= L\ ajhiite or infinite^ 

in other words 

11 

1 

JExample 1* 

T7/ N 

Jf'(a;)==2“2n«.ir 

a verges uniformly in 3[ = (0, oc) as we saw 18(), 2, Ex. 1. I 


lim/„=~^=?„, 

CfJwaOO 



Hence 

lim F{x)=^ 1. 

£PB=S)i'/) 

Also 

R lim/„ = 0 ; 

ice 

7nim J'(a:)=(). 

Example 2, 

in\\ X J 


(JKNKRAh 'FI I KORY 


Ej'ttiHpif' «/. 


Fir) 


llvm 

I'htiH hrrti 


^ i l I /i.r-)( I f ( ii + 1 )i*^) 


! 

1 I 


(ur .r / () • 


V 


fni 


0 fur .r 0. 

Hm F(.r)=l, 

O' -n 

) = !£0 = 0. 

^r—u 

Hill li./’nC j-') ^ ^iliin ./’„(. (Oi 

0 *— « 


Hut /•’ iliH'H iiol. (•(•iivorj'u tmifurmly at j- = 0. 
liaiMl, it tlut'H <‘uuvorK<' uuiftiruily at j'= ± ‘X. 


Now 

niid 


lim f’{.i-) - () , liiu ) = 0, 


Uni ^fjr) 


^-±1 


iiK till' tlii'ori’in ri'tjuiivs. 

A',., VI + ',ri 


t 


j I,.-- r 

wliii’U n* m vin'i^nH uiHinl ,r ^ Uut ntit unifonulv- 

Huwi'vi'r, ji,„ V viim/„(r) = 0 . 


.1 (I 

'riuiH tliii uniform I'onviuximw in not a imcoHHary 
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A dii'ect proof may be given as follows . 

f(x,t) = <l>(ix) + e' |£'|<e,a:inP 
4,(x') - =/ (*'’ 0 -/ 0 + e 
But ^ if |x'-a; 

2. Let Se uniformly eonve 

Let each fs^—sp he continuous at a. Then F(x-^ x. 
at o:^=.a. 

Follows at once from 1). 


3. In Ex. 3 of 140 we saw that 






(1 -h + (n + l)a;2) 


is discontinuous at a; = 0 and does not converge un 
In Ex. 4 of 140 we saw that 


n{n+V)x^-l 

^ ( 1 - 1 - (1 + (^ + 1 )^ 0 ;^) 


does not converge uniformly at a; = 0 and yet is co 
We have thus the result: The condition of uniform. 
1, is sufficient but not necessary. 

Finally, let us note that 


n^')=X 


nx°‘ 

£>nx^ 


(n^ V)x^ ' 

^(n+l)x^ 


0< a 


Tf- 


x>0 


is a series which is not uniformly convergent at 
F(af) is continuous at this point. 


CICNICRAI, TIIKORY 


Ck The fmwer HcrieH ^ .r|. .j-;™ v'x eentinuouH at 

net point of Itn rvotnnpnhtr ccH tf convorpoiuu'. 

For wt^ Haw F (u)nvi^rgt*H uniformly at thin point.. 

ft. The power HerieK /* = ap' + + - is a eontinu 

nation of x in itn intaranl of aonaart/vnav. 

For wo Haw P oonvor^n^s unifonnly in IhLs intorval. In | 
ular wt^ noio that if /N*onvorg‘(‘H at an (oul point :r=:r of 
:.(U’val of (’.onv(‘r|jf(UU’t\ /* is continuous at.r. 
riiis fact cmabh‘H us to prov(^, tho thoonuu on nuiltiplication 
0 HorioB which wt^ stated 1 12, 4,- viz. : 


148. Lat 


A =5 <(q + I d” 4“ •» P ^ -f- 4* 4- ... 

(Jssa aJiQ 4 * ( ) 4 " 4 - 4 * ) 4 - ... 

warge. Than (/, 

For considor tho auxiliary sorios 

F{ x) = 4" 4* 4- - 

(} (x) 4' h^x 4" 4* 

// (x) sa 4 " "F 4 * 

SijH'.o A„ Ji, (/ conv(U*f.^(S h\ t?, 11 (uuivorgt^ for .r= 1, and ho 
a)luioly f(U‘ | x | < 1. Bui for all | x j < 1, 

//(X)- Fix)(Hj')- 


riuiH 


Llim /fix) - /yFun F(x} • Lliiu f7(x), 

J ,r l .*"1 


(I sa /I - Ji, 


[ 4 SI. 1 . W#^ hii 


t.lijil. iMiitiiuU. Mil iliiii. /*-*’! /h iinirni't 
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Suppose now | \ 0 I ^ ^ 

lar cell one of whose vertices is t and whose cente] 
then that the convergence of / to (f> is steady or 
If for each ri; in 21, there exists a rectangular cei: 
above inequality holds, we say the convergence 
steady in 2 (. 

The modification in this definition for the case tl 
point is obvious. See I, 314, 315. 

2. We may now state Dini's theorem. 

Let f(x^ - t^ Q steadily in 

plete field 21 t = r; t finite or ideal Let f and 
functions of x in 21. Then f converges uniformly U 

For let a; be a given point in 21, and 

f(x, t') = (j>(x') + ^jr(x, 0- 

We may take t' so near r that | ^0 I ^ I"* 

Let x' be a point in F„(a;). Then 

f(xl = 4>(x^) + (x\ O* 


As /is continuous in x. 


Similarly, 

Thus 

Hence 


1/(2:', «') -f(x, * 5 ') I < |• 

I (a;', «') I < e x' in KiCx}. 

I <) I < e for any x' in V,,(x 


fnT' fj.nv f. in j^nnrnl o r nAll /af/armin U t 


GENERAL THEORY 


3 


uous at a. Then G and a fortiori F = converge uniform 

a. 

5. Let G = xf)\converge in the limited comfl 

main 21, having a as limiting point. Let lim G and each lim 
\st. Moreover, let ^ 

Then G is uniformly convergent at a. 

For if in 4 the function had values assigned them at a;= a d 
ent from their limits, we could redefine them so that they i 
itinuous at a. 


L50. 1 . Let lim • • • x^) uniformly 

t~r 

; limited field 21. Let </> he limited in 21. Then 


lim (*/= r^= r lim/. 


[Tor let /=<^-fi^. 

Since /= ^ uniformly |^| ^ ^ 

■ any t in some V^(r) and for any a; in 
rhus , , , , 

<e2l. 




Remark, Instead of supposing ^ to be limited we may supp( 
it /(a;, i) is limited in 21 for each t near r. 

2. As corollary we have 

Let lim/(a;;^ **• **• ^n) = •** ^m) uniformly in the limi 

tssir 

Id 21. Letf he limited and integrahle in %lfor each t in Fs^( 
en 6 is intearahle in 21 and 
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If the are not inte<irahh\ we have 



Uxample. 

does not converge unifonnly at 0. Cf. 140, Kx. *1. 


Here 


and 

Hence 


= 1 


1 

1 -f- UJ^ 


Fix) 


1 for X /• 0, 

0 for = 0, 


r^F(7^’=:l, 

•/() 

♦/() %/(, 


(ix 

I + 


ss 1 \/n j 

V/i 

Tims we can integrate F termwise althoiigli F does tu 
uniformly in (0, 1). 


151. That uniform convergcuu^e of tlie serit's 
F ( a:) == /j (^x) + J 2 ( X ) f • * • 

with integrablo terms, in the int(*rval ?{ ( a * " A ) !« f 
condition for the validity of the ndution 

X b /*h /H 

Fdxr:^ 




SERIES OF FUNCTIONS 


c^'jp dx—^ r""-" 

Jo dx 



1 

2 


as n = Qo. 




iius we cannot integrate the' jF series termwise. 

As another example in which the convergence is not uniforn 
IS consider ; • • 


Fix) = 2 I 


I (n + l^x 




-^- 5 } = 0 . 


ere 



iie convergence of F is uniform in 21 = (0, 1) except at ii; =• 0 
peaks of the curves Fn{xy 2 L\\ have the height e“i. 

Obviously the area of th( 
region under the peaks can b( 
made small at pleasure if m ii 
taken sufficiently large. Thus 
in this case we can obviousl) 
integrate termwise, althougl 
the convergence is not uniforn 
in 21. 

e may verify this' analytically. For 





nx 

qUX. 



1 nx . Q 


as n CO , 


Finally let us consider 


(iKNKR.M, THKORV 


'I’lu'ir lu'i,y:ht. tlius iiicn'ii.sti.s iiuloliuiU'.ly with n. But 
Biuun Unit' they Iwctnius sn Hli'iitUir Unit tho aroa under thei 
In fact. 

I l<\{.i)<Lv ■ I * </ ( 1 -f wV'^) 

_ 1 (1 4 “ 71 ^( 1 ^') ^ 

0 li n 

Wo (‘iui thortvioiH^ Uo’iuwiso in (0 < a'). 

153. 1 . Lrt tin, <} (.r, ^ • W,. ) = //( at) in 31 = («, « + S), 

( » 

or tutrh U[(j\ t) hr rontinuouH in ?{ ; aho let < 

roHvrriir to a limit nniformlj/ in oh t r. Then 

I i 01 ' ( it\{ j\ f ) =s (/ ( .r ) in 31, 

t t 

and (f {.V ) i^ rontinnoim. 

For by \f>^K *4 

bin r"{;:.r/.r f liin a',dx. 

i t ' .» f r 

I (H^i\ t)^ a(a. t). 

%7ti 

Mho hy 1. viK.thm.s, 0(=//0)-//C 

( r 

H0U(’0 

ft{x)--'tf{n) - I liin 0[,{x, t)(b\ 

* ‘ i T 

But by 147, i, t!ui iutt*^raiul is ooniimiouH in 3L 
Ilotuui l>y 1, r>H7, tho clorivutiv(U)f tlu'. right Hido of 2) in 


log ( 1 ■+• tdx^) 
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3. The more general case that the terms/,,...,, are functions 
iveral variables follows readily from 2. 


154. Uxample. 

Here 


a, /3, X>0, /x> 




n^x°- 




function whose uniform convergence was studied, 145, 3. We S{ 
F(x^ = 0 for any x>0, 

jP'(a;)=0 x>0. 

a(x)^^Mx). 

G-n(p') = -^nC*) = 


Hence 

Let 


Then 
If rr > 0, 






mce 


(?n(^)=0, 

F^(x^^VL(x'), 

id we may differentiate the series termwise. 

If a; = 0, and a= 1, X>0; = - oo as w = oo. 

In this case 2) does not hold, and we cannot differentiate t 
ries termwise. 

For 2;=0, and a>l, 6?'n(0)=0, and now 2) holds; we m 
erefore differentiate the series termwise. But if we look at t 
liform convergence of the series 1), we see this takes place on 


hen 


■1>. X 


CKNKKAL THKORY 


1 


or Himplidity Uil' hh tako 8 = 1. Ijot the series on the right 
)e denoted by h<)r each x in SI we show that 


e>0, S :> d, 


,/> = 




or 


A/'' d A.r ) - /;.( j:) _ 


Aj: 

re lies in. Islr)- 
hits 


Ax 

)■ 

Aj- 


<f>(_x) 


I Aa: I < S. 


k/«(|n) 


./> = ) -fnir) !=/>„+ />„. 


lit (} being eonvergent, C!„ < e/.'l if m is taken Hulhciently lar| 


leo 




m 1 1 


II ilu! othor hand, niiuie sb and since there arc only 

Ax 


iH in i)^, wo may take S so Kinull that 

l/4|<e/3. 

\ :D\<€ for |A;rl<S. 

Example /. lad. 

F(x)i^ Sv ^ ^ ' ■ “ 2/„(:/0 a>l. 


e<-|r. t 

n ! 1 + a^x 

his sorios oonvorgos uniformly in 3l=!(0<6), since 


!/n(-«-)|<-j 
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S. Example 2. The n functions. 

These are defined by 

= 2 i ( — 1) sin (2 n + 1) TO 

0 

= 2 sin TO — 2 si 

\ C^) == 2 cos (2 + 1) TO’ 

0 

= 2 g' f cos TO 4- 2 c< 


’^3 = d 4- 2 2 5'^" cos 2 rnTX 


= 1 4- 2 g cos 2 TO + S 
(x') == 1 + 2 i ( ~ 1 cos 2 Tz^TO 

= 1 — 2 g' cos 2 TO 4“ ^ 

Let Hs take 


|?|< 1 . 

Then these series converge uniformly at even 
let us consider as an example The series 

T= 1^1 + \q\^ +\q\^ + •** 
is converg“ent since the ratio of two successive ten 

o(n+l)2 


2l 




,2 n +1 . 


and this = 0. Now each term in is numericalb 

< 1 I 5 1"", 

and hence < the corresponding term in T. 

Thus.??-. C is a continuous function of x for ev 


<iKN'KKAL TllKOKV 


#■ 

.V, '(.(•) 2 7r:!;Ci /( + 1 {‘In + \ )'n-r. 

I) 

— . .. J TT siu TT.r 4“ < 1 ^ sill r) ttx 

*v.[ (.r ) I Tri; /If/”’ sill 2 //7r.r 

1 

I 7r(f/ sill "2 7r.r -f- ::2 sin •[ ttj 
i.v) I Trill ( 1 )”///y'‘'' sill 2 Nirr 

i 

I 1 TT (ry sin 2 7r,r -- 2 cy'^ sin 1 

'Fu show tilt* unilonn ronvcn^nnici* of tlu\st^ sinic^s, 
sidtu' thn lirst und (’onipun* it with 


iV 1 -f U ] y j .f O | y |'^ 7 | y + •- 

d'lu^ ratio <»f two sucM’i'ssivr inrins of this snriiis is 


2ff f n jy 

2fi \ \ 


1 n -f- it 


17 


2n I 


I'/P 


2n I I 


whiidi 4a 0. dluiH *V is <*onvrrjL(mit. Thu r(‘st. follows 
litd'ortn 


156 . !. Lrt 

lim “ ' *■ 

f ■ I 

Lrt 

Jhr tilth i Htitr r. 


/ j .*• t,, ) Ui ft, /„ ) // ( (t 4- h ) ~ // ( 

h ' h 

j A j ' y» r Jin lit nr injinift, 

(}[i If, f ) triaf 
Thtn //'< tt ) twintn it ml 
lim It, O — //X^O* 
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SKRIKS OF FCNOTIONS 


(:<mv('r(/<> for each r in which has x - 
Let f fa) exutfor each ( = — („)• 

^ h 

converge uniformly with reepeci to h. 

iV) = V.'.. 


a ax a p 
Let 

-Jfo) 

Then 

..,. 00 . 



CHAPTER VI 


POWER SERIES 


.57. On ac(U)unt of tlicir importance in analysis we s! 
M)lo a separat(5 ciliaptor to power scries. 

have', seen that without loss of generality we may emi 
series „ ^ 


toad of the formally more general one 


a() + — a) + — a)^4- — 

^ have seen that if 1) converges for = it converges al 
ely and uniformly in (’—7,7) where 0<7<|<?|, Fina 
saw that if a is an end point of its interval of convergence 
Lnilaterally continuous at this point. The series, 1) is, of con 
a)ntinuous function of ^ at any point wMiu its interval 
L verge nee. 


.58. 1- Lef. .P(^) =’^0 + + *'• (converge in the mte: 

= ( — a) which may not he complete. The Beries 

1\ = 1 . 2 • ••• na^ H- 2 • 8 . (w + + ••• 

lined by differentiating each term of F n tvmeB u absolutely 
formlg convergent in = (— ^), 0<a^ and 

ius. 
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But the series whose general term is the last term of the pre- 
ceding inequality is convergent. 

2. Let P = -h "h * * ‘ 

converge in the interval 91. Then 

Pdx^J a^dx-hj' 

where a,.x lie in 31. Moreover Q eonddered as a function of x con- 
verges uniformly in 21. 

For by 137, P is uniformly convergent in (a, oj). We ma}'- 
therefore integrate termwise by 150, 3 . To show that Q is uni- 
formly convergent in 31 we observe that P being uniformly con- 
vergent in 21 we may set 



4 

P z=: P -hP 


wliere 

1 ?n i 

VI > OTy, cr small at pleasure. 

Then 

Q — Qm + Qm 


where 

\Qm\==\ f 

<o-3l<e 

on taking cr 

suIHciently small. 



159. 1. Let us show how the theorems in 2 may be used to 
obtain the developments of some of the elementary functions in 
power series. 

The Logarithmic Series. We have 

i___ x^ d- • 

1 — ' a; 

for any x in 21 = (— 1'^, 1^). Thus 

r z-~— = — log (1 — a;) = r dx + r xdx d- 
^0 1 — X *^0 

Hence r .2 3 i 

]og(l-r!;)=- |■'• + |- + |-4- •• I ; a; in 31. 

This gives also 

log (1 + xy= x- '^ + ^ 


X in 21. 


(1 



<;K\’KUAI, '!'I11.;(»1!Y 


181) 


1 lu' si'i'ics 1 ) is alsu xalid lor ,r ^ |, Ou, jy coiivoi’- 

.jiMit. I'm- .(• 1, :iii<l lnir( 1 I .,•) is .•tmLinuoiis at ;«=!. Wo now 

iijijily I IT, li. 

I'Tir .(■ 1 , wi‘ 

' a I - ,'i+ - 

7'//r Ih r. /o/ijiinil of (in’Ktii J\ \V(. liiivci hy tlio Binomial 
Scries I I , I .. f- 

, .. ".'-I 

\ I ./ •' - • ( -u • 1 • () 

for in VI ( I I ’ ). 'I'll us 


r' .Lr 


arcsni ^ I "I'* o + 


1 1 is also valiil lor ,r 1. h\)v Uu‘. stu’ius on Uiu riii^lit is coiivcr- 
for .r 1. W'o fall ilms reason as in I. 


• or ./• I wo {»'(• 


■/r 1 l.o.;> 

•J ' 1 .:; ■-’• 1 .;. - 1 . 1 .( 1 . T 

)». 77/0 Arrttni St'rtrs. W v 


,r I ./•» ,/•' 


lor .r in VI i I \ h' ). Thus 



j , . a rot an./' • ( (Lr 

/*'.rV.r.l ... 


* nl 1 1 j ’x « Ml 

» Ml 





. ■ ,/• .. 

1 - - ('* 

n 

valiil in VI 

. 'ria* .sorii's ) is vahul for ,r 

1 Tor tliu Hiuni‘. laaison as 

in li. 



h'or ./■ 

1 wt^ .fot. 7 r 1 11 1 

1 f) 7 

... 

• 1 . 77/0 

lifiu hipninii i»j' r\ liavi^ 

Siam lliat 


/'/(.rl 1 1 i'', i VJl 



ronvori^t's i'or any .r. I )i^lVr{‘nliatin^^ wv. ont, 

‘I 
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Hence E'Qcy^Eix) 

for any x. Let us consider now the function 


We have 


^ e^E'-Ee== E'-E ^ 

/'(*) = — = — — =0 


e e 

by (a). Thus by I, 400, /(a:) is a constant. For 


Hence 


/V /y«2 /T«3 

e^=l4--— 4-±_4._4- 


valid for any x. 

5. Development of cos sin x. 


The series 


, x^ x^ 


(7=:l_r_ + n__-.n_ + 
2 ! 4 ! 6 ! 


converges for every x. Hence, differentiating, 

x^ 




(7'/ = _l+^_^ + 
2 ! 4! 


Hence adding. 


0+ (7" = 0. 


Let us consider now the function 
f(x) = O sin X + 0^ cos x. 

Then _ (y ^qq Qf gii^ O' sin x-{- O' 

= ( (7 + O") cos X 


GENERAL THEORY 


1 


If we multiply (c) by sin x and (d) by cos x and add, we g 
= cos X. Similarly we get C = — sin x. Thus finally 




lid for any x. 


• X a? 


160. 1. Let P = a^x'^ 4 - 4 - ... , = 5 ^ 0 , converge 

me interval 21 about the origin. Then there exists an inters 
< 21 in which P does not vanish except atx^O. 

P = x%a„ + a^^jx + . • .) 

= x”‘Q. 

Obviously Q converges in 21. It is thus continuous at 2 ; = 
nee ^ 0 at ir = 0 it does not vanish in some interval S 3 abc 

= 0 by I, 351." 

In analogy to polynomials, we say P has a zero or root of on 
at the origin. 

2. Let P = (Xq + a\x 4 - a^a^ 4 - ... vanish at the points ••• = 

hen all the coefficie?its = 0. The points are supposed to 
fferent from each other and from 0 . 

For by hypothesis P(hf) = 0. But P being continuous at a; = 
P(0) = limP(5O. 

P(0)=0, 


Hence 
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i>e equal for the points of an infinite sequence H whot 
then a„ —i^,n = 0, 1, 2 ••• 

For P — Q vanishes at the points B. 

Hence = 0 , « = 0, 1, 2... 

4. Obviously if the two series P, Q are equa 
little interval about the origin, the coefficients of 
equal; that is > w = 0, 1, 2... 


161. 1. Let 


y=af^ + a^x + + ••• 


convei’ge in an interval 21. As x ranges over 21, ] 
an interval 58* Let 

z = \ + h^y + h^'^ + — 


converge in SB- Then z may be considered as a f 
fined in 21. We seek to develop z in a power serit 
To this end let us raise 1) to the 2°, 3°, 4° ... ; 

/ = «20 + ^ 21 ^ + ^ 22 *^ + 

= «30 + «31* + a32*^ + •• • 


which converge absolutely within 21. 

We note that a^^ is a polynomial. 

n — ^m, n C‘*0 ’ **1 ‘ ‘ 

in «(), ••• with coefficients which are positive inte 
If we put 3) in 2), we get a double series 

2 ) = + h^af) + h-yz-pc + h-ya^x^ + • • 


GENERAL THEORY 


where 


<^0 = ^0 + ^ l<*0 + ^ 2«20 + h^io + •• • 
c-^ = h-^a^ + + • ■■ 


We may now state the following theorem, which is a solut 
onr problem. 

let the adjoint y- 8 eries^ 

77= ... 

converge for to the value 77 = 77^. Let the adjoint z serii 

?=/ 3 o + H- 

converge for rj == 7 ]^- Then the z series 2) can he developed 
power series in viz. the series 5 ), which is valid for \x \ < 

For ill the first place, the series 8) converges for ?7:<77 q. 
show now that the positive term series 

® = (/?0 + ^i«o') “h /3 i«2P •+ •* • 

+ "h "b ■*" 


converges for We observe that ® differs from I 

at most by its first term. To show the convergence of 
have, raising 7 ) to successive powers, 

rf = ^20 "h ^21? “h -^22^^ 4- . 


773 = 4 ^ g 4 .400^ 4 - * 
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Putting these values of 77® - • • in 8), we get 

A = (^0 + iSiOo) + + /3i()£2f® + ••• 

4" /32-A20 4" ^2^21^ 4~ 4" • ■ ■ 

4- 

Summing by rows we get a convergent series whos 
or 8). But this series converges for since tl 

and 8) converges by hypothesis for 7) = %. Now I 
term of ® is < than the corresponding term in A. 
converges for | < fj. 

2. As a corollary of 1 we have ; 

y = af^ + a^x 4- «2^ 4- ••• 

converge in 31, and 

+ 4- - 

converge for all — < y < + co. Then z can he devt 

power series in 

z:= Cq-\- + c^aP^ -f- . .. == O 

for all X within 51. 

3. Let the series 

rn>l 

converge for some a; > 0. If the series 

+ *•* 

converges for some y > 0, it can he developed in a power s 
z== CQ-h CiX-h H — 

convergent for some x> 0. 



(.'KNKRAL THEORY 


rotuu*r(fr hi /I). Thi^ii If mil he devehrped h 

nerie^ ahtmt ttnif pohil r o/’ VI, 

// — f - e) 4 - — ••• 

whieh h^ lutiid hi (tii intereal who^e eente.r is a and U/in<j 


162 . 1 . Ah ;ui (ippHnition of the ihooroin KVl, 1 let i 


\ I 1‘ Ji ■'/“ 4- / O. 


,t .1 , 

//-“*" I , o f r 


1 : ;i : r> i 

Ah tlie reader already known, 

Z:sx eV ^ y ss HIU 

heiu‘.e z ecaxHidtoMal as a funetion of x in 


We havi^ 





Z =: . 

^,«ln X 




4- 0 . 


1 ,41 
(i ^ 

' + 0 

• + 


+ 0 ■; 

+ 

+■ .* 

4” 

0 

_ 1 
i\ 

^.4 ^ 

0 

+ 4V. ■ 



+ 

\ p 
n 

» ^ 

0 

1 J> 
t *2 

+ 0 

4“ 





.J + 

0 

“ a*(i ^ 

r4 + 





+ ^ 

i ‘i 0 

+ 0 

+ 







4 irilo 



Siuninini^ hy eohunuH, we ^et 

7 ra 1 + 4 - -1 - 4 •»' ” iV, - llo •• 

;i. Ah ii Ke(^oitit (tpjilii'tttioH lot uh coiisidor tlio power 
2 = 5 . /*(//) + "i// + «%>e + - 
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This may h6 regarded as a double series. I 
summed by columns. Hence 

P(x -f- A) = ^0 + "h "h ^3^ ”1“ * ’ ' 

+ A ((3^;^ + 2 a^x 4 - 3 + 

+ 1^(2 <^2 + ^ ^ ^ 32 ; + 3 • 4 

”h 

= P(^)+AP'(a;)+gp"(a;)H 

on. using 158, l. 

This, as the reader will recognize, is Taylo: 
the series 1) about the point x. We thus have 

A power series 1) may he developed in Tayl 
any point x within its interval of convergence, j 
mch that x+h lies within the interval of converg 

163. 1. The addition, subtraction, and mult 
series may be effected at once by the principles 
have if P = «(, + a.p> + a^a^A 

^ 4 - h^a?+ ••• 

converge in a common interval 21 : 

P Q = C^o d" ^ 0 ) d~ C®i d" d" (<*2 d" hf)x‘ 

P - ^ = (Ufl - 5o) + («! - hf)X + (Uj - h')^ 

P ■ § = af^ + (ajJa 4- af>.^x + (af}^ + 
These are valid within 21, and the first two ii 
2. Let us now consider the division of P by 


CKNKRAL Til KORY 


Then X/P f<tn fir dri'rloprd in a powrr neries 


y, = 'o + 'V'' + c./-* + 
xndid in Tiir li>-nt rorffirirnt c,, = ^ . 


1 I ^ 1 1 

P "o'l V «« , Q 

I, 


"o ' "o “ii «i! j 
for ull X ill '3- Wo liiivc now only to iijiply 1(>1, i. 
a. SnpiioHo p ^ ^ ^ , 1 ^ 

1 \> rtuliujo thin (*uhu to thc^ fornior, we remark that 


P::^X^Q 


where 


^ SB + 

Thmx 1^1 ^ 2 . 

But 1/^ han been treated in 2. 


164, 1. Although the r<mHonin| 2 ^ in Kil affordB us a me 

determining the eoeflieitmts in the development of the que 
two power Heries, there in a more expeditious method ap 
also to many other problems, called the method of undet 
eoeffident»* It rests on the hypothesis that /(a:) can be dc 
in a power series in a cendain interval about some point, le 
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I'OWKU SKHn'.> 


‘2. If = i -V~ ♦ 

i, an evm function, the rhlht-hau.l nde raa < 
(fu;; iff(.J') ix <"hi, odd powers ore, it ■ 

For il'/ is oven, .. j ). 

But /(-•'■) = "i» "i'' * 'V 

Suhtnictin^ 9) from 1 ), wr lunr !'> -> 

0 = t * 'V" 
for all a: aoiir the orif,nu. llmici- by U>", 

Tlu) hoooikI part of Uio thuormu is siinil 

165. Faamjdv 1. /•(>>« tun j-. 

Since ^ niii / 

Vl%H f 


and 


H\n r 


i* 

i: 


Vi^HT 


•i: 


wc have 


UniJ' 


III 



(JHNKUAL THEORY 


1 <) 


tanx in an uih! t'unatiDU, Knnu 1 ), i) wtHiavc, cleiirin 


•iniw. 




a: 

' - <"i 

= llyl 

' t ("a 

"I'jj- 

■J I J 


.•4 


. 4, 

wj t ' , | f 


"3 "lY/. 


3 1 » ij 

4 (it. I j" + (<>•, ■ " + *** 

V ^ ■!'. w f. : y V : -i 

miparinj^ ctH’tlH’U'nls oil side of tliirt tiqiiatiou gives 


•5 _ "3 4 - "l 4 , 34 - 

! (i ! s y 


1 . 


Ims 



(i. 


1 




_ 1 





1 i 
►j » 


a 
« 1 

» ’ 


■• "3 






a,| 

» 

fO 

t 



— 

a 



% 

«l 

a ; 

t ;• 

1 : 

"a! 


• • 

ir>‘ 




ftw 


<t., 



1 




17 


!» 

a * 

f 

a 

1 : 

1 

ti! 

SI 

7 

t’ 

’ • 

— , 

m' 


"t 

I.J t 

f 

"8 . 
1 : 

"a 

t;: 

+ 

H! 

1 

* 

■■ "tr 

(>2 

2s:!r) 

tail r 

,r 

i 


3 4 

ft. ' 

it^* + 


” + 
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Hence 


sT'^S! 


^V + k-.^ + ^V^ 


= ao + l^*2-^j®"^V"^ ' 51J' 


Comparing like coefficients gives 


«„ = !• 


a _5i = 0. 

^*2 3! 


1 

% = 6- 


3! ' 5! 


^ = 0 . 


*** 360' 


^ ^4.^2-^= 0. 

“ 3 ! 5 ! 7 ! 


Thus 


sin X X 

valid in (— ir*, tt "^)- 


01 


1 1 , 1„ , L^3 


166. Let l’(»)=/i(a:)+/2(^)+ - 

where = a„o + ‘ ' 

Let the adjoint series 

«no+«ni^ + “"2^+ ■■■ 

converge for | = i? and have <#>„ as sums for th 
Let <E> = <^i + <#>2+ ••• 


(JKN’KUAL 111 KORY 


F i*oHiu*r( fen Huifonnlif in Kor as l:r|<|, 

lyrt(-^’)!' I *^’1 + «n2 I ‘^i" "1“ *•* 

!.‘- ««() + <«nlf 4“ • = </)n- 

Wt‘. now apply Mil, *i as is cu)uvcrgoiit for f = It. 

To provr the latter jutrt of the theorem wc observe that 
«j„ 4- <<11 A* 4* 

4 <<20 4 «2i + H'l 4“ • • • 

4 

is convergent, Kun’o Humming it by rows it has <b as surr 
tlni (loubh^ H(‘ri<»M 1 ) converges absolutely for b 

Thus the serit^s 1 ) may be summed by columns by 180, i 
i\x) as sum, sintHs 1) has F m sum on Bumming by rowt: 


167 . Example, 

«>i. 


This smnes we have seen converges in 51 s=((), ft), b posi 
arbitrarily large. 

Since it is impoHsible to develop thn/^x') in a power ser 
ilu'. origin wliieh will have a common interval of converg 
us <Unadop F in a power series about ;<*o>0. 

We have 
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Thus F give rise to the doubhi series 

= Am + ^KiiC-'' ~ ■'o) + •'■ ■” •'■() + • • 

+ -^lo + "■ -hi ) + + • • 


where 


+ 


AL 


( - I r 

n ! 


A 


n H • 


The adjoint series to.f„(j-) is, setting f = 


\jr. — x„ 


4>nQ)- 


1 


+ 




„2n^i 


w ! \1 + C 1 + «"^o ( 1 + 


This is convergent if 
1 H- 

0<r<2r,„ 

For any x such that < x < 2 f =» a: — 

Then for such an x 

i =i., 1 

n ! 1 + - x^^ — X ) 

and the corresponding scries 




is evidently convergent, since 




(iKNKRAL 'I'lIEOKY 


168 . IniuTKidti of a Power iSWim. 

Ijtst. t.lu( .s<n-ii‘.s I , I I M . 

i) — 4" • 

have 0, aiul let* it, eonvtu’^e for f == If we sot 


t ^ xL 


V — />,. 
U=: 


*0’ ,v—- 

i>f, 

it goi^s <n'or into a stnnes of tlui form 


\vlut4i (U)nv(n'f(eH lor Without loss of goiiorality \ 

suppose that llu‘. original stu’ies 1) has the fonn 2) and coi 
for r =: 1. Wh* sliall thendon^ takt^ tlu^ givmi series to be 2 
I, 4-17, 2 tin* e<iuation 2) <telin{‘s nni(piely a function x of % 
is (u)ntiniumH about the point 0, and takes on the valu 
for u =a 0, 

W(^ show that this fumdion x may be developed in a 
Herit‘H in ?/, valitl in sonu* interval about u = 0. 

To tluH tmd hd m set 


X Ks ll -p + ... 

and try to deUuunim^. the eoidlieient f?, so that 8) satis 
formally* liaising 1) to suecumsive powtu’s, we get 

as 11^ f 2 4 { 4- 2 <*3 4- (1 4* '2 4 * 

^ 4 1 4 ( 1 4 1 e,j)^ 4 

a* }- ! e.a'' 4 ••• 


Putting tlu'se in 2) it bee-omes 

u = a 4 ( + {r^- 2 • 

4 (^*4 - '*/ + - ^'8 ) 

■h ( 2 .4 4- <Yn) - ^h( 4 ^ 
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This method enables us thus to ilvtvr 
such that this series wluui put in « 
relation. We shall call the* si*ries M) wlwt 
the values fifiven in 0 ), tlu* i/N’#rire Hrrir» hi 
Suppose now tlu^ inverst^ series ‘I) eon 
can we say it satisli(*s 2) for values of u 
answer is. Yes. For by Ibl, .1, wt! nun 
double series which results i>y n»p!aeiiig ii 

■j\ r\ • • ’ 

by their values in rh), 4), But when we ti 
2) goes over into the riglit side of o), ii 
= 0 by b) except the first. 

We have therefore (udy to slnnv that 
verges for some To show this we n 

2) converges for 2 ' ss I. 'fhen = ih and 

\(in\< «oine a sa 2, 

On the other hand, the n4atioiw b ) sbov 

^’n «C <''^*1 “I ml 

is a jjolynomial with integra! |Hmifive rot 
rcpla<;e by «, getting 

Jn •••«)* 

Obviously I^J 

Ixit us now replace all iht^ an in 2| by k 
series „ 

a a* — ' ■ iir^ - * 


(lENKRAL TO KORY 


UH H(^t 1 — a + l)n = 1 — V, For u near u - 
< 1. Then by the Binomial Theorem 

Vl — t> = 1 + (l-^v + + ••• 

Ic^plae.in^ v by its value in this becomes a power series i 
ie,h holds for u near the origin, by 101, 3. Thus 14) shows t 
an be developcKl in a power series about tlie origin. Tims 
ivcu’ges about == 0. But then by 10) the inverse series 
iverges in some interval about = 0. 
may, therefore, state the theorem: 

^ = /> 4- h^x 4- h,^x^ 4- h^x^ H , =?t: 0, 

verijie about the point = 0. Then this relation defines x < 
n et ion of u which admits the development 

X = Qii — h) ■ J 4- afu - 6) 4- a>i{u — ■ 

I Oj 

rut the point u ^ h. The eoeffidmU a may be obtamed from 
the method of undetermined eoefficients. 


Example, Wt^ saw that 


7*2 fj*^ od* 

U = log (1 4- O ~ .J + ^ + r, 


If wii set 


u = 4” “1 ' ^04’^ “h d" * * ‘ 

**"''"* «a = --i ’ "i)“S ’ «4=-| > 

If we invert 2), we gtd 


u 4 - 4 - 4 - • • - 


i>(»\\'KK >Ki;ni.'' 


20t; 


'IMius ivu get 




But from 1) wo Imvo 

1 + a; = (■“ = 1 + 
which iigreea with :i). 


“4™ ■•'f 

1 ! ^ :i : 


7 W///or*,s* / hTflap^H* 


169. 1. Wo havo ncunu I» 40U, tluii ifj 
lirst n (Uu'ivaiivoH aro t^oiitiiaunjH in 

/(a + 7i) = /(/0 + " ) i 


where 


n I 

a < a + h “ A , 0 * 


Consider the iniluite power mmm in /i. 

T-f(<t)+ l\/'{‘n f 

We call it tlie «rriV« 

tenns of 1) and 2) are the huiih*. Lii i 

II . 


Weol)Horve that in a fnnetinii nf ?i. 


■1’ A Y I ,( ) U ’S 1 ) I«; V K L( ) I’M lO N'r 


Thrn j , 

/{ a f // ) H ) + :/*;./•*''( a) 

Tlu*. ahovt^ th(a)n‘iu is <'all<‘<l 7.Wj/!(>r^ theorem,; 
iion r> ) in the devclopnaait o{ J\x) in the interval 

BerirH. 

Another form *fn) h 

f ( r ) -./•( -O + ' I , " \f'( a ) + ~ 

When tlir jinint. a is tlie origin, that is, wlmn ( 

Rivrs 2 

fir) =/((l) + .r/''(())+-'^l/"(0)4- 

TIuh is called Mitelaurin b tlevelopment and tlio r 
M^telaurin Berlea, It in of (U)urHe only a Hpccial ci 
dm'tdnpinent. 

2. Ltd. UH the enntent of Taylor’s Theorem. 
If V /(jA tain he tloveloped in this form i 

% ^3 ( (t h ) ; 

2‘’ if/Cx) anti all itn derivativen are known 

X S3 n ; 

ilum the valiu* t»f / and all its (ItnivaiivcH are ki 
point X within \H. 

The remarkahU^ ftMiturt^ ahout tlus resnlt is thn 
titm retiiurtm a knowled^n^ of iht‘. valuers of/(x) 
(a, a 4 B) m Hinall an we pltaise. Sint^o the vahn 
ti<»n of a rtnd variahlei taken tju in a part of its inter 
luivt‘. no t^flVei on the valnen tliat/(x) may have in 
interval (e < /i), thei e.oudiiion must imptme a coi 
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For differentiating 1) n times, we get 

/;n)(^) ^n+l(a? “ 

Setting here a;= «, we get 2). 

The above theorem says that if f(x') caj 
power series about x = ay this series can be nc 
series. 


171. 1. Let f^'^\x') exist and be numericali 

stant M for all a <x <b, and for every n, 
developed in Taylor's series for all x in (a, i 

Foi-then 

n I 

But obviously ^ 0 

‘ ?l=ao n ! 


2. The application of the preceding theore 


X a? ^ x^ 

“”*=n- 3 i+^ 


1 ^x^ . x^ 

008 ^= 1 --+^ 


ry*u /y*0 

1 ! 2! 3! 


which are valid for every x. 
Since 


(2*=e"^iog«, ^^>0, 




we have 


TAYLOR’S DEVELOPMENT 


2< 


We introduce the auxiliary function defined over (a, 5). 


^(0 =/(0 +f(t)(x-t') + ... 


(a; — Q” ^ 


Then 

d 


— 1 1 




.9' («)=/(«) +/'(«)(*-«)+ - 


w-1! 


Hence 


gW- 

If we dilferentiate 1), we find the terms cancel in pairs, leavii 




We apply now Cauchy’s theorem, I, 448, introducing anoth 
bitraiy auxiliary function (r(a;) which satisfies the conditio 
that theorem. 


Then 


gCx') — ff(a') _ g'(c) 


a <cc <,x. 


a(x)-a(^a) a\ey 

Using 2) and 3), we get, since a; = a + 

7? — A) — ^(<X) A” ^(1 — 6Y ^ . 0ff\ 

a'Ca^eh} n-ll ^ ^ ^ 

here 0 < 0 < 1. 


2. If we set 


Gr(x) = (b — xy^ /^=?^=0, 


e have a function which satisfies our conditions. Then 4) becort 
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For /X = W-, wc got from s) 

H /■"' ( It f Oh ), 

" «:• 

which hs Lagrange’s formula alroaily nhtaiimi 


173 . 1 . We coiiKidrr note thi’ 'll 

(l+j)" x->- 1 . nnrhitrn 

'Phe corresponding 'I'aylor’s series is 




y=i+-x- + '- -.Hi j 


We considered this seritss in 00, where we sav 
I’ converges for |rl< 1 and diverges for l.i' 
Wlion a:=l, T' eon verges only when • 
r converges oidy when 
Wo wish to know when 

(l4.r)s= ! + ^ ^ .j *■'’■** 

The (* 4 i 8 eH when an* Uv tliniu'ii i 

nider in HUCtmHion tlu*. tuimm thiii T vnnwrii 
investigate when liin h\ ^ 

Case f. It is r«nivi‘iiiinil t** i 

form of the remainder. 'FhiH gives 


='ki'.k. 


TAYLOR’S DEVELOPMENT 


In ?7„, 


I + I < 1 + I a: I, 


which is finite. Hence is < some constant M. 

To show that lim *S'„ = 0, we make use of the fact that i 
T converges for the values of x under consideration, 
every /a 

lim • -^-w + 2 t 


since the limit of the w''' term of a convergent series 
this formula replace /4 by /u. — 1, then 


lim 


At — 1 • M ■ 


1 • 2 




» — 1 
lim jSn = 0. 
lim = 0. 
Hence 1) is valid for | a; | < 1 . 


lim ^ = 0. 


Hence 

Thus 


fix 


Oaae S. a: = 1, /x> — 1. We employ here Lagrange’s 
the remainder, which gives 


Bn ■ 




■ n + 1 


1 . 2 


(1 + ey-” 


f^nlTn, 


setting 


TT At ■ fX — 1 • • 


fi — n + 1 


W7n = a + d)'‘-». 

Consider Wl. Since w increases without limit, u — n 
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Case S. - 1, /X > 0. W (> u.sn Iutc for ^ 
Roche form of the remainder 172, 5 ). Wh; s<‘t a 

jB„==(-1)"^ . , fi- fx-1 ■ — /a~ n 

^ n — 1 I /X 

_ / _ M - ‘-i • • • • ^ - « t J . 

'* 1.2. -/i-l 


Applying I, 14^5, we wee that I ini « il 

Hence 1) is valid here if fi >0. 

When /x = 0 eipiatuni 1) in evidently inn 
reduce to 1. 

Summing up, we have th(5 theorem : 

The development of (l+x)^ in Tnplorn i 
I I < 1 for all /x. When a’ « 4- 1 it in mnn 
when a:= — 1 it is necessary that 0. 


2. We note the following fonnuIaH obtain 
a; = 1 and — 1. 


2^^ = 1 + (" + 


■ H-\ ft. 
1.2 ^ 


. 1 . M • 
2 . ;i 


0 = 


1 - 


M • M - 1 _ M li* - I • M ™ - , 

1 i • 2 1.2. :! 


174 . 1. We develop now log(l+.r). 
Taylor’s series is 


1 + + ^ 
1 2 n 


We R11.W. K3C- 2. t.hiii T linrivertniM wli 


'I'AYLOK'S DKVELOPMKNT 


I, ft - 1 X < 0. Wo \is(» hero Oanchy’s roma 
givoH, Htil.tinji,'' r ~ - f, 0 < ^ < 1, 


if 


Kvidontly 

AIho 


Finally 




1 _ -di 


1 - e Y ^ 


~ 


A'„ --- 


(<n = 

1 


1 ^ 

IF„ = 

/i-^y 


Vi ~ 


liin A' - 0. 


iL< 


1 


lim Wn sa 0 since < 1. 




Wo can thus sutn iiji in the thooroin : 

'fai/hru ili’i’fltipmrnt of lof( (1 + a;) is valid when a. 
I j^l < 1 or X =5 1. That is, fur such values of x 

X xS x* Y 

1 ~ :2 ! J ~ 4 


lofc (l4.x) = ^- -^4-?---; + 


2. Wo note tho following special (iaso : 

i “• .] 4- i 4- ••• = log 2. 

'I'ho Htu'iim on tint loft wo have already mot with. 

175. Wo add htr ooinjdototuws the development o 
ing functions for which it can ho shown that lim /i„ = 

. 1 x» . 1 • H a-® . 1 - d . f) x7 
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176. Wo wish now to call attention 
which arc provahnit n*|^ninlin|^^ flu* tiovcl 
Taylor’s series. 

Oritidsm 1. It is ca>innunily supposnl, 
belonging to a function /( j”) is c(aivcrgcii 

fix) ^ 1\ 

Tliat this is not always trut! wt^ jirocct^il 
examples. 

JExample 7. Kor/(i*) takt^ C’luiclsy's fi 



S liiii r 

n 

1 

F or tr 0 C( x) = f : 

: ftir r 

1° derivative. For x ^ 0, 



For*® 0 , 6 ^'(())» litii 

2“ derivative., a- ^ 0, (/'(,/■ ) ^ a j | 

ai = 0 , ("'(()) = lim 

h 

derivative. ) i 


x= 0, 


(/"'(») -■ lin, 


'I’A V L( )R\S l)KVKL()l>MKN'r 


Tlial. is, T in cni.vo.-.nt fur , -very r, hut vanislies ideutica 
iH tiuiH ohvi.uiM that ( '(.r) .-aiiuot ho dovclupod about the ori 

'ra.yl<>r\s 


Knonplr x.'. Ho.-auso the 'raylur'a Hori(« ab.uit the origin 
aging to ('(J ) vanishoH idont.icall.y, the reader may be inclii 
regard this i-xampln with Huspiciou, yid without reason. 

Lot U.H eousider therefore the following funetion, 

,/(.)■ ) -- ( '( ,r ) 4- (•■' = 0(.r ) + </('X). 

1 hen ) ami its dt;ri\ativeH of oveuy ttrdor arc eontinuoiis 


Sims' 


d 

) have 


(0)™ II 

1 . 


1,2 


lienee Taylor's »lov<'lojiuu’Ut Utv f(x) al)out the 


.! oi'igm is 


7 ’.=' 1 


1 ! 




'J'liis series is eouvergent, hut it <Iouh not converge to the rij 
,lue sine.e 


177 . 1 . A’. mmple 1 'Ih! two cxiunploB leave no 

^ to Ihi doHtml from tho Htamlpoint of rigor and Bimplici 
uiy iiivtdvts however, a function, namely, C\:r), which in ] 
fmial in iliti iihuiiI wny; it in Ihortdoro interesting to have 
iples of fitiitdioim chdhuul in one of the ordinary everyc 
i.yH, #*.//. ii« iiifliiiki HerioH, Siu^h examploB have been given 
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Tho Taylor’s series about tl»e orif,nn for - 
and by 2) 


\ 0 A. ■ 


/AA)(0) 


( - 1 )• 


,v^ >>'■, 


lienee 


X! 

T{x)=X 


( “ 1 .. y 




A 0 


As ^A>0 and liin ^^^=0, tliiH m 

for any x in 21. Heiu'u ^^convorgem in 2 


2. Readers familiar with tlie eltnmmt 
tions of a complex variable will know wi 
ing that our Taylor’s Heri{‘H given in «1 
function F in any interval 21, lunvever hi 
F^x) is an analytic function for wliieh tl 

singular point, since F has the |)oleH — 
limiting point is 0. 


8. To show by elementary means thii 
oped about the origin in a Taylor’s serif 
prove now, however, with .Pri^tiMheim: * 


If tve take J J = iJiH T( 

throughout ang interiml 21 ~=(0, /i), /amvrr 


Wo show V that if ..F(>r)~ throt; 

true in 93 = ((), 2 
In fact let 


!>.. 1 /M A 


1 


1 




'1' A YI.( )K’S DEVELOPMENT 


oclual for 0 < :/•< 2 a:,,. As wo can take as near b as ■v 
F=T in 58. 

J{y repeating the operation often enough, wo can show 
27 in any interval (0, B) whore i?>0 is arbitrarily large 
To ])rove our theorem we have now only to sliow . 
some one x > 0. 

Since 


F('r') = r ^ ^ ) + f~ ^ 1 ' 

^ U + a; 1 + «.r/ V2 ! 1 + A. ‘61 1 + A. 


wo have 


On the otlum hand 


1 + a; 1 -)- («: 


T(ix}: 


1 


Hence 


T(x)<. 


1 


'I'o hnd a value of x for which <?>- take x = a~i. 
value of X ^ 




(d -f- 1 

Observe that G considerod as a function of a is an i 
function. For /e + lV 1 


Hence ,F> r for >rt-4. 


178. Oriturmn It in coinuioxily thought if 
dorivutivoB of every order are continuous in an interv 
then the (‘.orrespouding Taylor’s series is convergent in S 
That this is xiot always so is shown by the followinir 
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Taylor's series about the ori<jin is 

!2a -0 

= X T", 

n 0 \" ** ' * 

The series T is divergent for x > 0, as is 

179. Oriticimi S, It is eonnnonly thoti 
derivatives vanish for a cu^rtain value td 
tlion/(a^) vanishes identically. ()iu‘ rtaisc 

The develo])ment of /(.r) about (( is 

f(x) =/(«) + “ '' fX<t) + < 

As/ and all its derivatives vanish at a, t 

= 0 wliatevtu' x is. 

There are two tacit assumptiouH wliich in 

First,, oiXQ assnines because / an<l all it? 
are finito at x==a^ that therefore ^f(r) 
Taylor’s series. An example to the eontrii 
0(x), Wo liave seen that (Hx) and all i 
a: = (), yet 0{x) is not identically 0; in fae 
viz, at x-O- 

Hecomlly^ suppose /( t) w<*re devcdojailile 
certain interval SI » (a --A, a + A ). Tiimi 
out 31, but wo c.annot infer that it i« ihei 
fact ‘from Dirichlet’s delituiion of a funeiic 


'r A ■i’ I ,( ) R's 1 > K V 10 1 A ) I >M i<:n 'r 


Siiu'«< 'I'iiylor’.s scrinH 7' is a powair scries, it converges ik 
ill iH, lint nl''"’ witliin rt — /), ff). It is eoiuinonly sn 

that ./■( x) — T also in iih A inoiucnt’s rclleetion shows s 
assuiuiitiou is unjust iliod without further eoiulitions on f 


ti. We eoiistrue.t a fuiu'.tion hy the method con 

in I, '‘hh‘5, viz. 

/*( r ) ~ lim ^ ^ . 

n #' 1 ■■}“ ( 1 4 " •!' )” 

'rheii ./■(.'•) -= eoH r, in 'i\ = (0, 1) 

= 1 f sin X, within iff = (0, — 1). 

Wt^ luive therefore as a developiiumt. in 'faylor’s serie 


in St, 




/(X).. 


T. 


It in ohvicniHly ntit valid witliin although IT converges ii 

H, Wi' hav<^ giv<*u in 1) an aritlunctical expression fo 
Our (‘xaniplt^ wuuhl have been just as coneluBive if wcliad 
lad ^ ill 

and ^ I + Hill within S. 


181 * 1 . fK 'The following error is soinetimej 

Suppose d’aylor’s dt^velopimuii 

/(x)=-^/(n)+ + - 

valid in --- (a /• ). 

It may hapimn that T is uonvorgent in a larger 
St^ = (n</0- 

One must luit thereforo suppose that 1) is also valid in 
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182 . Let f(or^ liave finite dinivativ 
3][=: (^a< />). lu order thaty’(i') eau he di 
series 

/(^) =/( + h ) =/ (n ) + /{/' ( n ) -i 


valid in the interval 31 we siiw that it is 
that 


iiin =: U. 


But It^ is not only a function of the inde 
of the unknown variabhi 0 whiiL litus wit 
and is a function of 7i and L 

J^riiu/shmn has shown how tlu^ ahovt^ eoi 
by the followin<>^ one in whi(*h $ is an iiult*] 

For the relatmi 1) to he valid for all h m 
nece>tsar7/ and snffieient that (lanehi/M form o 


lUK 0 ) « 


o-'»VV(. 

71 « 1 : 


tJie h and 0 heing independent variahle^^ mn 
for the rectangle D whose ptantH (f^ 0} safinf 

// 


It is si(ffiment. For then then^ e)ct? 
such that 

I )!.'*■ 

for every point (h, 0) of i>. 

r ,.4. I. t I ^ , I 


'rAYLOH'S DEVELOPMENT 


Tlio <lt‘iiu>iiKt ration (it^pcmla upon tho fact that 
times tim n'" term k) of the development of f'(x) ah 

point (I + «. In fact let h ^a+k. Then by 158 ' 

/'( a -p /( ) n + « -h k) •-/'(« + «) + ... + . + 

wIuKst*. ;i*’* term is 

nil 


l,(*t u ; 0/i^ thf'ii 

/fj h, «) - k) 


iXH Htated. 

'I’lni iimiL'e A„, of />„ is the half of a wpiaro of side /«„, be! 
diagonal. 

'I'o show that I{„ eonvergoH nnifonnly to 0 in wo ha' 

to show that - , , , . ... 

/„( K, k) = () uniformly in 

To this end we have from 1) for all t in 31 


./•' ( u + ( ) (a ) + (/'"(« ) + /' " ( rt) + - . - 

IlH iiiljtnnt 

- |/(/0i ••• 

alw) vtnivin^^m in ?l. 

By llU, 4 wi! mm (ic^volop 4) ulHait t = «, which gives 

k) ^ (/(!<) + k(}'(<c)-l- + -^”~L +. 

■a -■ 1 ! 


But idiviuiwly A*) in contiuuuuH iu A^j, and evidentl} 
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POWER SERIES 


To prove (>) we havt^ from 1 ) 

.» 

and from 4) 

) i 4 ‘ ‘ 4 

The eomparison of 7), H) pi’oves E)* 


Oircniar (uul I hjpvrliidu' / 


183. 1. We liavt^ (U^lined the eireiilar f 
of (jcrtaiu lines; from this (h4inition tht*ii 
may bo deduecd as is shown iti 

From this geometric deiinltion w<^ havt^ 
cal expression for tlu^si^ fumttions. In par 


sin X • 


X 

II 


j'i 

+ 7: 


C'08./’= 1 


2:1: <1 : 


valid for every x. 


As an interesting and instructive exere 
we propose now to develop scmit! of the p 
tions purely from their dctinitioii as infiii: 
tliese series rospectivc^ly iS and (/. 


Let us also dcdim^ tan ^ Hee.r =» 

COHi“ c 


2. To begin, we obHi*rv(^ that both 


CIUCIILAU AND IIYPKKUOLIC FUNCTfONS 


Siuoo A' iiiv()lv(!s only odd powers of x, and (7 only ev 
sin X is an cos a; is an even function. 


. Since aS’' and (7arci power series which converge for every 
/ have derivatives of every order. In particular 


'>«2 




rZsin u: 


d eo^ 
dx 


, To get the addition theorem^ let an index as a;, y attached 
7 indicate the variable which occurs in the series. Then 


VH! 2!y V5! 3!2! l!4iy 


+ £!.?/’*. 4- .•'d£l + £l! 

,7! 512! 3!4!^ tJ I 


f + ^t\ , (lf\ + it t. + 


3 ! 2 O Vr> 1 3 ! 2 ! 4 ! 1 ! 


7!^o!2! 3!4! IMl! 


Ulding, 

\ ^x + y~ I + (f)*/ + f I 

+ I x''* 4- 4- 4- f 4- 4- .V® 1 


4- — 
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POWFJl SERIFS 


7, We can pfct now the important relaf it 

4- — 1 


directly from the addition theorem, Lt‘t 
aid of the series. We havti 




1 . 1 




+ rri )+•'■'■( ! 


1 , 1 


^4 '.‘M ;■> '• ^ : •'{! T 


^2 


n , 1 1 1 1 , ^ 

Vh! -H'ji'ji+e I! 




1 + 1 1 + J Of " 

I Vf t ^ It I o t ^ „i f 1 t ^ i; 


Hence 




■(O’OX' ( 


Now by I, 9(i, 



Thus 


,S''^ + (’’i ™ 4 <’(iH^, 


('IIKUII.AU AND HVPHHHOLIC FUNCTIONS 


Siniilarly wc* ma‘ // - 1 for :r 0. U orosHcs tlie ;y-axi 
aiul paralUU to tlu^ ^’-uxis. 



and viivli panoiilu'sis is positive for ()<:r‘-^<(), 


Sintu^ 

H(5e 

Since 


sin j ' ; • 0 for 0 <^’< \/i)= 2.449 



(UKH X :> t) for 0 < X < V2 = 1.414 ••• 

‘^^ 2 : ”^4! <>!V 7-8; 10 !V 11.1 

coHx<0 f()r3:sss2. 


SiiHHi />^ cos — sin .r ami Hin:^.*>() for 0<aj<*\/(), 
v,i)H x is a iliunanmin^ function for tlieso valucB of x. As it 
tinuoUH ami ; - 0 f(H’ r » \/ 2 , but < 0 for :r== 2, coso; vanisl 
ami cmly «mc(^ in ( \/2, 2). 

Tliis root, uni<jmdy doionnimHl, of coho? wo denote by ^ 
first approxiinatiuiu wo have 


V2 < 


TT 

O 


< 2 . 


From 4) we liave sin^ =g 1. As we saw Hinir>0 for 
we have 


Bin 



'rhus Hiiii* im*reaseH eonstantly from 0 to 1 while cos a? d 


22(5 


POWER SFJUHS 


Kiiowin^^ ]u)W siior, cos.r niarrli in /| 
how they luaroli in tt^* 

From tJie addition thoortmu 


sin (tt - p r) = — sin rosfTr f 

Knowing how sin VAm r nmrvh in (tl, tt) 
us about tluiir march in (0, 2 tt). 

The addition thcormn now givi‘H 

sin {x + 2 TT ) = sin .r, (nw( .r | 

Thus the functions sin (u)s x un^ periodic 
Tlie grapli of Hin:rcosi' for iu»gativo 
recalling that sin x is odd and cos x is ovci 
10. As a first apiiroximatiim of tt we fo 


V2 < ^ ' 


By the aid of the developmcuit givim lf»! 


yi ,,7 

ar(dg X r^ x — 4* 

o b 7 


we can compute tt as accurately as wt! phni 
In fact, from the aildition tlaHU'em wv tt 

1 


. 71* j 

Hin ^ , mm 

4 1 


Hence 


tan 




1 


Tiiis in 5) gives Lt'ilmiiz''n 


CIRCULAR AND HYPERBOLIC FUNCTIONS 


11. To get a more rapid means of computation, 

the addition theorem. 

To start with, let , , 

a = arctg 


Then 5) gives 



35 * 66 ‘ 76 ' 


we make i 


[•apidly converging series. 

The error .£7^ committed in breaking off the summation at i 
^ term is 

1 L_. 

2n-152«-i 


By virtue of the formula for duplicating the argument 

2 tan a . 


3 have 

Similarly 

Let 


tan 2 a = 

1 — tan^ a 

tan 2 a = 


tan 4 a = 


0 = iu-E. 


The addition theorem gives 


tan ^ = 


tan 4 ce — 1 _ 1 
1 + tan 4 a 239 * 


Then 5) gives 


0==— ^ 

^ r»r»r\ n ir%c%r\o ' ~ , 


239 3 2393 5 239 « 


30 a very rapidly converging series. 
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row HR shuik: 


184. The lli/perholie Fnnetwn», 
oular Tunf, lions are the hy|K‘rlKhie iutu 
by the ecpiations 

sinli .r = 


cosh X 


,.X 4. 


tanh X = 


sinh X e 

cosh X (’‘'I e 


Since 


HtUth X ■ 


•osh X 


:»ostM'h X 


X . :r^ 


I 4„ 4» 4., " 


' " ■ 1 ! :;i ! " a ! 

WO liavo 

Binhr= . , + , + 1 , + *** 

I I tll nl 


cosh;r— 1 4" ^ 4'^ , 4'“ 


valid for every x. From tht^se m|Uiiiioii 
sinh (-* ^•) !=t ~ sinh x ; cosh ( 

sinh 0 = (h c« 

tJ j"^ 

^ - Binh^= 1 4- , 4" I 4- '*• 

(ix '21 I ! 


TilK HVPKIUJKOMETRIC FlLNfCTION 


Eviclontly from 4 ) 

Hm Hinh x — + xj , Vuii coah :r = + oo . 

,1- » ^^+00 

At cosh r has a inuiiiumn, and aiiiha? cuts the 

at 4r/\ 

For X " <h ct>sh X • sinh x siuc.c 

} c ■** > — e 

Thv iw(» (‘urvcH approach (*ach other asymptotically as x= 

For the (UnVnmce of llaur ordinates is e * wliicli = 0 as 

dim adtliti<*u Unana^m is easily obtained from tluit of 

e * ev^e y 
Hinh ,r coHli // =a 

= I O’* 

lleiHHi 

HUili r (Mmh.v + c<wh r sinh y » K*''*'' - « -t 

Kimiliu’ly %vn fiml ^ 

t'.osh (X 4* *“ nosh x ct)sh y + sinh x sinh y. 

In the saino way wa may sliow that 

c(mh’*x— sinh*x= 1. 

The IhjpvrtjvomHnc Function 

185. This funatitin, althtm>*h known to Wallis, Euler, 
oarlitn- matlunnatieians, was llrst studied in detail by (lai 
may bo dtdimul by the following power series in x: 


roWFJt SHKIKS 
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Tho C()iivorg(inc 0 of tht^ sori<*H F wms 
miiiu result obtained there is that F etun 
I I < 1, whatevtir valiums tiui parameters I 
7 a negative iziteger or zena 

186. For special values of the paraim 
nientary functions in th(‘ folhnviiig taises : 

1. If « or F hs a negativz^ init^ger ) 

F(l, 1, L>; ’ lojid 4 

r 

i, L>, -r) = 1 

2 .1 

log (I -hr) ~r( I 4' 
The relation 1) is now obvious. 

Similarly wo huvo 

Fa, 1,2; r)= "1 log<!~. 

FQ, l,|,.^):=^t ^j +.r_ 
8. F(-«,fi,0; .0-1 -jX f “ j“ 

4. I' I' — aresin x, 

T). I’ — aretiin j\ 


degree n, 

2. 

For 

Also 


THK UVrKlKiKOMK'ruU; KlINCTIOM 


Let 0 ■' <f • , /■{. 'I'licii 


1,1: 




iy;2 





i.H c.oiivcirjyrt'nt its arffutiumt in imnuidcally < 

;!), - 1 ) \v(i siu) iiacli t(*rm of H) is imnioric.ally < the 
tariii of 4) for any | r | < and any « > /3. Tin 
nonsidnrod as a function of « is uniformly c.oir 
interval (/i + oo ) by Idli, a; and lioroby x may 1 
in (— <}, f^)- Apjilyinff now 14(1,4 to ll) and Ic 
we see d) goes over into '2). 


7. 

For 

«, I ; 


lim xF ( «, «, f ^ = sin x. 

.. . \ 2 4 rtV 



last X =s <} . - 0 and « =» (!. 'I'hen 





in l)y iHf). Wo may now reason as in ' 


H* Hiinilarly wt? may show : 

/ *1 ^*2 \ 

lim /i'f «, «, ; — , . = cos x. 
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row HR SHKIKS 


IRjtAvecni F iukI t wo of its iMUitigtious 
rcilatiou. As the miniher of hwvIi pairH t»l 


there are 15 stu‘h linear 
We set , T , 

%n ’ 1.2 


I'fliitiiniH. !.«• 

• •• « -f « I ■ > • 

... ,1 ■ y ■ y f 1 


Then the cneiruhtnit of r" in FiHfiy.r) i; 

a(/^ + « l)V„; 

in :F(<( + 1, / 9 , 7, r) it. is 

(a + i )i - Of, 

in F(a, ^8, 7 — 1 , x) it is 

u (0 4- n — I >(7 } It I 

y I 

Tims tins coeniinent of x” in 

(7 - « — 1 fi, 7, X i I «/*< ) 

f <1 

is 0. This being tnie for each «, «e have 
(7 — « — 1 ) F { «, fi, 7, X ) t « F { « f 

i ( 1 7 ) /•’( 

Again, tlxi coellieient of j" in F(it, ,4 
in xF («+ 1, Jif, 7, a:) it is /i(y f « i )f,f„, 
Flonco using the al>ov(> eoeihcimils, ui- g 


■rilK IlVl'KlMncoMIOTIlK; KliNOTlON 

/'’(.c, /■)’, 7 1, .,•) fn.iu 1 ), H) jrivc.s 

( l-i a ) /-' ( H, li, 7 , + 1 ^ 

1, 7, ,.) = ! 

Pt‘rinutnii( k, ia 2) ^iv(\s 

( 7 « l-i ) /''( K, /■i, 7, .r ) I- fj( I /9 + 1, 7, *) 

+ ( « 7 )/'’(«— 1 , /S, 7 , ;(■) = 

From :l), .■>) h't. UH climiiialc /'’(«, 1 , 7 , ;,.), jrattiiifr 

( a - 1(7 ii 1 )./• ) /•'( u, /i 7, .1- ) 4- ( 7 « ) /,'( „ _ , 

4 (I -• 7 )( 1 -- r )/-'(,«, /iJ, 7 - 1 , x)= • 
In I ) It'l. >is rt’plui'i" « l)v (t — 1 iuid 7 liy 7 4 " 1 j wo get 
(7 ,<4. 1 ) A’(,< 1 . 7 4 - I, J-) + («“ !)/''(«, / 3 , 74- 1 , a:) 

- 7/''(<4- 1, /i, 7, x) =0. 

In (>) let us re|ilm’e 7 liy 7 4- 1 ; wn g(4. 

I ~{y ~. ji)r)h\ u, /^, 74 1, j') 4 (7 + 1"-«)^’('<-1,;8, 7 

™7( I -.(•)#(«, 7, a:) = { 

Sulitrueting ( 1 )) frmu (a), eliininatos yQ, 74.1, 

gives 

7( 1 J-)F(, itf-jyj-) - 7 /<’((t~- 1, ytl, 7 , ;V ) 

4 ( 7 ' /il, 7 4 - 1 , ^0 = 

Frutn 11), 7 ) we eun eliminate /*'( a - 1, /4, 7, x), getting 
7(7 • 4 ( « I /4 4 1 -7 )x\ F( u, 7, x) 

1(7 i‘)(y - f'i ).'■/''(«, / 4 , 7 4 - 1 , .''0 

4-7( • -7)( I 7—1, x) = 


I 




n.,. 


I’owr.u Ni'.uii 


2U 


For lot. p, q, r 1)0 ony tliivo 

t’iitfiqx), } I, M 7 - 1 

FQt + p,/S+l,q. rh F(i<. + /<, f-i » 1 

i>’(«+^iS4-</,7 + 5'-''>’^'<'‘+/’'^ ♦ V’7 t - 

W(i liavo p j-q + r I 1 fuuotloiiH, m 
uro oontignouN. 'I'lioro aro tlitix p * 
hotwooi) l.Iu'iu. Wif oati tlniH liv rliiiiii 
l)otwoon any tliroo of tliow funotiunN, 


189. D(riv(iti\'t'». Wo hfivo 


,, ^ .A « ■«+ 1 ■ « t » 

n... A 7. 0-7,; 


IIoiioo 




1 . 2 


M ( I 7 


« 1 I • • • • rt I )i ■ 
“ 7 *1;^ 1 . 2 • ••■« i 1 • • 


= + f I. 7 t 

7 


7,x).^“^^r(a 4 l.j-t ( 


« • «< I I • ii '/If 1 
7 ■ T t 1 

and HO on for tho liiglior 

functionH. 


IHK II^ I’KRCKOMHTHIC I-'UNCTION 


(‘()(*nuuent of ./•« ill /'ifff 


it is 




»i« f n)(/.-} + n) 


in ( It + f-i + 1 )j'F' it. in 


in - yF' it. in 


A («+/y+ !)/>„, 


in af:iF it- in 


(« f ^ 0 (/i+«) 

7 4- /t " ’ 


ufjp,. 


A(l(linj>: iitl tlu'Mti till) (•(Hillioinnl of w" in the left sid 

VV(5 ilinl it w 0. 


191. Krprrmmi of F(a^yjr) m an InteijraL 
We nhow that for jj’| < 1 , 

y-fi). F(afiyx) = _ xu}- 

wliere //(/», y) i« tlio Beta function of I, (Jty, 

/#(/), y) = ( V >(1 - up hlu. 

For liy ilie llinonual 'riieoreni 

( 1 ~ XM ) “ ... I f “ X« 4- " ■ " ■+■ 1 rht? + '* ± 1- “.±.2 

1 I -*2 1 - 2 . a 

for I XU j • ; 1 . 1 fence 

./a ( «» »(I~.w)v f ^{l~xu) ‘du 
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I’OWKH SKltlK.' 


Now from 1, 1<I) 

ry 

Hence 

+ '-r I-* 

otci. Putting thoso viiluos in 2) wo got 

192. rW«o of F («- /#. 7’ X ) .n>r x 1 . 

Wo saw that fho F sorios oc.nvorgo 
^ ^ ^ — ry < {). 'I'llO vuluo of F wllOH 
torosting. As it is now a fnm'tion ot «, 

it by jP(«, 7). Tho rohition hotwooi 

function may Iks estahlislusi, as < huiss sh 
''1^" = ,yj7_l+(« + /^+l~-27(- 

Xf {jy — a)(y ~ (i)xF 

+ 7 ( I ... 7 ) ( I x)h 
Assuming tliat ^ ^ ^ . n 

wo Hoo that tho iirst and wn-oiid toniis 
but wo cannot say this in gonoral for ll 
for this that a + fS ~ {y ■ 1 ) • '' ' 

/ylim(l -- X') F(n, li, 7 

j..! 

KUi)posing 2) to hold. I'or if x _ x' I, 
/’(«, 0, 7 - I, .r) ™ i Uj 
Now i)y loo, this series also »-t»nvorgi' 


rilK II VI’KUCKOMK'riUd FUNCTION 


mill tliin fHlnl>li.siH's ;!). 'I'lius paHHing to tlui limit x = l 
gives 

7 C« 4- li J) f'( <(, /i 7 ) + ( 7 - « ) (7 - ; 8 , 7 + 1) 

or F ( «. /i 7 ) ‘ ^ F(a,^,y + l). 

yiy — a - /3) ^ ^ T V 

Rophu*in*( y hy 7 f I, this 


Fi ... Ai, 7 f 1 ) *■ I “■ ^ ^ t Ir.^^ i’(«, 13 , 7 - 

(7 + 1)C7+ I - /3) ^ 


(ltd. 'riiUH in general 


i’(«. /i 7) ~ 

(7 -<.)(7+ I «)-”(7f «—I -«).(7— ^)('7-|.l — 

7(7+ 1 )••■ (74 « 1 )t 7 ~/^)( 7 — «— /y+l)”-(7 — « — 

(hlUHH now 

m x W I 7V’^ 

/i^ J') ^ — 

IlniiCM^ ilui ulHJvn rnlatiou Inuionum 


Fiu{iy) 


1 1 c 7 I ) 11 ( //. 7 - « — • /9 — 1 ) 
11 ( n, 7 - a - 1)11 {n, 7 — — 1 ) 


F( a, /3, 7 + 7 


Now 
Fur thu 


lun F ( «» 7 + n) =a 1. 


/i. 7 ) - 


• /i , #<•« + ! * ^ 0 + 1 
1*7 1 • 2 * 7 • 7 4” I 




4r\ U,AA 




2H8 


row Kit sKitn 


Wo hIuiII show in the noxt ohiiiiti r li 

lim n ( «, r ) 

» * 

oxistH for all x (UfiVntni from a 
it by II (a:); as wo nhall HtH% 

V{x)^ ll(x - I I . 


Lettinfif ti == x\ ()) 


fi hi. y) 


lUj 
n (7 


! Illf- 
ti I I 


Wc luuHt of courso HUpjitmo that 


7, 7 - <«, 7 ■ ti. 

arc not negative iniegern or zvnh m t»ti 
II or F function arc not dcliiiiai. 


lirmri FftHriltf 


193, 1. The infinite KcricH 




:r«£( 


Ir 




n I ») 


couvorgoH for evory x. For thi> rnliu t> 
tho adjoint soruss is j ^ -j 


->*(« ■+ f K « I * } 

whkih = 0 as «» * for any givioi x, 

Tho HorioK 1) thus tlofmn fniu tions o! 
continuoMS. Tlioy arc oulhul |5o»«i<l fun 

n i», I, 2 


BKSSKh l-'lINCrnONS 


± 'I'Ih' fdllowinH: liiit!iir nilatioii oxisiH botwcen three cont 

H (‘ SSi‘l fuiu ’ tiuuH : 


j ( ./•) > ( j . 


For 


,n t 




" ‘ - i " •()) - 1 )! ■ , i ' " ' ‘Jniat 


,^,2(t ln -1 




.' i « i n 


^'(■n — 1 4- ,S‘)! 


'»»' t 


I h*nc<^ 

'^n 1 ■+■ '^n • I 


i : ( I >• 

.. 1 '(« - !)!(«. + «)! 


J 


„n I 


X * 1 r** ‘ i I I 

. { 1 ( I )• I -™L- 

• I ‘ i "''-** ‘ Ul ( M --- 1 +«)! 


2 " '(« 1 ) 

,.n I 


( 8 - 1)!0 


. +• ;ti;( - I )' 


* n 1 

‘ 8 :(,« + 83 T 


:" i ( 1 r 


(•2** * w 




.r 0 

») 


hl(n + 8)1 




H. W<^ nlmw iH»%i that 

« * 4 »( ^ *^n *^ n \ l (^) > 0 . 

For Huhtrai'iing 7 ) from tl) givtm 


^ '>‘<2^ ! It ' ■ 1 m 0 o 

,/ ,/ J V / 1 7(. -f- -J 8 


4 V ( „ ] ), •< 

I I 2. 1 

( n -I- '1 K )x ^ ' " 1 


I)! ' 7' ■' 1 8!(,j + 8; 


i i ;( -- 1 ) 

.. - J "’* •«:(« + 8 )! 




Frciiit H) wi^ (»u replacing »4nj l>y value as given 
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i>(>\vi;u si'Kii 


TIuh luay Ixi shown hy <iinT! dillVr.-ii 
ply thus: DiUVrontiutinf^ 0) ijivcs 

/" - ” ,/ “ ,r i 

hhluation 10) gives 


Replacing here -/„ i hy its value us g 


/' 

''n 1 ' 


1 , f l‘< » 


r 

Rutting this in 12) gives II ). 


6 . 


li w * * 


for any x, and for wit! 0. 
For 

U 

2 


U tl * » ^ 

: e ^ tt 


1 i. J, X. 


Now for any x and for any « 0, f ! 

absolutely convergent. Their prodin't 
in the form / jt / ..\4 i 


HKSSKI, FCKCTIONS 


194. 1. <>J itH mi hif<‘</ral. 




For 




<‘OH U .3 ^ ( » 1 )« ” 

0 (. 2 «)!- 


anti thuH 


VOH 


s ( r n IS </. ) ™ V ( ^ )' jS, ^ 


U ^) * 


As tliia Hcrifs {•mivcrf'oH tmifonnly in (0, tt) for any val 

wa may inta^nniti’ tminwim*, ^^attitig 


J 01 IS (x OOH <^) sili'-i" ^ o 4> sill*” 4>d^ 


^ vf --• I )' ^ 


. ' * f 


’27 




« ( « H ) ! 

Wa Hluill Hhuw in ‘iia, that 


r (* + ■«•) 


by 


ThiiH tlio lust HorioH nbovo 


INFINITE PH()DU( 


195. 1. L('t. 1"' intiiiitf H 

indices t = (t, •••(,) nui},dn^' uvt-r ii hi 
.space. The HYinbul /> - Jl, 

i* ' V 


i.s called an infinite proitnet. Tlie niinilii 
denote tiio product of all tin* fuclm 


It,. If 


lim /' 


iMi 


#» ■ * 


is finite or deiiiiitely infiniio* wo oiill i 
(UiHtomary to repremmi a jinwiiirt iiiitl iti4 
when no ambiguity will iiriwt* 

When the limit 2) in finite itinl ur 
« 0, wo say P is tillirrwi»e 

We shall denote by the jiriiiliei uf 
factors ss 1, whose indiees i lie in tln^ r 
eo-produat of P^. 

The products most often tMituirriiig in j 


.. .][ #l| * * il|| • • * • 

Tins factor P^ is here rejilannl hv 

rm it. f# , 


(iKNKUAL THEORY 






Obviotisly llu 5 prtMlut’t ^ 0 , an 



n 


HeucH^ /V : 0 , nlthnui^h no factor in zero. Such prodiK 
cuUlcd Xi'Ttf pn^lurtH. N(»w wo Haw in I, 77 that the produ 
iiuitc imiuhcr of {‘a<’torH (’.auuot vauLsh uuIchs one of its 
vanivshos. Kor tliis rt^uHon ztu'o products hold an exception 
tiou au<l will not he eoiiHithniHl in this work. We therefoi 
(dasHt‘d tluuu uiuon^ tlui <liv<u*gent produces. In the fol 
tluMO'ems ndativt* to (*tjnvtu*|^enee, we shall suppoHO, for sini 
that are no Zfta factors. 


196. 1. to convertje it is neceMan/ that < 

w conccrt^cnf. If one of these l\ converi/vB^ P u convergent 

Tho pnnd in tdnduus, 

± if the simple prmhet P = • rig ••• /a convergent, 

tornfinaUg remain positive. 

Fur, whesi /' is couverKent, j 1 > some positive nuin 

^ stane m* If now tlu% faedors after were not all posi 
aiHl P, utmltl havt^ oppoHito signs )Er> a, however large w i 
I'htiH ha.H no Hunt. 


197. 1. To invi^Hiigate the convergence or divergonC' 

« .. /i • ri...... 


inlinitn {iriultu’t. J* 
(UllwUliir tins HKTU'H 


^ — , , 

n<t, when rti > 0, it is often couva 
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ixFiXiTK ruoF-r 


ir P is convergent, l\, rfutvergt^s !*t ;i 

Lfj, is convergent by 1 )- It /v euiivt 
finite limit 0 by ). 


2 . IJrample /. 


1 1 ^ I 4 “'“ ^ e » 1 1 


is convergent for (iviu'v .r. 

For, however large j.r| is tuktm ami I 
so large that 


1 4 .*'* .0 

n 


luHtoad of P \v(' limy tluTcfon* coiisiii 

J 
\ 


: V 

m ’ I 


« 


Thou I 

But by I, 41 !} 

logfl } M/l 
\ Hf II iP 


llonco //„ - X • * 

m » i II* 

wliieh is c()nvta*gtmt. 

The product (Hunirs in the c^jinw 

product. 

Let us now (;onsidc*r the product 

^ =S Ilf 1 4 ^' « II i 

\ Hi 


The assocuate logariiliniie series /# m 
We may break it into two piirlti IJ, // 
positive n, the hihuuhI over negiiii\e «, 
those as we did on the Hcries *lL iiml n 


CKNKUM. THKOKY 


Fur U‘t {) li<* takuii hu liu-fjo tliat. | r | <p. We show t 

OU-illHxlUl't 


a,, 11 


1 + 


IV 


J-M 1 


conv(»r{'i*8 for Thn corn^spoiKUiig logarithmic 


sern 


L 


\' 


1 




i 


“ l<>g( 1 + 


l{; ,.,g(i 

j> f l l'/4 V 


Ah (nu’h of itio norion on tho right couvorgan, bo does L. 
(} fonvorgtm f«>r tluH valuta of jr* 


198 . 1 . Wlion tlio aHHociaio logaritlimic Hories 
L 1 a ,>0 

mr.mvergrut, Hm log 0 , by 121 , l, 


aut! thoroforo 


Hm 

hi-#. 


For thin it in oftrn convauiant to write the 

of an tiifinito prodmi P in the form 1 + W 

written in the form .. ^ , ,, 

ll(l 


we aliiill Hiiy it m written in itn normal form. 




Tlu) BoricB 
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INFIXri'F, i-KnlUC 1'.' 


A : i;inK(l t .< 

coiivcrgo or (livorgc^ siiiuiUaiit»nti.sl\ In 
verge or diverge siiuiiltancuHiHly by I-'b t. 

3. If the mnple product P = • tLj • 

For by Ibd, 2 the factorn fuialiy 
Kence by 1J)7, i tln^ stodem 

h)g • 0 

n m 

is convergent. I bnict* log * U. ' I 

199 . Let • • • \ \ m he *i 

celU. Then if P u converpents 

+ i\j 

i 

For P in a teleH(U)pi(j aeriim and 

/'a, +• /Aj. 

200. 1. Let />- 11(1 +.( 1 .,,.,,). 

Wo (mil 11(1 . 

the adjoint of /\ and write 

f Adj P. 

2. P converpeH^ if Hm mljoint i» mHcrrpeni. 

e>o, m ni- . 


(JKNKRAL THEORY 


H. Wlu^n the adjoint of P converges, we say F is absolut 
avergi'ui. 

The rt^ader will note that absolute convei^gence of infir 
odnt‘tH is (hdiiuMl iiuiti^ diltercutly from that of iirfii: 
At first sight one. would incline to define the adjoint c 

=111 


With this tlefinition the ruudainental thooroin 2 would be fa] 

adjoint would he, by this delinition, 

... 

Now sa L .’.*'13 is convergent. On the other ha 
^ag(— «! )'* and this has no limit, as n = oo. Hence P 
v^ergent. 

4. tn order that P — n( 1 4* convertje absolutely^ it 

eesMary and snffident that 

^ - t, 

weryes almoluteb/. 

Follows at once from IhH, 2. 


Pj-aniple, 
nvergtm absolutely fur every x. 



For 




Jl^ 
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INFIX ITK FUtilHC 


Wo have now tlio followinif tlii'<ir<'!iis : 
2. If an assoaiate Himptf pruiliti't m 

F=(i 

For siiiws Q is couvorg’t'iit, we luav assi 
> 0 by IIU), 2. Thou 



. . /' 


8. Jf the axmaiatr siinpli' priulHii in 
is P. 


For let 


/>=:n(I 4 -/,. 

(^>=11(1 i <»„ ). 


Since Q is absolutely cnnverf'eiil, 

11(1 4- rt«) . ™ - 

is convergent. Hence 11(1 4 ic.^ ) is eoi 

4. Let P = l\( \ 4“rti,...i^) /'<’ tifisitliifi-iit 
associate, simple product (J ~ IH 1 f ,t^) in li 

P=Q. 


For since P is absolutely eiuivergenl, 

.. 

converges by 200, 4. But then by 121, 
is convergent. Henei* Q is ubHolutj'lj e.tin 


CKNKUAb THEORY 


I all tlu) factoi'K of an; > 0, if n in sullicicntly large. T 
shall feel at lihcrty to <lo, witliout further renuirk. 

/l=n(l+rt., ) a, >0 

^ /. = ii: log (1 -Ha., ....,) 

'vvr(/e or (tivn'(/e 
h'ta* if A. iiS convergoni, 

c(invtirg(‘ni by liOO, 4. !bit thou L is foiivorgont by 128, 
i) (U)iivurH(^ follows similarly. 


J02, 1, Ah in 124, lo wi** may form from a given m-tu 

iuruiito uumhor of conjugate a-tuple produets 


Ji = 11 /'i .../ 

.iUHi fi* w if amiy are corruspoudiug lattieo points in the i 

itcnns. 

\¥o bavo now : 


'L If A in ahmdutefif ro}nur(fenl, no is /A 

b'or by 201, without loss of generality, W(^ may take all 

5 tors > 0. 

Oioti 


For 

Hence 


log a, is fcni V 
^ log/i^. is. 


^'1 rUhmeiirnl ^ '^p^rt 

203 . AhBoluieljj eonven/ent finniuetM a 
verscly. 

^ = n.f 

be ul)Holutely convergent. Tluni its hshc» 

H.:. lU, 

is absolutely convergent aiul A iU by 
arrange the hictors of /b g«*tting ila* p 
spoiuls a simple asHOiuate Ht*rieH and H 
21 is absolutely convtn’gent. lltuiet^ /I 
Oonverseli/^ let A be otnnmutative. 1 ' 
finally become > b. Ft>r if not, let 

It^< ^ 

be a secpieuce of rectangular cells siicli I 
in some cell. Wc may nrrnngc the fact or 
protlucts corresponding to 1 ), 

.4, , Aj , /la 

have opposite signs alternately. Hitni A 
is a contradiction. We may thendore 
Then 

/I « r 

remains nnaltered however the factors oii 
Hence ,e j 


AUITIIMKTU^M. OriORATIONS 


204 . 1 . Let , ,, 

/I = 1 1 

ht' ahsolutfly etmi'i'riirnt. Thru the n-tuple iterated -product 

II II ... Il„ 

in ahnoluteli/ aoniurt/ent und ^1. = H whrrr l[ 4 is a jwrnvi 

Ft)r by 202, n all the produeiB of the typo 
I hr, ...( Ibt , 

ai’ti almoluUily o.onvor}foiit, and by I, .'524 


n = n 11. 

Siniilarly t.Iu> produots of tlus typ« 

11 

i‘* 9'« a 

ai’<i ulmolukdy (‘.nnvergtiiit and litnuso 

II = n u n. 

*# t‘if s‘« a <» I ‘j? 

In thin way wo oontiutio till wo roach A and Ji. 


2. Wo may obviotinly gonoralizo 1 an MIowb: 


Let 


A^Ua,,,, 

a***t(» 


iie (thmdutelif (ftmtmr^ent. Let u$ eiitahlmh a 1 to 1 eorrei 
iieitmeti the iattiee HfjHtem V over tvJmh i=a{ij 
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iNFiNi'i'K I’ltonrc 


3. An important special east* ol 2 is tli- 

A = n«„ , // .= !, 2,- 

GoniHvrge absolutclj/^ Let thnnv the a^, i 






it,, 


Ti 


converge ahmlutelg^ and 


4. The convergent infinite product 

i>^(l 4*^i?|)C 1 4" 


is (mociative. 
For let 


Let 


M j •‘C /«2 ' 

t + Aj={l 1 I 


Wo have to nhow that 

^ ( I '4" /i| ){ 1 -f 

is convergent and P Q. 


rni : , . 1. 
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INKIN'ITK rtt()I>rCTS 


For by 205, 


IK I I v'-'-K I t 
= 11(1 4" ^ ^ ^ 

Now nil intogevH of tlic typo 2«, uro of tli 
Iliiiico by 204, 

11(1 - if”) = 11(1 -/K IK 1 

= ‘r”\ 

^ ^ ’ 11(1 -//") 

f r-Kl 


I 


ii-4« 


1 . 


Unifonn (Umirriftncr 

207. In the limited nr uni i mite d dunMin 

he 'uniformly eonveryent and limited. Then 

F ’S3, 

u uniforynly eonveryent in 'iU 

.K 

Now L uniformly* llvnw hy M l, i, 
vergent. 

208. If the adjoint oj* 

11(1 4\/V' ) 



U N 1 1<'< ) RM CION VKRGE NCR 


Hut. UH alroiuly notic.od in 200, 2, 1) 

Iltnici! F \h uniformly convergent. 

209. ^Plu* piu>iluct 

F= 11(1 ... 

in lai/funiih/ <:(miu>r<irnf in. the limiteil or nnlimiteil domain ? 1 , 

in limited and nniformfi/ eonverpent in 31. 

For by FiH, 2 tho Herien 

If = log (1 + 

IB unifoniily convergent and limited in 31- Then by 2{ 
adjoint of F in uniformly convergent, and hence by 208, F 


210. Let 




he unifhrmh/ (mnvenjent at x = a. Jf eaeh f, in continuous t 
in (iinn (mntinuom at a. 


Thin m a (torollary of 147, l. 


211. 1. Let (J \ aonverqe in the 

rum fit fie domain 31 hatmitf a an a Iwiitimj point. Ijct (J an 
he eontmnoun at a. Then 

11(1 

in (mntinutmn ($t a. 



25(5 


INFIN’ITK I’HOUl'C 


For by 149, r», Q- is uuifornily 
liiuited near :i*= a, Thus by 

1 1 ( 1 + J ^ ) 

is imiformlj convergent at a. To i\stahli 
to apply 14(), 1. 


212. 1. Let . 


converge in = -f S ). 'riicu 

log F=^ /. = i:iog, 
If we can differentiate this scrit^H ternn 
d 


dx 


log F. 


V/: 


Thus to each infinite produttt 1) of this i 
nite series 8). Oonditiuns for termwise ili 
2) are given in 158, 155, 15fi. Other «'oii 
Cliapter X VL 

2. Example. Let us eonsider the inthi 

e{:x)^2qlQmi7rxiu 1 i 

whieli occurs in the elliptic funelioiw. 

Let US set 

1 — 1 — 2 1 /* Vim 2 vj 

Then I i - i ^ P” j y ; 

Thus if I j'l < 1, the product 1) in iilimiliili 
It is uniformly convergent f<»r iniv r iiiui 


TIIH filtCl’LAH I-'UNCTIONS 


Ndw till' wi-icN i:,<„ <'uiivfrfroH if lr/|<l. For scttii 
the Hcrit's e.uivergeiil in iIuh eiwe. Moreover, 

n . f>„ 

ThUH we muy tlitYereiitiali’ term wise. 


n,- ( ^irrulfir Fnnrtioiis 

213 . 1 * r itmi nm r (tH Ifflhiite l^roduatn. 

From tlio ntl«litic»a 

Hiii ( mx 4 .r I nin ( m f I )x » Hin mx cos x 4- cos ' 
h ‘i, HVis that ftjr an (nhl n 

Hill HX ■ Hin** X + ci| Hin" ^ sh 

whom tlin a urn integers. If wc set f ^si 

sin fiX : ) -a 4’ i 4« ... 4. 

Now Itintig a jatlynoiuial of ctegroc it luw n root 


I Hill 


rr 


1 sm 


± sin ' 


■1 


cmnwiM»mIing 1«» the vahim of / wliioli make sin nx^ 
Fjl ) *.*. nj (^t Hin (^t + Hin - 

!s» itj 


• Hlir 


2/)8 


INKINIl'K 


"1\) find a wo ohservt* that this oquatiuii i: 


sui nx 


Hin X 


1 


Hur X 


. .rn' 

HUr 

n 


Lotting rr= 0 wo now a = n* limn 


in 8), and replacing x by W(‘ have finally 


sin X = n nin ' I* ( n 

H 


wlun-o 


1 ... , 


P{x, n) == 11 

We note now that m n » oo, 




Bur 


N 

nr 

tt 


r ... I 


X 


mn 

. T H . 

71 Sin SS X .. J\ 

n X 


Similarly 




1 * 


Hin 


- rw 


Biir 


It sceniB likely therefore ihiii if we piwB 

4), we Hhall gc^t 


Bin X:=x/^C/) 

/'(.r)^ufi .. A, 


where 


Tlih: CIRCULAR FUNCTIONS 


2 


Wi) ()l>Hcrve tluit 

liiu P ( 7i} = lim = P Qx) 

n - ;qo n==oo 

)Yidcd 

Uui P 7i) = X (re). 

rt=:ciO 


We have thus only to prove 7). Let us denote tlie sum of 1 
■^t 7n Ua-uis in C) by X,^(re, n) and the sum of the remaini 
Ij^(x, 'm). Tlien 

<0:, w) - L{x) 1 < I Jv„(a:, h) — LJix) 1 + 1 LJx, n) ] + | ]. 


Since for 0<:r<^, 


3 have 


* < sin re < re, 


siir 


snr — 


> 


0? 

4 __ re^ 

ttV ^ 4 ttM’ 


n 


d hence for an so large that ““<1, we have, 


log' 

But the Bcries 


71 


. „ TXT 

Birr 

n -J 


T>m. 


^ \ 


INKINITK l-R<)I)l'('TS 


2(.;o 

2. In algobrii wo b'ani that, ovory {Htlyndmiul 
+ (fjj -f- 'V'"* "b ■■■ 
can be written as a product 

~ «j ) ( — (tj ) ■ • • ( -r - «„ !< 

whert) Up «2 ••• arc its roots. Now 


is the limit of a polynomial, viz. the lirsl n te 
natural to ask, (Ian we not <!xprcss sin t as the 
which vanishes at the zeros of sinx? I list thi 
have just shown in 1. 


3. If wo set X = v/'2 in b), it j^ives, 


I I on CO 


1 



(2r 1)(2» 

2 ■ 2 ) 


TT 


IT 


' (2 r 


2 r • 2 r 
l)(;ir + 1 } 


«> 

1 


:l 


■I . ^ 

:i . ! 


a fornuila due to 


4. From f)) wo can get anotlier f«ti 

Bina^ssxII^l— r i 1, .1 

For the right huIo in e<»iivt*rgi‘iii hy IHT, 2. 
the factors in pairs, have 


■rilK (’IKCrLAR FUNCTIONS 


14. JF(' now »hou' that 

('( IS r = 11 ( 1 


■itx? 




,'(i thiH «(n(l wo UHo thu rolalion 

Hill 2 j- = 2 sin x coh x. 


lonrii 


, ./■(' ;:i) ■'( 


4r2 


( 2 -in )V 


4^2 


( 2 rn - 1 )2,r2^ 


'Ji X 


II 1 


II 1 - . 


W'^TT^ 


II 


( I - 

V mV) 


11 (l f ) 


. II 1 


4a-2 


(2 -in - 1)'V 


II which I) is iimiuuliato. 

'mm 1 ) wc have, uh in 212, 4, 


/ a j. \Sr 

COH J- II ( 1 - " U(2n l)ir n = 0, ±1, ±2, 

\ (2«-l)7ry 


15. V tunit tlH% of mna:, coh a: as infinite produci 

Ir ptrimHeitif In rtnulilj shown. Tims from 213, 12) 

sin X =a liin P„(:r). 

n so 

/’nU + 7r)^r + (n + l)7r^_.^ ^ asn = oo. 

/’nO) X-HTT 

^*'**‘‘*’ liiii /*„( + tt) = — liin J\(x), 

sin(;f* 4. tt) sss sin x. 


iNKixiTK inunn-rrs 




Similarly 214, 1) 

log cos ;#: = !ilog 


( 2 k - 1 )- 7 r“ / 


II • 


To get forinulje. having a \vi<lcr range wy liavt 
tlio products 2ia, r>) and 211, I ). Wt* then gH 

log sin'-^^* = log . 1 ^ I log I I j 


valid for antj x mwh that sin ./* / ih and 
iog.os-.- = :iiog(t 
valid for any x miah that oohxPQ. 


If wo (lifforontuito I ) wt^ got 


cot X sr: 




^ ,.a 


jf* 


tan X =s 



valid as in 8), ‘1). 

Remark. The relations o), d) iv\liihit cot j\ iiii 
rational functions whose jadt^s arc prooistdy the |»i 
functions. They are analogous to the ropriwiiU 
of a fraction as tlu^ sum of partial fractions. 

2. To get devehfnnents ffmai j\ oiihoi* j% wo olmr 
ccmec X = tan | x + tmt x. 


Ilenco 


rinc CIRCULAR FUNCTIONS 


t\. To ijvt Ht*c wu olmcrvc Ihai 


C()H(*.0 { ^ j= HCHJ X. 




) 1 - A-]. 

( Bit — X Sir 4 - x ) 


1 IlUUH^ 





TT f 

■ •• ’« J 

<•> 


. + V(.-i). 


Sir — ~ + a; stt + ~ 


Lei UH re^i'Dup tlu; ierms of iS\ forming tlio scries 




o ‘4 


1 . 1 - 


'‘A 


|*v„- I 2,„,_ 1 


iliui T is convergent and = /V. Thus 


8eoa;=* S( — j, _'f 


(2«-1)7 


TT^ — 


valid for all z such that co8a::ifc0. 


217 . Ah an cxorciHO let us show the periodicity of 
•JtO, h). We have 


n I 

tu)t X = Uin t\(x) = lini 'V — 


X 4 ^ ^‘'TT. 


INFINITE FRODrCTS 


218. Devdopmmt of\n^ sin j\ ta!i j\ dr,, in pomr srrit 
From 21(>, 1) 


1 V ^*7r' 


If wo g"ivo to — itH vultio 1 uh r = iK tlio 


holds for I X 1 < TT. 


Now for 1 ad < TT 


log ( 1 




, Hill J' , 1 j I , 


. 1 . 1 




1 ^.4 I ^ 


provided wo sum this double serioH by nuvs. Hut siuee 
is a positive term series, we inay sum by roliiiuiis, b 
Doing this we get 




where 


U ^ + i 

1" 2» n" 4" 


rdfiiurii iM milijl for I ./• 1 ^ 


'rui; ciRCULAU functions 


'riui Utiuh of On **• 1’**'*’*' Obviously 




— I 


<•>«, 


IL. 


'riuws (‘.oolTu'.itiuls pul in Jl) give 


.. 4 og ennr == ( ™ 1 ) ///J, + +K 2 «- W 

vali.l 1‘or 1 ./• 1 < If we (lilVei-euliate 4) and 2), we get 
tun 2(22 .. 1 )//^ ^' + 2(2'^- 1 + 

TT 

ml id far ( J' 




- 

* «.> ' 




X 
X 

mtiid 0 < \ x \ < tt. 

Cuinparing b) with the development of tan a; given 

givim 




TT^ 


9,^2 


"u t> 2 ! 




27 r 2 
T ■ o t 


IL 


’ 4 - ’ + ^ + 
14 + 04+24 + 


, ^ _ 


t 23 TT^ 




' + ■* + 1 - + 
pi+2« .'5“ 


' !)() 30 4 ! 

7 r« : 


= B, 


03 . 


4 


_ 1 . 2 !j[! - 

V)45”'42 ' "li! ® ' 


IL 


f 4 - ^ 4 - ^ 4 - 
p+OH+ 2 «^ 


TT” 


1 27 


..8 


' 9450 30 8 ! 


B,-- 


Let UH set 


cyin-l^^-n 


iNi'MNri’K I’Konrcrs 


2G(! 


From (5), 8) \v(i get 

cotriiu a: — ^ = 
r 

valid for 0 < \r\ < tt. 


, V 

n 1 


( 2 ;o : 


219. lieowrHioth formul(( J’or thv HonitoiiHian Nun 
If wc set /{‘i') = 


we have by Taylor's <li5veloj)iiHUit 




fO') = 

•':/■'(") + 


n: 

ft 

wlicre 

^V'in 

''(0) _ 

2 ^2 * ” ”” 

l)/4 


r-'" 1 


(.T“: 

-1)! 



c 

2«>: 

Now by I, 408, 





y(2n 1,(0), 

-(" 


'2 - 

, 4 

■ ^y.3« 


From 1), 2) we get 





2-n 1(2''^” 


J?2n • 1 


03» ! 

oyn :i , 

/, 

n 


\ / 


II ■■- 1 



+f 

-0.-0 

2-" ''(2'-’" 

« 1 

* , 

, : 


We have already foun<l //g, //- ; it is n 

Buccessively : 

i?jj =s; I /l| 

Tims to calculate we Iiavc! frciiu II) 

2»(2io _ !) . 8 ^ I . • H .. T * 


■niK 1! AND r FUNtiTIONS 


Tiiv I{ and I’ Funvilonx 


J20. Ill Viiltuuii I wi! ilt'Cnuul tlici B and P funutious by me< 
intoK'nilM: „ 

H(», •' 

./II 


( 1 + j-)"'” 


^0 




iicii (riinvtirgi) only wluni m, v > 0. UmUsr thin condition wo s 

d. 


H («, (.) : 


r(«)l’((0 


!'(« + «') 


Wo propomi to hIiow that !'(«) cun bo developed in the inlin 
>duct / ivu 


* 11. 


n I 


1+’ 


'riiiii prochitii cunv(‘r^tm, an wo Haw, 197, B, for any - 

% *** From 201, 7 ami 207 it in al)viouH that convergCH al 
4^}’ anti uniformly at any point % difTorout from these singn 
intH, I'huH t!m tmprt^HHion 4) has a wider domain of deliuit 
in tluit of 2), Since (7 » l\ an we said, for u>0, we shall 
id tint dofuiiiion of the F function in accsurdance with 4), 
gaiivi^ u. 

It froqucmtly happenn tliat a function /(^) can bo ropresen 
dilltuaint liiialytic expraHHiouH whose domains of converge 
tlitTiireui. For example, we saw 218, 9), that tan x can bo 
loped in a power serii^H 


INFINITK PKOnrt’TS 


2(;8 


and *. 

-7 72ir~r 

\ - 

aro analytic expressions valid for every x tor w 
tau:r is ddiued. 


by 


221. 1. Ikiforc showing that (I and V have tl 
>0, let us develoj) some of the pro]Hn*tii‘S of the 
in 220, 4). In the lirst phuH‘, wtj have, l>y 210: 

The function. 0(n) is continuous, except at the 


Since the factors of 4) are all posit iv<» for u 
GhQui) is positive for u > 0. 

2. In the vicinity of the point x sz ~ w, m » < 

//( lO 


G{u) 


X + ni 


where is continuous netir this point, and t 

this point. 

For / 1 Xu 

(1 f n 

1 4. 

m 

wliere J/is the infinite product (I with one factor 
may reason on II an we did on (?, see II caaivt 
x=: ^ m. lleneo Ili^ 0 at this point. Bui II al 
formly about this i)oiut ; hence // in ciuitimious ; 


rUK B AND r FUNCTIONS 


A ^ 


( « I I H U I H I // 1 ) {n^ 1 ) ! h 4 - + 


TIuih l\ Hut. (}, lionue i\, in coiivor 

!iiii I\. 


223. flairra i’*onniitnt, 'FhiH i.s (kiliiHul by tbo con 


r V 

i 




h in cHHV III HIM' a( niu'i' that 




1 V ' 1 1 


Ih 


7 r ' 


'1^ n^~' i 

liy ’ilH, 7 ). I$y ciilinilatiiin it. ih fmuul that 


= .82 — 


224. Antithrr i-rpri'xiiion of 0 in 

,, '■« 


( / r;s . 


«n 


(■ ' ;:)" = 




if/irTf’ It t/ii* Kulerittn ctamtant. 

Fur w\um a a« ^ 

» Oum(i + ^) 


1 I«IIW 


•M 


1 +' 


270 


INI-'lNI'l'K litODUCTS 


an* convergent. Hene.e 




a 


-f- "V " 


from which 1) folIowH ut oiuus using* 

225. Further Properties of (}. 

1. I 

Let ua uao the prodm’t 


u {u 4" i ) ••* { o 4 H ' 1 
employed in 222. Tlieu 

As 

7111 

• u as n 


u 4 ft 

^71 U 
U 4 71 

we get 1) from *2) at once on paHHing to the lie 
2. 0(u 4 h) = u(u 4 I ) ••• (u 4 n 

This follows from 1) by roptaiiecl application 

8. (}('H)s!a 1 . 2 • n I h 

wluu’o 71 is a positive integer. 

4. 

For 


a-Qu)Oil-U) = ~r~-- 

Hin WM 


(J'Xl — w) == — u(} ( - ■ u ) 


Kv 


nil: u AND V FrxnnoNS 


\Xv ihuv iiHt* I «'» I. 

tiM ii‘»tr tli;it l»v virtue uf 2 i\m val\u‘. of (7 is know 
till « will'll it in known in tho inltowal (0, 1). By virt 
fi) (/ in kn»»wn t*n‘ n - whon i(H valuo Ih known for i 
J^loroovor tin' rnkihou oi .hIiowh thn vahu^ of (I is known in ( 
whoii its Viilu*' 04 kiiuwti in Hk | )« 

As a ri'Holl of tins wo hoo (} in known whou its values i 
iutorviii t^k 1 I ‘^5** known; i»r iinlinnl in any initn-vul of leng 

CtiiUHS luiH inv»'U a of lo|^ t/(a) for l^" a/<1.5 calci 

ts^ 2tJ tloriiual |»hirrH. A fonr iilari* table is ^ive.u in “A 
Table ttf lnlin.n‘uls '* bv /L (K /V/nv, for l<a<2, 

fn (/ C ,1 I - v/tt. 

For ill ) sot H ' \ . 1 hen 

(P{ I ) » TT. 
f^i.O iVt. 

Wi* utu»« tiikt- Um pltw fHM:n lit-ri', Himui fi* > 0 when m > 0, 1 



w*lier«^ n is a j»ofolive integer. 
For 


i}', 


n i l ’ 

•J / 






Siiuihu'ty 

'rhim 




:5 3 1 

_ . -- 


a 
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INFINITE PRODUCTS 


We may write 2) 



1 


w + — 1 


That the relations 2), 3) hold for any w =?£= 0, — 
by reasoning similar to that employed in 210. In 


1 )! 

In particular, 


OO 1 

^ {u + w — i )’■ 


L'(l) =-C. 

L^Xl) = (- iy(r - 1) ! 2 ;,^= 


227 . Development of log Q‘(u') in a Poiver Sen 
development is valid about the point u = 1, we ha 

log a(u) = L(u) = i(l) + L'(l-) + 

or using 226, 5), and setting = 1 + rj?, 

log 0-(l + x') = - Ox + '^ ^ =1)” E 

"2 w 

We show now this relation is valid for — i <:r 
that 

= + 0<^<l 

converges to 0, as « = 00 . 

For, if 0<a?<l, then 


Til 10 li AND r FUNCTIONS 


» shown how llui stiric^s 1) may be made to converge m 
Wo liavc for any r- in 31 

log {I x) = X — 1 

2 n 

'riiis on adding and Hid)tracting from 1) gives 

j i;(l +x)=- log( l +x)+ (1- 0')a;+S(-l)"(/J„-l) 

2 

('hanging' lu^ro x into -- x gives 

log (}{ I --X) = - log (1 - a;) - (1 - C)x + 1)- • 

71 

Suhiraciing this from the foregoing gives 


f log 0( \ — ai) 

= _,„K ;+»;+ 2 (i_o>)*-|,/:^(j, 


2m'(-l ■ 


From 22r), 4 


log 0(1 +x) + log 6r(l — 0 ?) = log — 


TTX 


sin TTX 


This with the preceding relation gives 

r (K^ + :^0 


l+:r . 7r:r , rr ix 


lid in SI. 


m + 1 


Huh H(*.rieB converges rapidly for 0<a?<|, and enables ns 
inpuie G(u) in the interval The other values of 

ly be readily obtained as already observed. 
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INFINITK i^HOUrt’TS 


Now for any x in tlio interval (0, n). 


, .r“>j7r 


since ?^ > 0 and ~ 1 < 0. 


Also for any x in the interval ( w, x> ) 




Hence 


( e V( u 4- H ) 

%/o %/n 

< i <• O-'* " 

•Jn 


J < j”e. V hlx+ * ( i' 

^0 tlVn 

< f"- \lx + W f 'J 


Let us call these integrals A, B, C respectivi 
We see at once tliat 


+ „ 1)1 


n n 


Also, integrating l)y parts, 


^ n Ji, nr* 




Similarly 


r(n 4* n ) . 


- r«„ — 1 \ f , 


THE B AND V FUNCTIONS 


2 


But 


»'n>l + 


n 


n-}-l 


+ 


+ 


> 


mn'^ 


(n + 1) (n + m) 
Let us take 


(n + 1) ••• (7^ + m) ’ 
m m 


for any ti 


1 + 


nj \ nj \ nj 


n>rrfi or — <-ii. 


Then 


n m 


2^n>“ 


m 


m 

>-• 

e 


(i+i 

V m 

Since m may be taken large at pleasure, 

lim cc 
lim = 0. 


d hence 
Thus 


71=00 (n — 1) ! 

But from + 1) = uT(u) we have 

-f* 1 “{“ tC) u Ti r (juj -j- ifh^ ^ 

n'^ ^^(n — 1) ! n n'^Qii — 1) ! 

JO, as 92 = 00 . Thus the relation 1) holds for l<u<% and 
3t for any w > 0. , 

r(u + n} = u(u-{-l') ••• Cu-\-n--’l)T(u'), 

3 have 


r(^) = 


TCu+n') 


Hence using 1), 


u{u + 1) ••• (u-j-n--l) 


TCu} = 


(21 - 1 ) ! 91 “ 


T(u + n] 


uQu’^l) ••• (wH-22 — 1) (21 — 1) 

Letting 2 i= oo , we get r( 2 ^)= Gf(u) for any u>0, making i 


CHAPTER VIII 


AGGREGATES 

Equivalence 

229- 1. Up to the present the aggrega 

have been point aggregates. We now c 
general. Any collection of well-determiin 
able one from another, and thought of as 
an aggregate or set. 

Thus the class of prime numbers, the cL 
tions, the inhabitants of the United States, 

Some of the definitions given for point 
ously to aggregates in general, and we sha' 
them here, as it is only necessary to reph 
object or element. 

As in point sets, 31 = 0 shall mean that 31 

Let 31, •© he two aggregates such that t 
associated with some one element b of 49, an 
that 21 is equivalent to 23 and write 

3I-«. 

We also say 21 and 23 are in one to one c 
uniform corresjpondenoe. To indicate that 
in this correspondence we write 

a h. 


KUlUVALKNCK 


Kcjr \vi) ran jusHoriato the idcnuontH of 3f with 1 
kc'opinj^* prrci.Hrly tlu» <*t>rn^Hi)oiulcnco which exisi 
and /A (S and (7, etc. 

Nj-ample /. 31= 1, 2, a, ... 

8 = ag, ••• 

If w<^ Htd n, 31 and will Ktand in 1, 1 corre 

Hj'amph^l 31-^1, 2, d, 4,... 

3 ^ == 2 , 4 , 6 , 8 , ... 

If wt' m4. n of in c.om^Hpondcuco with 2 n of ij 
1 h! in nniftn’in ciinH^Hjanulcnce. 

W(^ ludo that is n part of 3t; wo have thna t 
injitiiti* ttffprvtjnti* mut/ he put in uwtform oorrespi 
partial app repair of 

TIuh in ohvioiwly iinpcmHihla if 9t is fniito. 

Krampir .1 31 - U 2 , 8 , 4 , ... 

li}\ U}\ 1(>\ 10^ ... 

If wr md n 10”, wo (mtahlish a uniform corr 
iwison 31 uihI 3!h Wo nuto a|^ain that 31 '^-33 althoi 

Kj-amplr 4. Lot (S » If i, whore, using the triad 

tlu) ('untor H«t tif 1, ‘272. Let us associate ' 

a- = • ••• 

where =» 0 when f»=» h, and = 1 when = 2 

it... 
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A(;(nU’:(JAi’Ks 


vioiisly w(i (ian soloc.i of ilu‘so «li‘l 

their lower (joiittiiit is as lu^ar 1 as wt‘ ehuosi 

<h)iii • 1. 

As OoIiK'J .■<. 1, is meirit*. and its <'ont 
discrete. 

230. 1 . Lii 'il =- a + A. ^ M (rh 

fhf}t /I A 

For, siucio t'ach elenuait a of is 

one clement b of .®, and the sanui holds for 
that the uniform c,orrt‘H|M>n<U‘ne(^ (»f 

on the contrary and f:i ^ a\ tin* unifoi 

tween Aj B can he estal)lislu‘d hy Hcttiii^*’ n 
other elements in A, B (unaa^spond as in 

2. We state as ol)vious the ilu^orems: 

No part ^ of a finite net % ran be H. 

No finite part ^ of an infinite mi ean he - 


Cardin (d Numbers 

231. 1. Wo atta(di now to eacdi 
called its (smlinal nwmher^ whiidi is dttlined a 
F K(}uivalent aggregates hav<*. the same e 
2® If 91 is ^ to a part o! hut 8 is m 
of 91, the cardinal mimbm* cd* 91 is less ihii 
cardinal lunnher of S is grtniter than that 


('AIU)INAL NlfMBKRS 


2. It is a ]>ru|K‘rt y of any two Jhdfe (Cardinal m 
a b , or a > b , or a < b. 

'riiis projKoly has not yot bcHai cstablisluul for 
ditm! lunnhcrs. 'Tlun-t*. is in fact a fourth altcriui 
h(»si(lcH t!u‘ thn*o involved in 1). For uni 
has lunui nhown, llnoH^ is th(‘ possibility that: 

No part of is --v. and no part of is ^ 91. 

ddic nuich'r should thus ^uard a.^uiinst cKprt 
uHsuniin^^ that tnn» of the throe relations 1) nun 
two (cardinal munht‘rs. 

d. We noti^ hiU’o another dilTtu'cneo. If 91, ® 
(Hit (‘onunon (donunii, 

(Wd(9l + «) >0ard9L 

Lei now 9t dcuioio the positive oven and © t 
luunherH. i )hvi(HiHly' 

(‘ard (91 + m = Card 91 = Card ® 
and the relation 2) does not hold for tlicse iranslu 

4. We hav<% howtivnu’, the following: 

Ld 91 > th^n 

Card 91 > Card 93. 

For obviously ® is to a part of 91, viz. 93 itse 

a. Idiis may be generalized as follows : 

Lii 


9l = 93 + (S + ^)+ 
A^B+a+I)+ - 
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Enunirnible 


232. 1. All whit'li is (H|iuva 

positive integers 3" 

Thus all Unite ao-n[T(^^aiUis art^ emunt‘ra!>l 
her attached to an infinite inuuncrahle set i 
At times we shall also denote this cardin 

2. Boery infinite ayyreyate ?l eantain^ an t. 
Kor let be an element of tH aind 

Then 31^^ is infinite ; lid. a^ be one of its t‘ 

Tlien is iniinite, etc. 

Then 

... 

is a part of 31 and forms an infinite enumer 
B. From this follows that 

iH the leant tmnnfinift* eanlim 


233. The rational numherH are enamertih 
Kor any rational number may lie written 


where, as usual, w is relaiivtdy prime to 
The eipiation 

I m Pf i n. 1 » p 

n.fltnii.M hut si, fiTiito iiioitihi*r nf anhifimiM fur 


ENUMERABLE SETS 


Let us now arrange tliese solutions in a sequence, putting the 
>r responding to ^ = g' before those corresponding to p =z q-\- 
We get 

hich is obviously enumerable. 

234. Let the indices ^ 2 ’ “* S over enumerahle sets. Th 

enumerahle. 

For the equation 

here the vs are positive integers, admits but a finite numl 

solutions for each n =p^ ^ + 1, p + 2, jp-hS*-* Thus t 

ements of oi ci > 

S3= 

ay be arranged in a sequence 

’i ’ ^3 

r giving to n successively the values j?, ••• and putting t 

ements corresponding to n = q-{-l after those correspoi 

g to 71 = q. 

Thus the set ® is enumerable. Consider now 21. Since ea 
dex Lpi ranges over an enumerable set, each value of as 
sociated with some positive integer as m' and conversely. ^ 
ay now establish a 1, 1 correspondence between 21 and ® 
tting 

^m[m2 — riip — ty 

Hence 21 is enumerable. 

235. 1. An enumerable set of enumerable aggregates form 




a(J(juk(:a'i'ks 


Thus the a-ulcnionts in 1) form :i set 

{«m»i w, /i, = 1,2, 

wliich 18 eniiiuerahlo by 2M. 

2. The real ahjehraie numherH form an en 

For oaeli algebraic*, number is ji rout of 
irrcdiuuble. ociuation of tlic^ form 

x’^ -f a^x“ I + ••• 4- ^ 

the being rational numbtu’s. Thus the t 
luuubers may 1x5 rc^-presentcxl by 

IP«, «|Oa ••• a,^ i 

where the index n runs over the positive^ inb 
over the rational numbers. 

3. Zet % ® fm two enumerate aetn. The 

Card 31 = (’ard S = 
Card (3t 4- ) = Ko 

And in general if%i^ enumt" 

a<^!/re.,/ate>,, ^ j ^ 

Tins follows from 1. 

236. .JSvery isolated aggregate 3f, limited oi 
able eet. 

For let us divide into cubes of side 1. 
an enumerable set 6\, 6^*-. About each 
as center we doHcu'ibe a cube of side a*, ho sii 


EN U M r^KABLE SETS 


(Uniotos the iKolated points of 31 and ‘ 
in^^ points of 31- 
Similarly, 

3i; = 3i;„ + 3ir 
Xi = + 3t;" 

Hius, 

3l=3L + 3i;,, + 3r', + -- +31^, 

But 3U'^^ is {inito and 3lJf^< 3B^'^ 

d'hus 31 hoing* tlio sum of n + 1 enumerable 

2. If 31' is enumerahle^ so is 31. 

For as in 1, 

31 = 3b + 31' 

and 3i;<3l'. 

238. 1. fJver/f infinite aggregate 31 contains 

4^-31. 

For ltd %••*) be an infinite e] 

so that 

31 = (5 + ?!. 

.Let (5 = ^1 + .®'. 

'Fo cstabliHli a uniform correspondence b< 
asHociate in (S with a,i 4 in J?. Thus 
We now sot 
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239 . 1 . A R’n‘jit iiupor 

whotluu* two ajjfgn^Rait's jiro. o([uivaii*nt i 
tlu^, (‘.on verso of 238, 2. 

Let 31^ < 31, //‘3li - 3^ <tHd t 

then ^ 

In the corrospondenct' 3(j ^ 3^, lot 3lj 
assoiiiatctl with Tlani 

3L^ - 3^1 - 31 

and 1 uni 00 ^ v.)|^ 

But as 3lj > 312, wo would infin* from 1) 

3t 

As 3tj ^-33 hy hypotlujsis, tho truth of 
once from 2). 

To establish 2) wo prooeed tluis. In tin 
3t}j bo that part of 3 I 2 which 3li in 31. 

3(^ ^ lot 31^ ho that part of 3L| which -- 
(Continuing in this way, wo got tho indcf 



SI > SI, > S(,, . 

siuih that 

SI - su - su 

Lot now 

31 j 3l| 31;, 

Sl = Slj + lS, . SI, Si 


't'= /MSI, SI,, Slj •••) 

Thou 

SI = 4- 15, + iSa + t5a i 

and Himilarly 

SI, = + tS.j + 15*3 4* l5^ ■ 


ENUMERABLE SETS 


2. Ill connection with tlic foregoing proof, ^ 
Bernstein^ tlic rcuider must guard against tlie folk 
clocks not m general follow from 

9.l=9li + (5i , 9t2-9l3 + (53 ^ 3l-9t2 

^ (5l ~ ($3 

which is the llrst relation in 5). 


Mxample. Let 91= (1, 2, B, 4, 

3li = (2, B, 4, r> -.) , 9 I 2 = (3, 4, 5, 6 

9l3=(5, t), 7, 8 •••). 

(5i = l E3=(B, 4). 

Now 91, 9fi, 91*2 *> 3 I 3 arc all enumerable sets; her 
91 ^91^ , 911 ^ 913 . 

But obviously is not equivalent to 63 , since 
only one element cannot be put in 1 to 1 corres 
set consisting of two elements. 


240 . 1 . If%\>Sd>(E,and%^(^,tJien%lr^S8. 

For by hypothesis a part of 53, viz. £, is ^91. 
is '-^53, viz. 53 itself. We apply now 239. 


2 . 

then 


Let a he any cardinal number. If 
a < Clard 53 < «, 
a = (lard 53 . 


For let Card 21 = a. Then from 

a<Card« 

it follows tluit 91 a part or the whole of SS ; whi 
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4. 7W infinite enunierahle aetfi are equivalent. 

For both aro (‘-([iiivaliMit to ‘"^^4 of posit ivo i 

241. 1. Let (i he ani/ enunierahle net in % ; net 
in in Un ite, 

For l)(4ii^ iiilinitc, (Contains aii inliiiitc t‘nun 
Let + Then 

^ (S' f is 4- 
fS b (Hh 

Ihit (5 + i^*- ?;•. lienee - ^4L 
2. We may state 1 thus : 

(4ir(l(‘i>l»-(S)==:(’ar(l'i>i 
provided 91 (S is infinife, 

8. From 1 follows at onee tln^ tlHH>rem : 

Let 91 he any infinite set and (5 an rnumerahie set. 

( Jard (91 + (S ) = C 'nnl 9h 


aSo';//y! fspair TransfunnuiiimH 

242. 1. I a^t T' 1)0 a transformation of spaeo suels 
point z corresponds a siiififle jjoint Xf, ami eonvcn'Htd; 

Moreover, l(‘.t x, y be any two points of space. Ai 
formation they go over into Xf, pf* If 

I)ist(;r, , yf) 


TUK CARDINAL c 


ir 'i)\ (Uuiotos the oriR'iiuil space, aiitl 3{jf» th 
afUn- (Usplaceinent, we have, obviously, 


2, L(‘.l ^ ^ 

Then wluui X ranges over the m-way space 
m-way spac.i*, 3). If we B(‘.t y as defined b 


Also 


Dist (0, 'if) = t Dist (0, 


We (tall 1) a transformation of sirnilitiide. 
spae.e is dilaied ; if t < 1, it is contracted. 

8. Let Q ho any point in space. About it 
scribe a sphere H of radius R. LetP be any 
join of P, Q htt us taket a point such that 


Dist (P^ Q) 


I)ist (P, Q)' 


Then P' is called tlie inverse of P ivith resp^ 
formation of space is tuilUal inversion, Qh tl 
Obviously points without go over into pc 
vctrsctly. As P si oo , P' == Q. 

Tint ctorntspondence betweten the old and n< 
exetept there is no point corresponding to Q. 


The Cardiinal c 

243. 1. All or any part of space *5 may I 
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correspondence between © and the resulting aggre^ 
uniform since all the transformations employed ar 
As a result of this and 240, l we see that the 
real numbers is ~ to those lying in the interval (0, 
the aggregate of all points of 9?^^ is ^ to the point 
or a unit sphere, etc. 

244. 1. The points lying in the unit interval \ 
not enumerable. 

For if they were, they could be arranged in a se 

9 ’ ^3 * * * 

Let us express the cCs as decimals in the norm; 

“ * ^nl^n2^n3 *“ 

Consider the decimal 

b = • ••• 

also written in the normal form, where 

b-^ ~(~ a^y 2 , ^2 ”3^ ^2? 2 ^ ^3 ^3i 3 ^ 

Then b lies in 31 and is yet different from any ni 

2. We have (0^ 1^)-^ (0, 1) , by 241, 3: 

(a, 5) , by 243, 

where b are finite or infinite. 

Thus the cardinal number of any interval, fin 
with or without its end points is the same. 

We denote it by c and call it the cardinal numl 
linear continuum^ or of the real number system 


THE CARDINAL c 


4. ''Die aardlml nuniher of the Cantor set S of I, 272 is 

l^'or (sacJi ])()inl a of (5 lias the representation in tL 
sysUnu 

a z=z ^ , a = 0, 2. 

Bui if we read those nuuibers in the dyadic system, 
(ia<‘.h =; 2 by the value 1, we get all tlie points in the 

(0, 1 ). As ther c is a uniform correspondence between ■ 
s(d*s of points, the theorem is established. 

245 . An enmnerahle set is not j)erfect^ and conversely 
set is not enumerahle. 

For suppose tlui enumerable set 

91 = ^2 

were p(u*fect. In DrtOh) inlinite partial set 

sine.e by hypothesis 91 is perfect. Let be the point < 
iiuh^x in Sip Let us take 

In lies an infinite partial set Slg of 

bt^ the point of lowest index in 9 I 2 , etc. 

Oonsidor now the sequence 

It converges to a point a by I, 127, 2. But a lies in 21, 
is perfect. Thus a is some point of 1), say a = a^. 
h^ads to a contra.(lietion. For lies in every 
otluu- hand, no point in this domain lias an index as 1 
whic.h ^ 00 , as 71 = 00 . Thus 21 cannot be perfect. 

(^)rivers(4y, suppose the perfect set 91 were enumerab 
is impossible, for wo have just seen that when 21 is enui 
(cannot bo oorfect. 
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l^ut 

llonco 


Ciml (S«. 

Card %< c , by 2 : 

Oil tlic other hand, i - /t 1 km 

i-nnl > ( ard Ylj 1 

From 1), 2) we have the th(‘ort*ni, hy 2 It 


247. 1. As already stated, tlu^ e.oniplex 
notes a point in n-way spju^e. Lid. .r^ Xj, 
(niiiinerable sot. We may also say that the 

x:= (.rp in inf. ) 

denotes a point m 00 -ivaj/ spann . 

2. Let 31 denote a point net in n finite i 
Card 31 <c. 

For let ns first lumsider the unit eulie (S 
range over ^8 = (0*, ). Let 'D denote the 

c = (!ar<l T^<<‘ard (5, 
On the other hand we show Card (S < c. 


For let m express eaeh e-oiirdiiuite 


form. Then 


u’j = • **' 

^'2 

^8 


as 


Let ns now form tlie number 


i ir,rk/1 Kt? /1 1 twr lltn lllknvn fllKIl* flint/fktts 


THE CARDINAL c 


Let us now complete E by adding its faces, ob 
By a transformation of similitude 7 we can bi 
Hence 


Card > Card (7, 

On the other hand, (S is a part of (7, hence 
Card g < Card O, 

Thus Card (7 = c. The rest of the theorem fo 


248. Let g = J/l denote the aggregate of one- 
functions over a unit cube g in 


Then 


Card == c. 


Let (7 denote the rational points of g, Le, 
whose coordinates are rational. Then any f is 
values over Q are known. For if a is an irrai 
we can approach it over a sequence of rational pc 
But / being continuous, /(a) = lim/(a^), and ^ 
On the other hand, (7 being enumerable, we can 
in a sequence 

L — , (?2 , • * • 

Let now be a space of an infinite enume 
dimensions, and let (y^, •*•) denote any 

Let f have the value at , the value at 
the points of (7. Then the complex ••• 

mines f in g. But this complex also detei 
Tj = 7 )^ ...) in We now associate / wi 

Card § ^ Card 31 = c. 


But obviously Card § > c, for among the ele 
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2<)2 

aggregato formed of all ])ossihIt^ of thi 
cardinal miinbm’. 

Let /3 be an arbitrary (dennent of I, 
that a which has the value 1 for /> = /i ai 
other />\s. This establisluss a (*oi'rt‘S|)on(h' 
l)art of 51. lienee 

a > h. 

Su])|>ose a=b. Tluui llu're exists a 
asNO(uates with (aieli /> sonui om^ a and 
impossible. 

For (‘.all % that (dmiuuit of 51 which is as.^ 

has the value 1 or 2 for each ^ of 
in 51 an element d whic.h for (‘uch 0 of 
determination than the one df, has. But 
associated with some (dtmumt of nay tl 

n' 

Tluui for rd must have that one « 
which ay has. But it has not, henct' the eoi 

250. The mfijretjate of Vunited Intetjrahle J 
5( = (0, 1 ) ha a a luirdinal nHoiher f > c. 

For let.f(*/‘) — 0 in 51 exet^pt at tlu! poi 
Cantor set of 1, 272, and 22ih Fx. 4, At 
liave the value 1 or 2 at pleasun!. The ji| 
all possible such functions has a c’ardina 
reasoning of 24B shows. Ibit each / is co 
which is discrete. Ilmuted* integrahle. 


ARITIIMKTIC OPERATIONS WITH C 


Wr have now the follmving obvious relations : 

«(i + n = , n a poi^itive integer 

^0 4- ><() + *“ ^ , n terms. 

^0 ^0 "H * * • = Ko , ctn infinite enumera 

If the aardlnal ninnhers of % 33, tr are a, b, c 
a + (b 4- c ) = (a + b) + c, 
a 4- b = b 4- a. 

Tlui lir.si rolat-ion states that addition is as, 
that> it is (mnmutative. 


252. Multiplieatio7h. 

1. Lot 91 = jaL 33 = have the cardinal 
union of all the ])aii‘s (a, h) forms a set called ' 
It is denoted by 91 • 33. We agree that 
same as (A, a). Then 

21 • « = 33 • 2t. 

Wo define the product of a and b to be 

(lard 21 • 33 = Card 33 • 21 = a • b = 


2. We ham*, ohviously the following formal 
aardmal 'mimhers : 


a(b.c) = (a-b)c, 


a • b = b • a, 
a(b 4- c) = ab 4- ac, 

which express respectively the associative, co 
trinnlativo nronertios of cardinal numbers. 


2(4 


A'i'KS 


Example Lot — } rr ( donoto ih<^ faniil 

-f = (fi, 

Ij(d. =:)/>! (lenoto a of Si^i^nuMits o 
interpret (a, h') to be tlu^ points on u oviir 
and wlioso height is h. d'hen i*s tb 

cylinders. 


253. 1. 

K„ = >1 • X„ , 

(tr ac i\ 

Kor let 




(5 (’a ••• 

in inf. ) 

Then 

^O(5 = 0«i, 'A 

K ) 


Qh, <'i ) 



= (£j + tSa + 



The eardi!Uil inunber of the set on the 1 
cardinal nuinber of tlu'. set on tlu^ right is 

2. ec =3 c. 

For let (5 — denote thi» poiiiiH on ii rigl 

B, ...). 

Then i&iS = l(fi, r); 

may be regarded as the fahnlH on ii right. 

Card jt^l sa r. 

Hence 

cc « C'ard rv^ c. 


irom any one oi tnese classes m Og “• j 
compartment. The result is a certain distril 
from these k classes among the y compartn 

The number of distributions of objects froT) 
compartments is 

For in we may put an object from any 
Thus Cj may be filled in h ways. Similarly 
k ways. Thus the compartments (7^, 0^ may 
Similarly may be filled in F ways, < 

255. 1. The totality of distributions of ot 
K among the y compartments 0 form an aggr 
denoted by pro 


W e call it the distribution of K over Q. Th 
bution of this kind may be called the cardinal 


and we have then 


Card 


2. What we have here set forth for finite ( 
tended to any aggregates, 21 = {a}, S3 = w 
bers we call a, 6. Thus the totality of disti 
among the 6’s, or the distribution of % over ig, 

21 ^, 


and its cardinal number is taken to be the defi: 
Thus, Card • 21^ = a^. 


256. Example 1. Let 

+ • • • H- = 0 

have rational number coefficients. Each coe; 
over the enumerable set of elements in tl 
system J? = \r\^ whose cardinal number is 
form a set 21 = (ac, ••• «n) = 1^}- To the tota 
corresponds a distribution of the r’s among th 
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a(:<:rk(;a'I'ks 


(’iird 

we have the relation : 

K,'j = «o ’ 

for any integer n. 

On tho other hand, tlie iHiuations 1 ) ina 
the coinjdox 

Oh' 

and the totality of ecjuatioiis 1 ) is associated 

CS = )(rrp <?„){. 


But 

S(«i, = h/ii • 



)(«!, «a, " 3)1 = Kf'i’ " 2 )'' • 


Henco 

IS = \'hi • S"-i: • 


Thus 

Card (S =: e • e * c 

, H 

But 

Card (5 = Card /f* 



since each of those sets is ussotdated uiiiforml 
1). Thus 


c" = e • c 


257. Example. Any point x in w-way s 
TO (!0()rdinat(!S ••• eacli of which nn 

of real numhers 91, whose cardinal number i 
nates a-j ••• form a (iniUi set 

I =. (a-,, ••• x„). 

I'huH to s= lx\ corroHpondK tha clintrilnitii 
among the m elementH of or tli«^ mii 


ARITHMETIC OPERATIONS WITH CARDD 


258. = 

To prove this we have only to show that 
31^+^ and 31® • 31^ 

can be put in 1-1 correspondence. But this is c 
the set on the left is the totality of all the distrib 
elements of 31 among the sets formed of ® and S. 
hand, the set oh the right is formed of a combinatic 
bution of the elements of 31 among the. 33? and among 
such a distribution may be regarded as the distribut 
sidered. 

259. (a^)c = a^‘C. 

We have only to show that we can put in 1-1 cc 
the elements of 

(21®)® and 21®'® 

Let 31 = Jaj, 33 = S = {c}. We note that 31^ 
distributions of the a's among the J’s, and that the 1 
is formed of the distributions of these sets among tl 
are obviously associated uniformly with the distrib 
(x’s among the elements of 93 • S. 

260. 1. c” = = c 

where m, n are positive integers. 

For each number in the interval S = (0, 1^) can b 
in normal form once and once only by 

« •••in the m-adic system, 
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AGGREGATES 


Hence, = c. 

As = e, we have 1), using 1) in 257. 

2. The remit obtained in 247, 2 may he stated: 

= c. 

3. ec = c. 

F or obviously 

But by 3), c® = c and by 1) = c. 

261. 1. The cardinal number i of all functions f { 
take on but two values in the domain of definition 21, oj 
her a, is 2 

Moreover^ 2 ^ > a. 

This follows at once from the reasoning of 249. 

2. Let f he the cardinal number of the class of a 
fined over a domain 21 whose cardinal number is t, i 

f = c'^=2c>c. 

For the class of functions which have but two va 

1, 2c. 

On the other hand, obviously 

f=cc. 

But 

cc = (2c)c, by 260, 1) 

= 2cs by 259, 1) 

= 2c, by 253,2). 

= 2 c. 


Thus. 



NUMBER^ iiF Llfir VILLI. 


For let ? be a Cantor set in i [I, i!7*2]. lieiii 
limited, funetioii denned ovt^r t is iiiteo'nifjle. lln 
tlie points of % may lie set in eiiiforin eorresiMiU 
points of 2s 

4. Z7ie Mt of all f u PI 'npiM 

... 

whiiih are the mm of eonverii^‘ni uni wkm^ in 

ou^ in 2, has the cardinal numher t, 

4 

For the set 5 of continuous fniictioiis in 3 hi 
niiml>er c by 248. These fuiietioiLs are to lie disi 
the enumerable set iS of terras in 2). Hence tl 
functions is 

whose cardinal number is 

c^=c. 

Remark- Not every intei^rable function can be 
the series 2), 

For the cl^s of integrahle functions lias a caniii 
by 250. 

5. The cardinal number of ail etmmernhie ats in 
is c. 

For it is obviously the eardinal iiuiiiber of the 
over an enumerable set G, or 

CanI 9J® = c' = c- 


Numbers of IJmuulk 

262. In I, 200 we have defined algebraic eomt 
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A(;(jrk(;ates 


'Flic first to actually show the t^xisituicc of 
hers was Liouville. He showed how to form 
numbers. At present we have pnuHical 
whotluu' a fi^iven number is alR'ebraie or not. 
signal achievements of Hermite to have shown 
is transcendental. 

Shortly after Llndemann^ adapting Hermit 
that TT = 3.14150 ••• is also tninscimdental. 
probkmi the Quadrature of the Cirele was answ 
The researches of Hermite and Lindenninn m 
an infinity of transcendental numlnu's. It is, li 
pose to give an account of thesis famous resu 
our considerations to certain numbers which 
of Liouvillo. 

In passing let us note that the exiHten(!e of 
hers follows at once from 235, 2 and 244, % 

For the cardinal number of the set of real 
e, and that of the set of all real numbers is c, 

263 . In algebra it is shown that any alge 
root of an irreduaihle equating 

a,,x^ 4 - 

whose coefricients are iutegm's without eoimin 
the order of a is m. 

We prove now the theorem 

Let 

^hreiatieeli/ 

= ml alifehraie uumher of order an n ^ ^ . 


NM'MliKRS OF LIOUVJLLE 


for « siiico (h(i iiuuu'nitor of tho middle member is an i 
and lionet' > 1. 

On tbe other hand, by t.ho Law of the Mean [I, 397], 
.Ar„)-/(,0 = (r„-«)/'(^) 

wliero fi lies in Now/(«)=0 and /'(/3)< so 

ilene.t) ,, ^ 

I r„ — «| > ... 1 . 

' ^ M -Mqf 

on n.sin.LT 3). Hut. however large M is, there exists a v, su 
(/„ • d/, for any >i -v. 'rids in 4) gives 2). 


264. 1. Thr iiKinhfrK 


lO*' 1 ()»! 


whfrt' Id", and not all of them vanish after a certain im 
transeendental. 


For if L is algebraie, let its order bo m. Then if 
the Miun of the first n terms of 1), there exists a v such tha 


" A .1 


f'DrU 


, for n > V, 


=jFi *'* * * J- ... 71 


Iniing HtiOitutaiUy large. But J5) contradicts 2). 

llie 1 ) \vp call the fiunihers of Liouville, 

2. 7Vii' Bpf of Liourilli* numhen hm the eardmal Tiumher c 
Ft»r all real iuuutmrH in the interval ( 0 ^, 1 ) can be repr 
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ORDINAL NUMBERS 


Ordered Sets 


265 . An 91 is ordered, vvhrn a, 

its (‘leinuuts, either a ])r(U‘.e(les />, or a siuhhhhI^ 
law; such that if a precedes b, and h prectuli* 
code 6*. The fact that a precedes h nmy he ii 


Then 

states that a succeeds h. 


a < h. 
a>b 


.Exmnple L The aggn^j^ates 

1 it ... 

2 , 4 , 

<>i' "-j’ "ip ••• 

2, - 1, 0, 1, 2. :5, 

••• « 8 . « a. « 1 , ffu' "p ‘h' " 

aro onldnul. 


Kmmple ‘Ji. Tho rational mnnh»(r Kynti'm 
an inlinitu variety of ways. F(»r, hoitiff omi 
arranixcid in a HOdnonot) „ ^ _ 


ORDKRKl) BETS 


Kj'aiuplc Jf. 'The positive integers Q may be 
nilc varii^ty of ways besides their natural order, 
may wriU^ tluuu in the order 


1, 8, 5, ... 2, 4, 6, ... 

so t.luit tlu', odd numbers precede the even. Or 

1, 4, 7, 10, ... 2, 5, 8, n, ... 3, 6, 1 


and so on. We may go fartluir and arrange t 
(d stds, dims in the lirst set put all primes; 
tlu^ prodmds of two primes; in the third se 
tluHHi prinu‘.s; (de., allowing repetitions of the 
nund)er in s(d m precede all the numbers in set 
htn-s in eacdi siit may bo arranged in order of im 


Example U, The points of the plane Stg ma] 
inlinitti Viudt'ty of ways. Let Ly denote the rij 
tin*. ;rvaxis at a distance y from this axis, taking 
of y. We ordm* now the points of 9i2 by sti 


point on Lyf precedes the points on any Ly, 


points on any Ly shall have the order they alrei 
line due to their position. 


266. Similar Setn, Let 91, iJ3 be ordered am 
a h, a 0. If when a< a in 91, J </3 in ®, 
t(^ and write 


9t^S. 


Tims the two ordered and eciuivalent aggi 
when tjorresponding elements in the two sets 
rtdative order- 


(UU)IXAL Xr.M!U*:US 
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lu the corres]>t)iuleiu‘e *i!l h*t n,. ^ r i(»r r = 

lei bf, -h //, >/ == I, ‘i ••• 4'lu*n "il 

Ihumplt^ Let ‘•H — 1 *J :| 

Le.i the (‘orn’Spondenee uihI ^41 he 

I<ix. "2, Then % is not similur to For 1 is the 
31 while its associated idement is not first in 3th 

Example 4. Ltd, _ I i\ 

3[^=s r/p ... ^p 

Lot a, - ^2 n^l. dlitm 31 - t\ htii 31 

267. Let 31 ^ ® ^ (S. rhen 31 (ih 

For lot a -- b, <i ' E in 31 ^ 3h Let b -- (% // -- e* 
us establish a etirrespontlenee 31 tS hy set tilin’ ti 1 
if a <a' in 3L <*< (*^ hi C5. Henee 31 iS. 


Entaelie Sefn 

268, lad. 31 be any rmltnH.Hl ann*’^*R^d4% iiinl % v 
oleinentH of 33 htdnn htqit in tln^ same ridativt* ortlt 
and eatdi 33 lioth have a first tdmnmit^ \vi» say that 31 
or eiitaetie. 

Example /. 31 = 2, •*. fdH) is wtdl onlertn!, f 

element 2. Moreovm* any part of as fh Lh 2o, 
lirst (denumt. 


KUTA(''ri( 


Example I.(‘t = raticHuil t 

urningtHl in tlu‘ir ordtn* nf iua|>*uil 
also huH a lirst edtatuad, viz. 0. !i 
Kt>r tlu' partial sid vnnsisling nf 

IniH no first, (‘haiunit. 

Example 4 . An onhoasl std. whir 
times he lumli'. so hy orderin^^ its 
law. 

d'huH in l^x. d, U‘t us urnuiL!;'{* *: 
Obviously \H is now widl or<Uu*ed. 

Example a, • a^^ a,^ ••• Ap h,^ •- 
tirst eleimmt of 31 ; and any part of 

/v 

has a first ehmumt, 

269. 1. Eeerp partial net iB ef n 
ofuiereti* 

Kor has a first <d<nnent, sincH* 
orth«red. If (5 is a part of it is 
a first oliumuit. 

*J. //a in not the lant element of 

m an element ef 31 immediaietp follte 

Kor let he tla» part of 31 form 
lias a first eleniimt h sinee 31 is wvl 


ORDINAL NUMBERS 


^or example, let 

21 = • • • b-J)^ • • • 

i-'lien a,, -f 1 = «n+l 9 +• 1 = ^m+l 

<^n 1 = <^n~l 9 ^ “ ^m-1* 

rRere is, however, no — 1. 

(70. 1. ^ 21 is well ordered^ it is impossible to pick out an 
te sequence of the type 

a^> a^> a^> ••• 

^or ^ 

'O — *** 0^2 1 

, part of 21 whose elements occur in the same relative orde 
!l, and SS has no first element. 

1. A sequence as 1) may he called a decreasing sequence^ w 
a^< a^< ••• 

Y be called increasing. 

n every infinite well ordered aggregate there exist increas 
uences. 

». Let 21, -93, S, ••• a well ordered set- Let 21= \a\ be 
ered in the as^ 93 = {5} be well ordered in the 6’s, etc. Thi 

ft = 21, 93,6 

veil ordered with regard to the little letters a, b ••• 

ror U has a first element in the little letters, viz. the first 
at of 21. Moreover, any part of U, as 3S, has a first elemen 
little letters. For if it has not, there exists in 93 an infi; 
Teasing sequence 


^ > s > r > ••• 


si^xi'noNs 


Ijvt each SI, 5^, 
Let 


Then 


he well ordered. 

= SI + (5 = ^^4- 

e = St+ 6'+ 


u a well ordered seL '5 ^rreHerviaf/ the relatii 
uitaaL 

Kor 0 luiH a lirHt elomoni, viz. tho first. ( 
pari iS^ of 0 has a first oliamail. Kor, if nc 
au iufmiio (Iiua’oasijiig sc<piom‘.o 

r > q> p> ••• 

Now r lioH in some sot of 1) as Ifcnu^ 
St But in iR thoro is no seqiu'.uce as 2). 

5. Lot St, (S, ••• 1)0 an ordered set of ’ 
fjfattm, no two of which have an element in co 
must ^'uard against assuming that 3t + © + ( 
relative order intact, is necessarily well orderc 

Kor let tiB modify Kx. f) in 2(i6 by takinj 
points on each only a well ordered set whii 

Then the sum ^ 

has a definite meaning. The elements of 21 w< 
as in Kx. f> of 2115. 

Obviously 31 is not well ordered. 


fleeimiH 


271. We now introduce a notion which in 
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31=1, 2, 3,... 


Example 7. Let 
Then 

>5^100 = 1, 2,... 99 

is the section of 3f generated by the element 100. 
Examjple Let 
Then 

Sh^ == Cl^d^ • * • 

is the section generated by 5g. 

Sh^ = • • • 

that generated by 5^9 


31 — (^2 h^' 


272 . 1 . Every section of a well ordered aggregate \ 

For each section of 31 is a partial aggregate oi 
well ordered by 269, i. 

2. In the well ordered set 31, let a <b. Then / 
of 8b. 

3. Let @ denote the aggregate of sections of a 
ordered set 31. If we order @ such that 8a < 8b in ^ 
3 [, @ is well ordered. 

For the correspondence between 31 and ® is unifo: 


273 . Let 31, S be well ordered and 3lc-58. 
8a^8b. 

For in 3t let a^^<a^>a. Let V '^a^ and V 
31 33, we have 

¥'<b'<b; 

hence the theorem. 


SK(rri()NS 


175. Let 31, SB he well ordered and 31 ^ Then to jSa in 3( < 
eorrespond, two Heetions A7>, each iSa, 

A>r kit < A and A7^ 6^^, Then 

A7* jS(i, by 2G7. 
bit 1 ) c.ontradicts 274. 

176. Let 31, SB he (wo 7rell ordered af/j/retj/afes, Jt is imposi 
HtahltHh a uni form and iiimilar correspondenee hettveen 31 am 
nore than one wap, 

d)r Hay A'a A7> in one (‘.orronpondonce, and fSa jSl0 in 
er, />, /d iKiin^^ dilTorcnt elements of 93. Tlieii 

m ^ by 2(>7. 

rids contraduits 275. 

77, 1. We can now prove the following tbeorom, wide! 

converse of 276. 

3{, SB he well ordered, Tf section of SI corresponds 

ilar section of S, and curnversel//^ then 93 ^ St. 

4i\t us lirst show that St 93. Since to any Sa of S( co 
nils a similar scudion Hh in 93, let us set a h. No o1 
^ /#, and no othm* If ^ a, as then aSV ^ fHh or A7/ /S^a, wl 
tra(li(‘.ts 274, L(?t the lirst element of St (correspond to 
t of 93. Thus the (correspondence wo have set up betwee 
; 93 is uniform and St 

Ve show now that this (corricspomhuuce is similar. For let 
a ^ h and ft', rt' < a, 
m ft' < ft. For d' Ii(CH in fila ^ A7> and ft' a' lic^s in aW). 
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Let us begin by ordering the sections of 21 and 23 
Let B denote the aggregate of sections of S to whic 
tions of 21 do not correspond. Then B is well ordei 
first section, say Sh, Let < J. Then to in 2 
by hypothesis a similar section S(x. in 21. On the c 
any section Sa' of 21 corresponds a similar section 8 
viously J' < h. Thus to any section of 21 correspo 
section of Sh and conversely. Hence 21^>S^5 by 277 

279. Let 21, 23 he well ordered. Hither 21 is simile 
is similar to a section of the other. 

For either : 

1° To each section of 21 corresponds a similar 
and conversely ; 

or 2® To each section of one corresponds a simi 
the other but not conversely; 

or 3° There is at least one section in both 21 and i 
similar section corresponds in the other. 

If holds, 21 ^23 by 277, i. If 2° holds, either 21 ■ 
to a section of the other. 

We conclude by showing 3° is impossible. 

For let A be the set of sections of 21 to which no s 
in 23 corresponds. Let B have the same meaning f 
suppose 21, 23 ordered as in 272, 3 , A will have a fir 
and B a first section SjS. 

Let a< a. Then to Sa in 21 corresponds by hyp 
tion 8h of 8^ as in 278. Similarly if V < 0, to 81 
sponds a section 8a' of Sa. But then Sao^S^ by 2 


ORDINAL NUMBKRS 


R'' If a WH^tion of is tlui onlinal mimbe.i* of 31 in </re 
than that of 

lin ordinal nunilxn* of 31 may ho (Uniohal by 

Ord 31, 

dam no anibi^niity (^an arise, l)y tlu^ eorr(‘S|)onding small lotU 
any two W(dl onha-ial aj^^^n^t^alcss 31, ® fa, 11 uinhn’ one and ( 
of th(‘. thnu*. pnaualini^ eases, any two ordinal numbors 
sfy one of tln^ thiaa*. following ndations, and only one, vi'/. 

a — b , a‘ :b , a > b, 

if a * , b, it follows tlmt b ; ■ a. 


)bviouHly thi^y <nijoy also tlu^ followin|j^ projKn-t.ios. 


• If 


rt » b , b — c , t/ii'H a =s c. 


'or if c =a Ord CS, the first two ndations state that 


Uit tluui 
lenee 

• If 


SI -VIS , l).y 2()7. 
a ~ c, 

a >■ b , b >• c , t/irii ft > c. 


81. 1. i A\l 31 In? a liniU^ aR’jLj^n^.gati^ enibrae.ing’ say n (demei 


::in wo H(*i 


( )rd 31 =a n. 


iiH the ordinal nnndior cd a fuuto aggre^nito lias cnxactly sin: 
portioH to those of linile lairdinal nninlHU’s. The ordinal n 
of a (iniit^ ag'gn^gate is ml\L\d Jimtiu otlun’wise tramfimte. 
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. The cardinal number of a set 21 is independent of the o 
vhich the elements of 21 occur. This is not so in genera] 
inal numbers. 

\)r example, let ^ 2 3 ... 

^= 1 , 3 , 5 , ... 2 , 4 , 6 , ... 

Card 21 = Card ^ 

Ord 21 < Ord 33, 

le 21 is similar to a section of 23, viz. the set of odd numl 

. 5, ... 


82 . 1 . Addition of OrdhiaU, Let 21, 23 be well ordered 
bout common elements. Let 6 be the aggregate formed 
3ing the elements of 23 after those of 21, leaving the order i 
erwise unchanged. Then the ordinal number of g is called 
i of the ordinal numbers of 21 and 23, or 

Ord S = Ord 21 + Ord i8, 

c = a + b. 

?he extension of this definition to any set of well-ordered ag 
es such that the result is well ordered is obvious. 


. We note that 


a + b>a, a + b>b. 


‘ 21 is similar to a section of S, and 23 is equivalent to a 


. The addition of ordinal numbers is associative. 

?his is an immediate consequence of the definition of additi 


ORDINAL NllMHKRS 


Jut 21 section of (5, vi/..: while 3^ 2L lltuico 

a) . c , f*> = b, 

0) + I-** 1 V’ "I" <*> <■<>« 

. jff a > b, then c + a > c | b, /o/ a 4* c ' h f c* 

\>r 1(4 


a = Orel 21, b ^ Onl c — Ord (S* 

c(^ a > b, t'itn takci for a stallion jSh of 21. llu'u c f 

(5 4 21 , 


ordinal muuhor of 


, c 4- b iH thci ordinal nutnlMU- (»f 

IS + A'A, 

'ituwiiifjf t'lu^ ridativ(5 ordtu’ of tin', tdininniis. 

Uit I2) is a mud-ion of I ), and heiict^ c I it c 4 b. 
4ui pn>of of llu^ n^st of tln^ tln'oroin is obvious. 


83. 1. 77n* (mVuKtl numher immeduttet tf /tdtowintj Ci k a 4 1 

\}V 1(4. a = Ord 2t. licd. Iw^ a md fomnnl by adding aftiu 
elmncnts of 2t unolhm* eltniunit fn 'Flnui 


uppcme now 


a 4- 1 sss ( )rd b. 
a<c* b , c -OrdlS. 


luni (S is similar to a s<*(4itm of Hut tin* gr(*nttmt hih^ 
3 is iSh 21. ! h’uct! 

c * n, 

ch (arntrudicts 1 ). 


. /jet a h. 
i thitt 

'or let 


7Vten there In nue tuid tndj^ tute ardhut! tiumfh 

a b f b. 

a ^ Ord 21 , b Ord 2i 
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284. 1. Multiplication of Ordinals. Let 51, S be 

aggregates having a, i as ordinal numbers. Let us 

clement of SI by an aggregate 93. The resulting 

we denote by ^ 

^ • 91 . 

As S is a well-ordered set by 270, 3 it has an ordii 
W e define now the product t • a to be c, and write 

b • a = c. 

We say c is the result of multiplying ct hy 6, and ca 
We write 

a-a = a2 , a*a*a = a^ , etc. 


2. Multiplication is associative. 

This is an immediate consequence of the definitior 

3. Multiplication is not always commutative. 

For example, let 

3I = (aia2), 


Then 


Hence 


93 = (1, 2, 3 ••• in inf.). 

93 • 51 = ***’ **0* 

9f • 93 = C^i’ ^1’ ^2’ ^2’ 

Ord (i8 • Sf) = CO • 2 > CO, 

Ord (91 • 93)= 2 CO = CO. 


4. a < b, then ca.< cb. 

For S • 91 is a section of £ • 93. 


LIMITARY NUMBERS 


riiico I < 'JIh . I is similar to a Hoctioii of 31^, For simpl 
may taki*. 31,, i to bo a s(H*.tioii of 3l„. Lot, thorofon^, 


lousidor now 


31 = 31 1 f + «« + 


pin^ tlio ndativo onUn’ of tlu‘. tdonumts intact, 
tu'otl aiul has an ordinal niimbm* a, 

Us any 31^ bs a siu'tion of 31, 

«« < «. 


Idion 31 is 


'Iort‘.ov(‘.r any munbor : <t is also < some For if ^ 

ordinal numbm- 3^ must bo similar to a sotdaon of 31. 

VO iH no last, sis’.lion of 31. 


. l1io nnmbtn’ a \\‘o havc^ just do((U*minod is called tlio lim 
i^equenae I), Wo write 

aaraliinWy^ , ov a, 

Vo also say that a aorn*$p(md$ to the mpienae 1). 

kll mimbors (jorri^spoudin^ to intinito omnuorable incroa 

acnu’.oH of ordinal mnnhors arc calltal limitary. 

, If every in 1 ) then a < yS, 

'or if a is not the least ordinal number greater 1 

ry 

. If fi w < mnne 


<Cj < riCg < • * • 

A <^a< - 


86. In order that 
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287. Cantor’s Principles of Gienerating Ordinals. 
two methods of generating ordinal numbers, First 
to any ordinal number a. In this way we get 

OC “f* 1, (X -f- 2, ••• 

Secondly, by taking the limit of an infinite enume 
ing sequence of ordinal numbers, as 

CCj < OCg < OCg < 

Cantor calls these two methods the first and secc 
of generating ordinal numbers. 

Starting with the ordinal number 1, we get by sue 
cations of the first priilciple the numbers 

1, 2, 3, 4,... 

The limit of this sequence is (o by 285, 1. Using 
ciple alone, this number would not be attained ; to g 
the application of the second principle. Making ui 
principle again, we obtain 

CO -|- 1, G) -|- 2, G) -f- 3, ••• 

The second principle gives now the limitary numl 
by 285, 1. From this we get, using the first princi] 

g) 2 -f- 1, g)2 2, g) 2 Hh 3, ••• 

whose limit is g > 3 . In this way we may obtain the i 
com 4- , m, 71 finite. 

The limit of any increasing sequence of these nun 
CO , co2 , g )3 , g ) 4 , ••• 


LIMITARY NUMBKRS 


IRit hero tho proc-v'-ss dot^s nut, (wul, Kor th 

Cl) < (i)'^ <:: ... 

has a limit wliicdi wo (UaioUi hy 
Oontinuing wo obtain 

0)“* , (M)^ , (iU;, 

288. It is intmusstiag to sen*, how wa) may 
s(Rh of points whos(^ ordinal numberrs an? thi 
sidor<‘.(L 

In th(^ unit interval - (0, 1), hd- us iako 

t '*] I 1^' ... 

*i ’ 4 ' 8 ' 10 

’'riu'.so form a W(dl onhn’od sivt, whos(*. ordinal r 
points 1 ) diviihal ''Jl into a std. of intor\ 

^ % > %r- 

In m of thoHO intervals lot us takt< a sot 
givoH UH a H(dt whoHt^ ordinal numbm* is mm. 

In oa(di iuUnwal 2), let us iakti a set simila 
us a std. vvln^so ordinal uumbm* is Tho 
divitU^ ’JC into a sot of intervals. In oaol 
lot us taki^ a set of points similar to 1). 
points whose*, ordinal nuinbc*!* is ra'l (‘it*. 

Ltd. UH now put in a std of points wl 
is m. In 51^ ltd* us put a std whom*, ordim 
HO on, for tln^ otimr initu'vulH of 

Wt? ihuH ^td. in \H the* wt*ll ordcn*ed m^t 

m - 
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Classes of Ordinals 

289 . Cantor has divided the ordinal numbers 
Class 1, denoted by Z -^ , embraces all finite ord 
Class 2, denoted by embraces all transfinit 
corresponding to well ordered enumerable sets 
whose cardinal number is Kq. For this reason \ 

-^2 = 


It will be shown in 293, l that Z^ is not enume 

if we set ^ a rz 

= Card Z^^ 


there is no cardinal number between and ai 
294. We are thus justified in saying that Cl 
jZg or embraces all ordinal numbers corn 

ordered sets whose cardinal number is etc. 

Let ^ = Ord ^ be any ordinal number. The 
a < /3 correspond to sections of These sec 
ordered set by 272, 3 . Therefore if we arra: 
a < /3 in an order such that a' precedes a when > 
well ordered. We shall call this the natural < 
first number in Z-^ is 1, the first number of Z 
number in Z^ is denoted by X2. 


290 . As the numbers in Class 1 are the posh 
need no comment here. Let us therefore turn t 

If a is in Z^^ so is cc + 1. 

For let a = Ord 21. Let 23 be the well ord 
by placing an element b after all the elements of 
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Let Then lies in by 291. On 

285, a' is > any number in 2), and therefore 
1). But 1) embraces all the numbers of b; 
are thus led to a contradiction. 


2. We set 


Kj == Card Z^. 


294. There is no cardinal number between e 

For let a= Card 21 he such a number. Then 
partial aggregate of ^2, which without loss of 
taken to be a section of Z^, But every such 
able. Hence % is enumerable and whicl: 


295. We have just seen that the numbers in , 
able. Let us order them so that each numbe 
succeeding number. We shall call this the nat 

1. The numbers of Z^ when arranged in their 
a well ordered set. 

For Z^ has a first element o). Moreover any 
relative order being preserved, has a first elem 
not, there exists an infinite enumerable decreasi 


a>/3>7>“- 

This, however, is not possible. For /3, 7, ••• 
which is well ordered. 

There is thus one well ordered set having 
ber. Let 


H=OrdZ2- 


Let now 21 be an enumerable well ordered 


CLASSI^:S OF ORDINALS 


296 . 1 . An aggregate formed of an set of se 
Consider the sot 



"12’ 

"ill • 


••• (h^ •• 

^hx *• 

"22’ 

"23 • 

*• ^^2^^ 

*•* <h- *• 


■* 


* ’ ^io(a 

* * 



"■..3 • 


••• <^'aa ••• 

Here each row is an 

set. 

As 

there 

are an K. 


is an set of sots. To show that A is an sc 

each with some mxmber in the first two number 

In the first place the eleinonts where t, fc < co 
ated with the nninbers 1, 2, 8, < o). The eh 

lying just inside the square and wliich ar( 
by the condition that 4 = 1, 2, ••• co; /4 = 1, 2 
enumerable set and may therefore be associated wi 
<», (» + l, < (o2. For the same reason the elenn 
the 0 ) + T** sciuaro may bo associated with the ordii 
< (i)B. In this way we may eontimie. For 
arrived at the row and column (edge of the 
have only used up an enumerable std of numbers i 

1 , 2 , 0 ) < a 

in our process of association. There are thus stil 
in 1) to continue the process of association. 

2. As a (‘.orolhiry of 1 we have : 

The ordinal mimhers 


a\ .*• 
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Since a< /3 we may take 31 to be a section 
we may suppose 48 is a section of S, etc. 

Let now 


Consider now 


48 = 81 + ^, S = 48+a 
8 = 31 + 5 + C+ ... 


keeping the relative order intact. Then 8 is 
270, 4. Let 

A = Ord 8. 


Since Card 8 = by 296, l, X lies in Z^, 

As any 31, 48, ••• is a section of 8, 

cc< ^ < ••• <X. 

Moreover, any number /x < \ is also < some 
3)1 has ordinal number /a, 3)i must be similar 
But there is no last section in 2. 


2. We shall call sequences of the type 
The number X whose existence we have just esi 
call the limit ofl). We shall also write 

a< yS< 7 ... =X 

to indicate that a, yS, ••• is an sequence whose 


298 . 1. The preceding theorem gives us a 
generating ordinal numbers. We call it the th 
We have seen that the first and second princij 
erate the numbers of the first two classes of ord 
do not suffice to generate even the first number, 
prove now the following fundamental theorem : 

2. The three prhiciples already described are i 


C’LASSKS OK ()IU)INALS 


wluvTO /3 lioH in In latti'r rt^asoir 

shows (hat W(^ (*.an ()i(^k out. a,n Kj iiic.rt'asini^ s( 

• 


299. 1. The numhera of Z^^/orm a eet who^ 
u > . 

The proof is (nutin^Iy similar t.o h Si 
()c = Lot US arraiif^ts tlu^ tiloimmts of Z.^ in 

*** ••• ••• 

As in 202, ilmn^ (exists in this siupumia^ an i 

a I < «.j < ••• * (i'. 

Thou lies in Z^ hy 207, l. On the other haii 
any nninlun* in -2) and greater than i\ 

Ihit 1) embraces all the numbers in Zg by hj 
thus led to a contradieiiom 


1 We set 


Kj^C’ardZ^. 


8. There u no eardinal numher between <vt 

For let ('ard be Btndi a number, Tlun 
a section of Z^. Hut evenly such section has 
her 


300. The reasoning of the preceding pars 
on(*.e g(merali'/,ed. 'rhe ordinal nnmlHirs of 2 
W(‘ll ordennl si^ts of cardinal ntnnl>er H,* .j forn 
having a greater cardinal monber a than H,,,. g, 
no tmrdinal lying between and a* We 

tirfiiififii.fil V t*. Ivu It It 
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CHAPTER X 


POINT SETS 

Pantaxis 

301. 1. QBorel^') Let each point of the limited 
21 lie at the center of a cube S. Then there exists a 
of non- overlapping cubes such that each c lies wi\ 
each point of % lies in some c. If is limited dm 
is a finite set jc} having this property. 

For let Dj, i >2 *** ^ sequence of superposed c 

of norms = 0. Any cell of which lies with! 
which contains a point of 21 we call a black cell ; 
of D we call white. The black cells are not furt 
The division divides each white cell. Any of t' 
cells which lies within some S and contains a poin 
black cell, the others are white. Continuing we 
able set of noh-oveiiapping cubical cells 

Each point a of 21 lies within some c. For a 
some £. But when n is taken sufficiently large, a 
i>^, which cell lies within S. 

Let now 21 be limited and complete. Each a lies 
or on the faces of a finite number of these c. W 
ate the diagonal S of the smallest of these ci 


rAN'l'AXIS 


colls of Boino n sunic.iciitly lar^n^, which surr 
coiho 6% lyiu|^ within (5. 'rims the points of % 
enumerable set of (U‘.lls jej, (‘at‘.h e lying* within 
(H‘Jls (M>f c.oursc will in gnnnu’al ovcu’lup. Ohvion 
coin()hitt‘,, the points of will lie within a hn 
these 6*\s. 

302 . //"il in iV w perfect. 

For, in the first phuM% is (hmst^ In fac.t, l(‘t < 
31'. 'Then in any I>^{a) tlun’i's are points of 31 . ] 

])oint. Sim^e 31 is (lense, it is a limiting point of 31 
j)oint of 31'. 'rims in any />*(«) there are points 

HecoiuUy, 31' is completes by I, lilifh 

303 . Let he a complete partial of the perf 

Then (5 = 31 « u detiHc. 

For if tS (jontains the isolnttul point c, all the pchnt^ 
lie in if r is taken Hnlliciently smalL But 
plet(^ c must then lie in 

Itemark. We take this ocuaiBion to note that a in 
rogarthal as complete. 

304 . 1. /f 31 docH not embrace all it has at I 
point in 

For let a be a point of 31, atnl h a point of i 
points on the j(un of a, b have eobreUnates 

ji\ fo 4- 0 ( In - <h ) ^ 0 < < 1 , i = 1, 

Li^t. 0^ he the maximum of tlmse Hitch that .r 
3t if 0 < Then ) is a frontier point of 31. 
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Example 1, Let 21 be the unit interval ( 
tional points in 21. Then 33 is pantactic in 21. 

Example 2, Let 21 be the interval (0, 1), a 
of I, 272. Then ^ is apantactic in 21. 

2, ^ 33 <21 is pantaetic in 21, 21 contains ^ 
in' 23. 

For let a be a point of 21 not in ©. Then 
i> 5 (a) there is a point of 33. Hence there are 
of 33 in this domain. Hence a is a limiting j 

306 . Let 21 be complete. We say 33 < 21 
in 21, if 33 is the union of an enumerable s< 
in 21. 

If 33 is not of the 1° category, we say it is 

Sets of the category may be called Bain 

Example, Let 21 be the unit interval, 
points in it. Then 33 is of the 1° category. 

For ^ being enumerable, let 33 = 
point and is thus apantactic in 21. 

The same reasoning shows that if 33 is ai 
21, then 33 is of the 1° category. 

307 . 1 . If is of the 1° category in 21, 21 - 

For since 33 is of the 1° category in 21, it 
enumerable set of apantactic sets [Sdnl- The 
exist points in 21 such that 


Ai(«l)> A,(«2)> ••• ’ 


PAN^FAXIS 


3. Let 33 he of the category in 31. Then u 
2^ category in 21. 

For otherwise J© + would ho. of thc^ P (ijii 

21 C© + B) = 0, 

and this violates 1. 

4. It is now easy to exanipU^s of s(^ts 
For instance, the irrational [)oints in the ini. 
set of the 2° category. 


308 . Let 21 he a i>'et (f the category in 
A = Q. — 31 ham the cardinal nnmher c. 

If A has an inner i)oint, for sullichint 

As Card tlie theorem is })roved. 

Suppose that A has no inner point. Li‘t. 3t 
apantactic sets 21^ < 21.2 ^ *“ = 

the maximum of the sides of tlii‘ eulx^s lying 
viously = 0, since by hypothesis A has no ii 
be a cube lying in A^. As = 0, tluu‘e c^xisl! 
has at least two cu1h‘s lying in ; call ilunu 
ists an 9^2 > su(*.h that cn.(*h hav(^ tw 

^0,0 ’ 


or more shox'tly 

Each of those gives rise', similarly to two 
whicli may be dcnoUul by where the in 

the values 0, 1. In this way we may (‘.outinue 


Qii 1 4?4(i 1 Q 

Let a be a point lying in a secpumc^e of tlu 
oiisly does not lie in 21, if tlu5 indituis ari^ not, j 

a, 11 0 nr nil 1. '*rin« oninl iw nlnu’n.ntfu-iv.n.d h^ 
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For let jDj > 1)2 > “• be a sequence of supe 
of Q, whose norms 0. Let 

^11 ’ ^12 ’ ^13 * * * 

be the cells of containing no point of 21 wit' 

^ 21 ’ ^ 22 ’ ^23 ■** 

denote those cells of containing no point of 
not lying in a cell of 1). In this way we may 
quence of cells ® where for each m, t 

is finite, and 00. Eacli point a ot A lies in 
being complete, Dist (a, 21) > 0. As the norn 
in some cell of for a sufficiently large n. 
theorem is now obvious. 

310. Let 33 he pantactic in 21. Then there e 
set (£:< 53 which is pantactic in 21. 

For let jD 3 ^>i> 2 > be a set of superimpose 
of norms In any cell of containin 

of 21, there is at least one point of 58. If tlie 
the face of two or more cells, the foregoing s 
for at least one of the cells. Let us now take 
in each of these cells; this gives an enumei 
same holds for the cells of Let us take 

these cells, taking when possible points of . 
points of this set not in (gj. Continuing in thi 

g = (5, + g2+ - 

Then (g is pantactic in 21, and is enumerable, 

flrwrill nT'i! Tvt. nm.ni spf. 9T. nT flui' 


PANTAXIS 


/(O=/C0. 

2. Letfixy ••• he continuous in the limite 
If the value of f is known in an enumerable p 
which contains all the isolated points of 21, in Ci 
value off is known at every point of 21. 

For let a be a limiting point of 21 not in 
in 21, there exists a sequence of points e^ 
Since f is continuous, fQef) As / is 

it is known at a. 


As /is continuous, 
Hence 

and G lies in (5. 


3. Let ^ z=z \f \ he the class of one-valued 
defined, over a limited point set 21. Then 

f = Card 0^ = c. 


For let 0?^ be a space of an infinite eni 

dimensions, and let . . 

y = (yi, •••) 

denote one of its points. Let/ have the vali 
7)2^^ ^2 “* points of (5 defined in 2. 1 

% •••) 


completely determines /. But this complex 
point 7) in whose coordinates are We 


7j. Hence 


f < Card = c. 


On the other hand, f>c, since in g tin 
f(xi ••• x^') = g in 21, where g is any real numl 


T./>t SPi thfi. rtlasiSi n'f nn'mmlp.tp. nr 
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Obviously the cardinal number of the class 


1) is = c. But 


(a, •••) 


is a complete set in §1. 
For let 


Hence c. On the 
i>l>i>2> ••• 


be a sequence of superimposed cubical divis: 
Each Dn embraces an enumerable set of cells, 
divisions gives an enumerable set of cells. Ea 
assigned to it, for a given set in 35? the sign + 
33 is exterior to this cell or not. This determ; 
of two things over an enumerable set of compar 
The cardinal number of the class of these disi 
But each 33 determines a distribution. Hence ] 


Transjznite Derivatives . 

313. 1. We have seen, I, 266, that 

••• 

Thus = §1" ... §!«)• 

Let now 21 be a limited point aggregate of tl 
It has then derivatives of every finite order. 

n 21'^ -0 

contains at least one point, and in analogy wit 
set 2) the derivative of order m of % and denote i 


or more shortly by 


TRANSFINITE DERIVATIVES 


In order that the point set is of the first spe 
and sufficient that — 0. 

2. We have seen in 18 that §1“ is complete. 

I, 266 shows that when they exist 

Then 18 shows that, 7z= 1, 2, exih 

exists and is complete. The set -3) is called the 
CO • 2 and is denoted by 

gi(u,2) OJ, gja>2^ 

Obviously we may continue in this Avay in( 
reach a derivative of order a containing only i 
points. Then ^ 

That this process of derivation may never sto] 
taking for 21 any limited perfect set, for then 

2l = 2I'=3I''= ••• =2l“ = l-' = 

3. We may generalize as follows : Let a dem 
nal number. If each 21^ > 0, /9 < a, we set 

when it exists. 

4. If 21“' > 0, while 21 = 0, we say 21 is of o? 

314 . 1. Let a be a limiting point of 21. Le' 

fits = Card V^Qa). 

Obviously as is monotone decreasing with 
there exists an a and a > 0, such that for all ( 
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2, Let %hea limited aggregate of cardinal number 
is at least one limiting point of 21, of rank a. 

The demonstration is entirely similar to I, ^ 
§2 > • • • =0. Let ns effect a cubical division of 21 
at least one cell lies an aggregate 21 ^ having the 
ber 06 . Let us effect a cubical division of 2Ii of n 
least one cell lies an aggregate 2 I 2 having the care 
etc. These cells converge to a point a^ such that 

Card Vs(a) = 06 , 
however small S is taken. 

8. Jf Card 21 > e, tAere exists a limiting point of 

The demonstration is similar to that of 2. 

4. If there is no limiting point of 21 of rank > e, \ 

This follows from 3. 

5. Let Card 21 > e. Let 58 denote the limitx 

whose ranks are > e. Then 58 perfect. 

For obviously 58 is complete. We need therefoi 
that it is dense. To this end let 5 be a point of 58 
us describe a sequence of concentric spheres of radii 
spheres determine a sequence of spherical shells j 
which have a point in common. If 21n denote the po 
we have y ^ 

Thus if each 21,^ were enumerable, V is enumer 
Rank h is not > e. Thus there is one set 21^ whi( 
merable, and hence by 3 there exists a point of 58 in 
there are points of 23 in any Vf(b), and b is not is 

6. A set SI which contains no dense component is e 


TRANSFIJSriTE DERIVATI\ 


complete. The derivatives of 91 of order < 
plete, form a well ordered set and have thei 
91^ where is necessarily a limitary number. 

9t^ = Dv(%y^ , 7 < /3. 

But every point of 91^ lies in each 91”^. I 
point of W is a limiting point of each 91^ a 
Hence 91^ is complete, which is a contradictio 

316 . Let a he a limitary number in Z^- 
/3 < a, 91*^ exists. 

For there exists an ^ — 2, seque 

7<S<e<77< = a. 

Let c? be a point of 9lv, d a point of 91^, e 
Then the set r j ^ \ 

has at least one limiting point I of rank 
in 1). Then Z is a limiting point of rank 

f-i **•)* 

Thus Z is a limiting point of every 91^, /3 < a, 

317 . Let us show how we may form poini 
is any number in or Z^. 

We take the unit interval 91 = (0, 1) as 
siderations. 

In 91, take the points 

= ^ ^ i / I ^ if 
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Obviously ^ 3 , I , 

Hence = ig ' = 1 and S3"' = 

Thus SJ 2 is of order 2 . 

In each of the intervals 2) we may pi 
to ^82 9 such that the right-hand end poi: 
limiting point of the set. The resulting 

This shows that we may form sets of ( 

Let us now place a set of order 1 in 5 
etc. The resulting set 93to is of order co 
in 312 while the point 1 lies 

Thus ^ ^ 

Hence = 0, 

and is of order co. 

Let us now place in each 31^ a set si 
right-hand end point of 31^ as limiting 
is of order <» -f 1 . In this way we 
of order (» + 2, co -f 3, ••• just as we did 
may also form now a set of order ct) 2 , a 
of order co. 

Thus we may form sets of order 

0) , ct> • 2 , 0) • 3 , 

and hence of order co^, etc. 

318, 1. Let 31 he limited or not^ and i 
points of%^. Then 


TRANSFINITE DERIVATIVES 


On § 1 “ we can reason as on 21 ', and in general i 

W = 221'/) + 2l'“), 

/3<<i 

which gives 1 ). 


2 . ^§ 1 ^= 0 , 21 and W are enumerable. 
For not every 


;(-) > 0 


a< O, by 316. 

Hence there is a first a, call it 7 , such that S 
reduces to 

2I'==22IP> , /3:=1, 2,...<7. 

But the summation extends over an enumei 
each of which is enumerable by 289. Hence 
But then 21 is also enumerable by 237, 2 . 

3. Conversely,, if 21 ' is enumerable,, 21^ = 0 . 

For if 21^ >0, there is a noivenumerable set 

no 21 ^^^ is perfect ; and as each term contains a 
21' is not enumerable. If some 21^^^ is perfect, 
feet partial set and is therefore not enumerable 

4. From 2 , 3, we have : 

For W to be enumerable,, it is necessary and s 
exists a number a in or such that 21 '*’ = 0 . 

5. If 21 is complete,, it is necessary ayid suffid 
be enumerable,, that there exists an a in Z^ or Z^ s\ 

For 


21 = 21 , + 21 ', 
and the first term is enumerable. 


6 . If 21^ = 0 for some yS < fl, we say 21 is red\ 
is irreducible. 
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Obviously 

Hence 


sn' — 1- 3 7. ... — ^ 

"^2 ““2 ’ 4 ■* 8 ’ ^1 * 

= 1 and = 0 


Thus ^2 order 2. 

In each of the intervals 2) we may place a set of 
to such that the right-hand end point of each 1 
limiting point of the set. The resulting set ©g is o 

This shows that we may form sets of every finite 

Let us now place a set of order 1 in a set of 
etc. The resulting set SBco is of order (». For 
in 3 t 2 ••• while the point 1 lies in every S3* 

5gfa>) _ i 

Hence = 0, 

and So, is of order oo. 

Let us now place in each 21^ a set similar to 3 
right-hand end point of 21^ as limiting point. Tl: 
S3a,+i order co 1, In this way we may proce^ 
of order <» 4- 2, © -f 3, ••• just as we did for orden 
may also form now a set of order (»2, as we befor 
of order co. 

Thus we may form sets of order 


CO , CO • 2 , 0) • 3 , o) • 4 


and hence of order ca^, etc. 


318 . 1 . Let 21 be limited or not^ and let 21 /^^ den 
points ofW- Then 

21' = 22l(^> + 21^ , /3 = 1, 2, ... <n 


TRANSFINITE DERIVATIVES 


On SI" we can reason as on 21^ and in general 

21' = 22[f + 21^"), 

^<<x 

which gives 1). 


2. ^21^ = 0, SI and 21^ are enumerable. 

For not every n 

21^"^ >0 <x<0, by316, 


Hence there is a first a, call it 7, such that ! 
reduces to 

2F = S2IP> , /3=1, 2, ...< 7. 

But the summation extends over an enumei 
each of which is enumerable by 289. Hence 
But then 21 is also enumerable by 237, 2. 


3. Conversely., if 21' is enumerable., 21^ = 0. 

For if 21^ >0, there is a non-enunierable set 
no 21^^^ is perfect ; and as each term contains ‘c 
21' is not enumerable. If some 21^^^ is perfect, 
feet partial set and is therefore not enumerable 


4. From 2, 3, we have : 

For W to he enumerable., it is necessary and s 
exists a number a in Z-^ or such that 21“ = 0. 

5. If 21 is complete., it is necessary and suffici 
be enumerable., that there exists an a in Z^ or Z^ S' 

a[=2i. + 2)(', 

and the first term is enumerable. 


6. If 21^ = 0 for some >8 < XI, we say 21 is redi 
is irreducible. 
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Let Sn denote a sphere about a of radius L< 
points of S3 lying between including th 

may lie on Then 

S3= + ^3+ •** 

Each S3^ is enumerable. For any point of S! 

= a. Hence S3^ = 0 and S3m is enumerable by 
Thus i8 is enumerable. This, however, is : 
= a, and is thus > 0. 


320. 1. In the relation 


the first term on the right is enumerable. 


/3 = 1 , 2 ,... <1 


For let us set 
also let 


S8 = ; 


0 . 


> ^2 > • 

Let S3n denote the points of S5 whose distance c 

fies the relation - ^ 

rn>o> 

Then the distance of any point of S3Jj from 21^ i 
includes all points of SB whose distance from 21^ i 

33 = S3o + «i+i 82 + - 

Each iBn is enumerable. For if not, 33^ > 0. 
S3^ as b lies in 21^. Hence 


Dist (5, 21^) = 0. 

On the other hand, as h lies in its dista 
> r„+i, which is a contradiction. 

2. W is not enumerable^ there exists a first n 


COMPLETE SETS 


Complete Sets 

321. Let us study now some of the properties of 
sets. We begin by considering limited perfect i 
Let 21 be such a set. It has a first point a and a Ig 
therefore lies in the interval J=(a, 5). If 21 is pj 
partial interval J = (a, of J, 21 embraces all t] 
since 21 is perfect. Let us therefore suppose that 
in J. An example of such sets is the Cantor set oi 

Let jD = J S I be a set of intervals no two of whii 
in common. We say D is jpantactic in an interval 
tains no interval which does not contain some in 
least a part of some 5. 

It is separated when no two of its intervals h; 
common. 

322, 1. Every limited rectilinear apantactic perj 
mines an enumerable pantactic set of separated ini 
whose end points alone lie in 21. 

For let 21 lie in jr=(a, /3), where a, are the 
points of 21. Let ig = J— 21- Each point 6 of S f 
terval S whose end points lie in 21. For other 
approach I as near as we chose, ranging over a set 
But then S is a point of 21, as this is perfect. L 
take these intervals as large as possible and call th 

The intervals S are pantactic in /, for otherwise 
apantactic. They are enumerable, for but a finit 
lengths > I/n ~{- 1 and < J/n, 1, 2 ••• 

It is separated, since 21 contains no isolated poin- 
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21 contains no other points. For let a be a point o 
Let a be another point of 21. In the interval 
end point e of some interval of i>. In the interval ( 
other end point In the interval (a^ lies anotl 
^ 2 , etc. The set of points e, eg--* Hence 

which is a contradiction. 


324. Conversely^ the end points E—\e\ and the limi 
the end points of a pantactic enumerable set of sepaT( 
D = J S I form a perfect apantactic set 21. 

For in the first place, 21 is complete, since 21 = (^, 
contain no isolated points, since the intervals 8 a; 
Hence 21 is perfect. It is apantactic, since otherwise 
brace all the points of some interval, which is impos 
pan tactic. 


325. Since the adjoint set of intervals D=^\h\ is e 
can be arranged in a 1, 2, 3, • • • order' according to siz 
Let 8 be the largest interval, or if several are equa 
of them. The interval 8 causes I to fall into two otl 
The interval to the left of 8, call i^, that to the right 
The largest interval in 1^^ call 8 q, that in ij, call 8^^. 
we may continue without end, getting a sequence of 


K ^0’ ^1’ ^00’ 

and a similar series of intervals 



j, Jqq, i^i*** 

The lengths of the intervals in 1) form a monotoi 
sequence which = 0. 

If V denote a complex of indices tjfc ••• 


COMlM.K/rK SETS 


Let be its adjoint set of intervals, a 

Let (5 be the Cantor set of I, I^et its ad jo 

be II ^ {Vvl-) arranged also as in If vvc s 

D II. II euce ^ 

But Card S = c by 244, 4. 

2. The (uvnliual number of every limited reetil 
is either e or c. 

For we have seen, 820, 4, that 

where (S is enumerable and $ is perfee.t, 

If s}J = 0, Card = c. 

U Card ?I = c. 

‘For Card % = (^ard (g + (hird ^|5 = e + c = c. 

327 .' The cardmal number of every limited eon 
either t or c. It is c, f 51 has a perfect aomponen 

The proof may be made by induction. 

For simplicity take m = 2. By a transformat 
we may bring 9[ into a unit scpiare A’'. I>et us 
91 were in S originally. Then Card 51 .< c by 2 
Let (S be the projection of 51 on one of the sicl 
points of 91 lying on a parallel to the other side 
point of S. If SS has a perfect component, (^ar 
Card 9t = c. If ^8 does not have a perfect comp 
number of each J© is c. Now (5 is (uunplete l)y 
if £ contains a perfect comnonent. Card E = 
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complete, any point a of A is an inner point of jf 
lies in A, for some p sufficiently small. Hence c 

We have thus the result : 

An^ limited complete set is uniquely determined 
set of cubes [d^]^ each of which is exterior to it 

We may call :0 = the border of H, and tin 
cells. 

2. The totality of all limited perfect or complete 
dinal number c. 

For any limited complete set is completely ( 
border {dn\- The totality of such sets has a 
< = c. Hence Card f S} < c. Since among th 

of segments, Card £ > c. 

329 . If denote the isolated points of 91, a 
limiting points, we may write 

2r=2r, + 2rx. 

Similarly we have 

+31.., 

91.3 = 9l.2t + 91.3, etc. 

We thus have 

91 = 91t + 91.^ + 9l.2i 4* • • * + 31.^-!^ 4' 5 

At the end of each step, certain points of 91 are i 
may be considered as adhering loosely to 91, wliil 
remains may be regarded as cohering more closely 
we may call 91.«~it, the adherent^ and 9l.»^ the 


COMPLETE SETS 


If a is a limitary number, defined by 

CCj 0C2 

we set 2l„ = i>v 1 2Ix“ ( 

and call it, when it exists, the coherent of orde 
write gj ^ « = 1, 2, ... < / 

a 

where /3 is a number in 


330. 1 . When 51 is enumerable^ 

SI = 25Ixa. + « = 1, 2, 

a 


= 3^ + ® ; 

where Q is the sum of an enumerable set of isolat 
it exists^ is dense. 

For the adherences of different orders have r 
with those of any other order. They are thus 
sum 3* can contain but an enumerable set of a' 
wise SI could not be enumerable. Thus ther 
number /3 for which 


SIx^c = 0. 

As now in general 

51 ;,^= 21 .^. + 

2I;,^=2Ix^+i = 2Ia^+2_... 

As S^v^ thus contains no isolated points, it is 
by I, 270. 

2. When SI is not enumerable,, !© > 0. For if 


we have 
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these may be consolidated with the cells of D 
vision A of norm S which in general will not b 

SIa = Si + 

The last term is formed of cells that contain o 
of points of 21. These cells may be subdivr 
division E such that in 

the last term is < e/3* Now if 8 is sufficient 

Sa-^<| . 

Hence from 2), 3) we have 1). 

332. Card3[ = c. 

For let 58 denote the sifted set of 21 [I, 71 
feet. Hence Card 58 = c, hence Card 21 = c. 


333. Let 21= {aj, where each a is metric and 
two of the as have more than their frontiers 
enumerable set in the 21 may he unlimited. 

Let ns first suppose that 21 lies in a cube Q. 
removing its proper frontier points. Then nc 
a point in common. Let 


? 1 >? 2 > 


: 0 , 


where the first term = Q. There can be bi 
sets a, such that their contents lie between 
For if ^ 
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U2>j>('y Miumtre 

334. 1. Let ?( be a limited point 8t‘t. An 
metric sets i)= such tluit each point of % 
called an endosure of ?l. If (^ae.li |)oint of ?l liet 
is called an outer cmdosnre. The stds arc', c'.al 
enclosure corresponds tlie finite or iidinito soric} 


which may or may not converge. In any cmse t 
the numbers 1) is linitci and < 0. For let A be 
of space, 21^ is ohvioxisly an enedosure and tlui c 
1) is also 31 a, since we have agreed to read this 
as a point set or as its content. 


We call 


Min 


with respect to the class of all possible enclos 
measure of 21, and write 

i=:Meas2l=Mini;cl,. 

D 

2. The minimum of the mmiH 1 ) u the m:me w> 
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As e is small at pleasure, Min c 
closures = Min over the class of all 

3. Two metric sets whose common i 
are called non-overlappi'^ff^ i be enclos 
overlapping, when any two of its cells i 

Anp enclosure D may he replaced by a 
For let UCdi, (^ 2 ) = + < 

Z7(cZi, do) = d^-i- e 

U(d^ c?2 ^8 ^ 4 ) == ^ 

Obviously each is metric. For un 
Then J?= {e^\ is a non-overlapping enc 

we see that the minimum of the sums 1) ^ 
ourselves to the class of non-overlapping e 
Obviously we may adjoin to any 
improper limiting points. 

4. In the enclosure JE=\en\ found 
have a point in common. Such enclosi 

335. 1. Let L = {d^\^ E = \ef^ be twe 
of 31. Let 

Then 

A = L, K = 

is a non-overlapping enclosure of 21. 

For is metric by 22, 2. Two of t 
overlapping. Each point of 31 lies in 

hp.no.ft n. lip.R in ^ . 


As 

we have 


UrrKK. IMKAfSlIRE 


Min Min 'Ed^<Mui 

A I> K ^ 

from wliicli 1) follows at once. 

337 . 7 / 91 w metric^ 


91 = 91. 

For let 1) 1)0 a cubical division of spa(*-c such 

Let us set 33 = 91[/>. Let .'E=z]e,\ be an oiiU 
Since S3 is complete, there t^xisls a linite set ol 
contain all the points of by 301. The vol 
obviously >^; a fortiori 

^ > «. 

by 33(!, 

>91-6, by 2). 
i <9U<i + €, by 2). 

From 3), 4) we have 1), sim;e e is arbitrarily 


Hence 

But 


On the other hand, 


338 . If 9( in complete^ 
For by dclinition 


9t = 9f. 

i=M'in :S^i, 
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339. Let the limited sei 21 = he the uniot 
enumerable set of sets 2I„. Then 

For to each 2(„ corresponds an enclosure D, 

Sin. < in + -r ’ « > arbitrari: 

But the cells of all the enclosures i)„, also 
Hence _ ^ /= , \ 

21<2i„.<2(^2r„ + |;j 

<2i„ + e. 

This gives 1), as e is small at pleasure. 


340. Let 21 lie in the metric set 3)2. Let 
complementary set. Then 


For from 
follows 

But 


m = ^ + A, 

^<S+Z by 339. 
^ = §2, by 337. 


341. ^f2I = 23 + S, and 33, E are exterior to 

i=s+f. 

For, if any enclosure D = \d,\ of % ernbrac 
a point of S3 and E, it may be split up into 


Ul’PKK MEASURE 


By proi)erly choosing I), wc nniy crowd tli 
down toward its inininuim. Now the class o 
included in the class of all enclosures of 33, an 
holds for i>". 

Thus from 2) follows that 

This with gives 1). 

342. If 31 = 33 + yOf heing metric, 

= + 


For let D he a cubical division of norm d. I 
of in the colls containing points of Fi^)nt ! 
the other points of Then m and 93 arc^ oxt( 
and by 337 and. 341, 

Melts (93 + m) = ^1 + iu . 

2r = S8-i-m + n, 


Also 

Thus 


Moils (59 + m) < k I 
21 < S 4- lit + n by 
i + m<2l<58 + ffi + h. 


Now if d is suniciontly small, 

yj^~€<ni ; Tt<e. 


Thus 2) ffivoH, as m < 2)i, 

i 4- - 6 < §i < sa 4- 'i? 4- €, 

which gives 1), as 6>0 is arbitrarily small. 
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Thus _ 

S - J = S + §1 - (§1 + 5) = ■ 

s - ^ = § + Si - (Si + J) = : 

2. If 2f<i8, the complement of 2f witli 
frequently be denoted by the corresponding E 

^ = (7(21), M( 

' =33-21. 


Lmoer Measure 


344. 1. We are now in position to define 

measure. Let 21 lie in a meti’ic set 2)?. Thi 
^ = — 21 has an upper measure A. Wes 

is the lower measure of 21, and wi'ite 

21 = Meas2l = §?-I. 


. By 343 this definition is independent of tin 


When 


21 = 21 


we say 21 is measuralle, and write 


S=2i=a. 

A set whose measure is 0 is called a null sc 


2. Let 11= {Ci} be an enclosure of A. 

21= Max (TO -250, 


Then 


J.(>VVKK MKAHIIKK 


345. 1. 


31 > 0. 


For lot 2t lio in tho iiiolric not 
Then 


3t = m - A. 


Hut hy 380, 
honoo 


A<m, 

m-A>o. 


2. 3l<3l. 

For hit 31 lie in the luotrii; sot 3JJ. 

3t + yl>3T; by 840. 
11 01100 3f==33j-yl<3l. 


346. 1. For any limited hH 31, 

< 3t < 3t < fl 

For lot D=i]d^l bo an (iiicloKuro of 31. Then 

31= MinSf?,, 

i> 

wluni T) raugOH over tlui cla, hb F of all finite. eiuiloHiu 
other hand, 

i = MinS< 

/> 

when D ran|jf(‘<B over tlio clasH Fj of all einnnerabh 
But the claHB F ineludos tho claBH F, Hence 31 < 31. 



350 


MEASURE 


% If metric^ it is measurable, and 

SI- SI. 

This follows at once from 1). 


347 . Let 31 he measurable and lie in the metric 
is measurable^ and 


For 


% + A = m. 

since SI is measurable. This last gives 

This with 2) shows that A = A\ hence A is m 


2) now follows 1). 


348 . ^ 31 < 93, then 31 < 93. 


For as usual let A^ B be the complements of ^ 
to a metric set 2)?. Since 31 < ^, -4 > 5. 


Hence, by 336, 
Thus, 

which gives 1). 


A>B. 


349 . For 31 to be measurable^ it is necessary and 

i+i=^ 

where Sfl is any metric set > 31, and ^ = 3)? ~ SI. 

It is sufficient, for then 1) shows that 
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Let S denote the infinite series on the right of 1 
let Sn denote the sum of the first n terms. Let 
Then < SI and by 336, 

2ln = ? for any n. 


Thus S is convergent and 

S<M. 

On the other hand, by 339, 

t<S. 

From 3), 4) follows that 


= SI = lim = lim 31^. 

We show now that SI is measurable. To this er 
metric set > 31, and Sin + -4,^ = 90? as usual. 

Then 




But 

Thus 6) gives 
for any n. Hence 


A< An , hence A < A^- 

I + Sn < 

l + limSfn<^; 


or using 5), 
Hence by 339, 


+ 31 < ^. 

^ + i = §?. 


Thus by 349, 31 is measurable. 
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As all the points of A are in JS, and also in (7, 
JE and and hence in the cells of D, which thu 
enclosure of A, Let 


7m — ^m2 "0 5 — (^In? ^2^ 


Let us set 


— 7m d" 9 “1* • 


Then by 350, 


By 347, 
Hence 


7m — ^^mn. i Vn — • 

^m ^ 7m “t* ^ f n ^ Vn d" • 

“ S^m, 

m m^n m 

Si -- 2/, = ^ ~ ss;,, - 2^,. 


Hence adding, 

(Si-20 + (^-2i;) 

=9D? — [997 — (2^^ 4- 2A, 

Now m,n = l,: 

Thus by 339, the terra in [ ] is < 0. Thus ! 


But 


(Sz - s7^) +(M- s/„) <m- 2 


® = Max(^- 20 
6 = Max(§?-2/;). 


Thus 3) gives 1) at once. 


Measurable Sets 

353. 1. Xei a(=S3 + e. 1/ <8, S are meas- 
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2. Let 31 = 53 + S. 21, 53 are meamrahle^ so is ' 

S-S-S. 

For let 21 lie in the metric set 9K. Then 


Thus 

Hence 


5K-2I = 9K~(53 + S) = (2K-S)-59 

J. = a-55; 

(7=53 + JL. 


Thus O is measurable by 1. Hence S is measi 
and 

t = S + S. 


From this follows 2) at once. 


353. 1. Let 21 = 221^ be the sum of an enumerable 
able sets. Then 21 is measurable and 


S = 2i,. 

If 21 is the sum of a finite number of sets, the th 
ously true by 362, 1. In case 21 embraces an infin 
sets, the reasoning of 350 may be employed. 

2. Let 91= 59^71? b^e the union of an enumerable s 
Then ilt is a null set. 

Follows at once from 1. 

3. Let 21= 1 21,1 1 b>e the union of an enumerable set 
sets whose common points two and two^ form null set 
measurable and 

i = 2t,. 

4. Let @= be a non-overlapping enclosure of\ 
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6. If ^=: is another non-overlapping enclos' 

then 

£) = g) 

is measurable. 

For the cells of S) are 

StK = Dv(ti^ 

Thus 3^^ is metric, and 

€) = SL. 

354. 1. Harnaeh Sets. Let 21 be an interval of 

X = Zj 4“ ^2 “h *** 

be a positive term series whose sum X > 0 is < 
Cantor’s set, I, 272, let us place a black interval of 
middle of 31. In a similar manner let us place in 
maining or white intervals, a black interval, whoj 
= l^. Let us continue in this way; we get an eni 
black intervals SQ, and obviously 

S8 = X. 

If we omit the end points from each of the black i 
a set 33*, and obviously 

§* = X. 

The set ^ = 21-33* 

we call a Eamaek set. This is complete by 324 ; a 

|> = § = Z - X. 

When X = Z, § is discrete, and the set reduces t 
to Cantor’s set. When X < Z, we get an apanta' 
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It is easy to extend Harnack sets to 9?^. For example, in 
/S be the unit square. On two of its adjacent sides let us 
Lgruent Harnack sets We now draw lines through the 
nts of the black intervals parallel to the sides. There res 
enumerable set of black squares @ The sides of 

lares © and their limiting points form obviously an apanta 
feet set 

-vet o 

+ • • * = m 


a series whose sum 0 < m < 1. 

We can choose § such that the square corresponding to its 1 
black interval has the area al ; the four squares corresponc 
the next two largest black intervals have the total area 
rhen 


fence 


© = = m. 

^ = 1 ~ m = ^ 


>55. 1. If @ is an enclosure of 21 such that . 

is called an e-enclosure. Let A be the complement of 21 ^ 
pect to the metric set 9K. Let E == be an e-enclosure o 
e call (S, E complementarg e-enclomre% helonging to 21- 

L If 21 is measurable^ then each pair of complementary 
^mal enclosures E^ whose divisor 3) = j?), is such th 

^ a 

35 < e, e small at pleasure. 

For let (£, E be any pair of complementary e/2 normal ei 
.‘CH. Then 
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356. 1. Up to the present we have used only ; 
of a set 21. If the cells enclosing 21 are measu: 
enclosure measurable. 

Let @ = be a measurable enclosure. If th 
to any two of its cells form a null set, we 
overlapping. The terms distinct, normal, g 
change. 

2. We prove now that g 

with respect to the class of non-overlapping measura 

For, as in 339, there exists a metric enclosui 
each Cn such that differs from 7^ by < e/2’ 

K 

{vXni foi'itis a metric enclosure of 21. Thus 

which establishes 1). 

357. Jjct be a distinct measurable enclosure of 
those cells containing points of the complement A. j 
there exists an @ such that f < e, then 21 is measural 

For let @ = e 4- f* Then e 21. Hence c < 2 
21<(g = e4-f<^ + e. 
l-§r<e, 


Hence 


LOWER MEASURE 


Now ® = JJ) is a normal metric enclosure 

over its cells g which contain points of S and Q{ 
the cells of e, f. Hence 


9 <e+f<|4-|. 


Thus 357, S) is measurable. 
2. Let 33 he measurahle. 

Let 

Then 
For 
Hence 


® 93) , U = (21,93). 

i + S = U + 

U=:2H-(93~®). 

U = i + Meas (93-2)) 


= S + S-®. 


359 . Let = U he the union of an enu 

measurable cells ; moreover let 21 he limited. Then 21 
If we set 


then 


93i= 2Ii , (2fi, 2r2)=93i + 932, 

(2ti, 212, Sis) = 93i + 932 + 933 , 


For 2) = -Z>y(2Ii, 2 I 2 ) is measurable by 358. 

l, = © + ai , 2t2 = ® + a2. 

Then a^, a 2 are measurable by 352, 2 . 

U = (3Ii,2l2) = ®+ ai + tta, 

U is measurable. As U and iBj are measurable, s 
similar manner we show that SJj, $84 ••• are measurf 
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For let 


^2 = ^ 2 -% , 03 = 213-12 


For ■uniformity let us set = 21. Then 

21 = 2(u. 

As each a„ is measurable 


21 = 2o„ 

= lim (tti + 

n=oo 

= lim . 


4“ dn 


361. Let §12 measurable and their unio 
2) = Lv {21^1 > 0, it is measurable. 

For let 21 lie in the metric set W:; 

let ® + i> = 9» , Sln + A-aK 

as usual. 


Now 3) denoting the points common to all the 
jD can lie in all of the 2ln, hence it lies in some on 
An , Thus 




On the other hand, a point of {A^} lies in soi 
does not lie in 21^. Hence it does not lie in S. 
I). Hence 


From 1), 2) we have } 

As each is measurable, so is D. Hence 35 is 


362. If Sli^2l2> is an enumerable set of n 

aatp.s. thpAr divisor is m.p.as'iirahlp.. and. 


As 

we have 
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® = a)j-- A 

/av 

S = 2)f - 1 ) 

/-> /5SN 

= lun (SJJi — A^) 

= lim 

363 . 1. Tlie points x = such that 

’ **• ’ 

form a standard rectangular cell^ whoso edges li 

= /) j , ... y c,^ =: l)^ — 

When = ^^2 = ••• = the coll is a standar 
enclosure of the limited set 31, whoso cells (S = 
cells, is called a standard enclosure. 

2. For each e > 0, there are standard e-enclos\ 
set 31. 

For let @ = {Cn} be any T^-enclosuro of 31. T. 

Each being metric, may bo enclosed in t 
standard outer enelosxire A ? that 

F^-Cn<v/'^^ , n=l, 2, .. 

Then [F^l is an enclosui’o of 31, and 

<i + 2 . 7 , by 2). 

But tlie enclosure F can bo roolaced bv 
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1’ “J” 

then is measurable. By this process the me 
cell falls into an enumerable set of non-o\ 
able cells, as indicated in 3). If we suppose th; 
take place for each cell of (S, we shall say we In 
on 

364. (TF. -ff. Young.') Let S he any comple 
Then 

^ = Max 6. 

For let 21 lie within a cube 2}J, and let A = 
be as usual the complementary sets. 

* Let 33= IKl be a border set of S £328]. 
overlapping enclosure of 0; we may suppose i 
closure of C. Let ^ be a standard €-enclosi 
superimpose E on 58, getting a measurable enc 
and A. Then 

G=^0^>A^. 

Hence 

e = (7=2)?- 

Thus „ ^ 

S = e, by 338 

<M^ (m-A^) 

<m-A^, by J 

<m-I. 

Hence 

f<a, 

cinrl — 


IX)\VKR MRASUKE 


Lot it = m - + 5, 

where denotes the frontuir points of A/, l.yin^^ 
St is eoniplete. Since eiieh facci of /> is a mill sc 
Thus each set on the right of 4) is uu;asurablc), h 

/Wk 45N «iSN 

if = ''M - A,, + 

= i)Ji' - A „ 

= m~A-^ , ()< 

= i'l - f'. 

Thus Max = ,U’ > !;>t — e, 

front which follows il), shicc c is small al plcasur 


365. 1. //"?f is if is ineasuraHc^ and 

i - 


For by 3(i4, 

On the other hand, 


31 = 31. 


31 = 31, ■ by 8S8. 

2. Let SQ he any measnrahle set in the limited si 


in = Max %. 

For 31 > » = «. 

Hence, 31 > Max 8. 

But the class of measurable components of 
class of comnlete comtanients E. since t'.aeh E is 
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We throw the points 3 into two classes 21 = ‘ 

the following properties : 

1° To each a corresponds a point 6 symmetrica 
to ibT, and conversely. 

2° If a falls in the segment S of each of 
ments S' of shall contain a point a' of % such tha 
in S' as a is situated in S. 

3° Each S of B^ shall contain a point a' of 21 i 
situated in S, as any given point a of 21 is situated i 

4° 21 shall contain a point a situated in (S as a] 
a' of 2 t is in any S^. 

The 1° condition states that 21 goes over into 33 
about M. The 2° condition states that 21 falls im 
2^, ••• congruent subsets. The 8 ° condition states i 
21n of 21 in Sy^ goes over into 21 on stretching it in t 
The condition 4^^ states that 21 goes over into 21^ on 
in the ratio 1 : 2 "'. 

We show now that 21, and therefore S3 are not m 
the first place, we note that _ _ | 

by 1 ®. As 3? = 21 + if 21 or S3 were measurable, t 
be, and ^ ^ 

21 = S3 = 

Thus if we show 21 or S3 = l, neither 21 nor 23 
We show this by proving that if 21 =«< 1, then S3 i 

set, and S3 = 1. But when S3 is measurable, 23 = J : 
we are led to a contradiction. 

Let e = 6 ;^ + 63 4 - • • • be a positive term series w 
small at nleasure. Let @1 = be a non-overlappi 


LOWER MEASURE 


Eacli interval contaiiLs one or more inters 
some J)g^ such that 


V 


Vn 


0- 


where 


<7= 2.0“^ 


may bo taken small at pleasure. 

Now (uicli 7 ]^^ has a subset of 31 enti: 

Hence there exists an eiU‘losure of 3l„,„,, wli 

such that 


a 


mn 




'^Inm 


01 


But non-overlapping enclo 

measure 




n, m 




''i ~ °'‘h — +4 ’ ^ 4 


if cT is taken siiniciontly small. 

Let 502 ‘Iwimto the irrational points in ®j — G 
iQ, and SJg lias no point in common with Sj . V 

«2=ei-e2 = «i-«2 

= “ + 4 — — 4 


> «(1 — rt) — . 


Tn this way wo may continue. Thus 58 contai 
component SQ, + SQ^+ ... 

whose measure is 

!!> (] 1 — ■ (t) 1 1 ™p (f)c -f- 4“ • • • I — 

>1 — 6 . 



364 


MEASURE 


For by 365, 2, there exists in the sets 1), m 


each of whose measures (S„ > Let us coi 
these sets, viz. : 


Si , ©2 - s,,. 


The points common to any two of the sets 1 
set X)cK by 358, l. Hence the union (Sj,! = 
359. The difference of one of the sets 3), as 
is a measurable set Ci which contains no point 
remaining sets of 3). Moreover 


c, > a • 


In the same way we may reason with the 
of 3). Thus 21 contains n measurable sets c 
which have a common point. 

c = Cl + 

is a measurable set and 


21^ c > 

The first and last members give 


4" Cn 


Thus however small <3^ > 0 may be, there exist 




a. 


Let us now group the sets 2) in sets of /i. 


ASSOCIATE SETS 


such that the points of each set in 6) lie in at le 
5), and hence in at least 2^ of the sets 1), an 


measures are. 


> 1 




In this way we may continue indehnitely. I 
union of all the points of commoji to at least 1 
Let union of the points of ?.l comraoi 

the sets 1), etc. In this way we get tlie sequer 

each of which contains a measurable set 

>(1 - €}CC. 

We have now only to apply 25 and 3()4. 


368 . As corollaries of 367 we have: 

1. Let Qjl’ ^2 infinite emmieralle set 

cubes loliose union is limited. Let each > a 
exists a set of points b tvJiose cardinal number is c 
ity of the and such that b > a. 

2. (^Arzeld.') Let yi-i y^'" ==^* each lin 
enumerable set of intervals of hmyth Sho%ild t) 
vals on the. lines be Jmite^ let = co. In a 
^ = 1, 2, ••• and the projections of these iritervals 
Then there exists at least one point in 31, sue 
through ^ is cut by an infinity of these intervals. 


Associate Sets 

= 0. 


369 . 1. Let 


€i>€2>€3 ••• 


6 


MEASURE 


2. Each outer associated set is measurable^ and 

71=00 

ir each is measurable; hence §1^ is measurable by 362, am 
3I, = lim(g„ 

= lim(2l + e^), 0 < s', < e„ ■ 

= 21, as €„= 0. 

370. 1. Let A be the complement of 21 with respect to si 
be O containiuff 21. Let A. be an outer associated set of 

sailed an inner associated set of 21. Obviously 

2t,<2r. 


2- The inner associated set 21^ is measurable^ and 


For Aq is measurable by 369, 2. Hence 2lt=0““ -4^ is m< 
ible. But 

Ag == Ai 

369, 2. Hence 

£ = 0-A = 0-I = 2I. 


Separated Sets 

171. Let 21, 95 be two limited point sets. If there e: 
asurable enclosures @, g of 21, 95 such that 3) = g) 


SEPARATED SETS 


372. For 21, 93 to he separated^ it is necessary and 

S) = i><21„93.) 

is a null set. 

It is sufficient. For let 


(S = (2l, S8) 

Then 


2Ie = S) + a, 33, = ® + 


(g = (a, b, S) 


is a measurable enclosure of consisting of thr< 
cells. Of these only ® contains points of both 21 
hypothesis 2) is a null set. Hence 21, 93 are separat( 

It is necessary. For let be a null distinct e: 
such that those of its cells containing points oj 
null set. Let us superimpose 9K on the enclosure 
ting an enclosure ^ of 21. 

The cells of % arising from a contain no point of 
the cells arising from b contain no point of 21- 
hand, the cells arising from !D, split up into three cl 


The first contains no point of the second no j 
cells of the last contain both points of 21, 93- As S), 


On the other hand, 
hence 


Sra = a + ®>21; 
Ct “4" S5a + ^ 


Thus 

by 1). Also 


.a + Sa>2l, 

i«=a + ®=i by 369, 


TEia OA 0*1 VAQ 
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373. 1. i/St, S are separated, then 2)= JDvQll, 

For SDg = Dv (2(g, 95^) is a null set by 372. But 

2, Let'H, S be the Van Vleck,sets in 366. W 
i = i = 1. Then by 369, 2, S, = 5, = 1. The di 
not a null set. Hence by 372, §1, S are not sepai 
condition that he a null set is necessary, hut not s 

374. 1. Let {93^1 separated divisio 

SiK = Dv(%^, Then is a separated divu 

We have to show there exists a null enclosure c 
sets Now lies in 91^ and also 

By hypothesis there exists a null enclosure (g of 91 
enclosure g of 33^* Then ® = Dv((§., 5) is a ; 
9ti, 91^ and of 93n- Thus those cells of ®, ca' 
taining points of both 91^ 91^^ form a null set; and 
®6, containing points of both 93 k, 33^ also form a i 

Let G-=^\g\ denote the cells of ® that contain 
Emn- Then a cell g contains points of 9ft 9U 
lies in ®a or ©j. Thus in either case (r is a null s 
form a separated division of 91. 

2. Let -Z) be a separated division of 91 into th 
Let JE be another separated division of 91 into t 
W’e have seen that F ==\f,^\ where /,«= Fv(d^, e 
rated division of 9f. We shall say that F is obtai 
posing ^ on i> or i> on F, and write F — JD + F= 

3. Let J? be a separated division of the separat 
of 9t, while i) is a separated division of 91. If d^ i 
a cell of F, and d,^ = JDv (d^, e^'), then 

d^ = (^d^^ , d , • • *) + ^t* 


SEPARATED SETS 


For let 3) be a null enclosure of §1^, Let 
cells of 3) containing points , of both Le 

cells of 3) containing points of i8 ; let (ia,b denote 
taining points of both 33^- Then 

^ S)a&* 

As 35a5 is a null set, so is ($^6 . 

376. 1. JLet §1 = (33, (S) he a separated division oj 

For let > €2 >••*== 0. There exist e^nmeasur 
of 21, ; call them respectively T 

is an e^-enclosure of 21, 33, £ simultaneous!; 

Since 33, £ are separated, there exist enclosure 
such that those cells of I) = B 0 containing pc 
and £ form a null set. Let us now superpose B 
an €^-enclosure of 21, 33, £ simultanec 

denote the cells of containing points of SS a] 
cells containing only points of £; and ^l^ose c 
points of both 33, £. Then 

“b ”b 

s 

As = 0, we see that as r?. = 00 , 

Hence passing to the limit = 00 , in 2) we get I 

2. Bet 21= he a separated division of limitec 
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On the other hand, by 1 

in==il+ - 

the sum of the first n terms of the series 2). Thus 

Bn<% 

and hence B is convergent by 80, 4. Thus 

B<n. 

On the other hand, by 339, 

^> 1 . 

The last two relatiohs give 1). 



CHAPTER XII 


LEBESGUE INTEGRALS 

General Theory 

377. In the foregoing chapters we have developed a the 
integration which rests on the notion of content. In this c 
we propose to develop a theory of integration due to Lei 
which rests on the notion of measure. The presentatio] 
given differs considerably from tliat of Lebesgue. As the 
will see, the theory of Lebesgue integrals as here presented 
from that of the theory of ordinary integrals only in emp 
an infinite number of cells instead of a finite number. 

378. In the following we shall suppose the field of intej 

21 to be limited, as also the integrand 21 lies in 9^^ and for I 
we mt f(^x) =zf(x^ ... Let us effect a separated divi! 

21 into cells If each cell Z, lies in a cube of side 

shall say D is a separated division of norm d. 

As before, let* 

i!C=Max/ , Wt = Min/ , ct),^ Omf— M, — m, h 

= , Sj, = 'LmA, 

the summation extending ovt^r all the cells of 21, are call 
upper and lower sums off over 21 with respect to D, 
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Hence 

Thus 

But 

by 376, 2. 


si,=i, 


380 . 1. Since/ is limited in SI, 

Max Sj) , Min Sj) 


with respect to the class of all separated divisio 
finite. We call them respectively the lower and 
integrals of / over the field SI, and write 



= Max Sj) 


[f 


Min Sj ) . 


In order to distinguish these new integrals froi 
we have slightly modified the old symbol to res€ 
script j&, or in honor of the author of these intt 


If 


// = / 


/ 


we say /is L-infegrahle over 31, and denote the com 



which we call the Z-integral. 

The integrals- treated of in Vol. I we will call 
integrals in the sense of Riemann. 


0 'f 'ho noiov -tho mmll aof- 91 HTTioivi -P fto 


GENERAL THEORY 


For let ••• be an innnixed metric or complel 

§t of norm d. Let each coll d^ be split up into the s 

dit 1 ’ * * 

Then since d^ is complete or metric, 

Hence using the customary notation, 

<^.C. 

Thus summing over /c, 

K K 

Summing over t gives 

2wX < 

t.K IK 

Thus by definition, 

2mX< 

Letting now <i= 0, we get 1). 

2. Let 21 he metric or complete- If f is R-integra 
Ldntegrahle and 

3. In case that 21 is not metric or complete, the re 
may not hold. 

Example 1. Let 21 denote the rational points in 

( 0 , 1 ). 

Let ^ 

/= 1, for x = — , n even 
n 
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Uxample Let/= 1 at the rational points 21 in 



Thus in 3) the i-integral is less than the i2-int 
4) it is greater. 

Example S, Let / = 1 at the irrational point 
Then 

although % is neither metric nor complete. 



382 . Let J), A he separated divisions of 21. Let 
J&=2>+ A: 

Then 






For any cell d^ of I) splits up into d^^^ d^^ ■ 
A, and = = 


But 

and 

Thus 




on 


383 . 1. Extremal Seauenees. There exists a sec 


GENERAL THEORY 


For let Cj > €2 > ■•• 0. For eiicli e„, there ex 

jBL such that 


0 < - f< e„. 

c/ 1,)! 


Let 


+ -^1 ~ -^2 •» -^3 + = 1)3,. 


and for uniformity set 7?^ = l>y 


Hence 


Letting n = 00 


av;. 


0<-Vy,^ 

we get 2). 


/ < ^n- 

nLUX 


Thus there exists a sequence of the type 1.^ 
sequence {I>nl of the same typo for 8). J^et now 2 
Obviously 2), 3) liold simultaneously for the sequel 

2. The sequence 1) is called an extremal sequenae 

3, Let jjDn} extremal sequence^ and E any k 

aion of SI. Let 75?^ = + E. Then E^^ **■ ^ 

sequence also. 


384. Let f he LAntegrahle in ?I. Then for any ext 
\Dnl 


/■ 

cist 


/=lmi 


where are the cells of and any pomt of^l in c 
For 


m,<f(t)< M,. 


S}^ <r y rea. \ J <■ 


Hence 
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2. Let F = Max |/| in 21, then 


This follows from 1. 




386 . In order that fbe LIntegrahle in 21, it is necessary that^for 
each extremal sequence 

Hill / = 0 ; 

7l=:CO ” 


and it is sufficient if there exists a sequence of superimposed separated 
divisions { J , such that 

n=<X) 

It is necessary • For 


r 


= Urn Sf) 


( = lini Sq 


Tt ' 


As /is i-integrable, 

0 = f- f = lini - Sj,^) = lim 
4:21 

It is sufficient. For „ 



Both limited monotone sequences. Their 

limits therefore exist. Hence 


Thus 


0 = lim XXir = lim Sp — lim Sp 



387 . In order that f he LIntegrable., it is necessary and sufficient 
that for each e > 0, there exists a separated division I) of 21, for 

a^/< £. (1 

It is necessary. For by 386, there exists an extremal sequence 
such that 

0 < H/)^/ < e , for any n > some m. 

Thus we may take for L. 


Jt hs mffiaient. For Itil; = 0. Let j/>„( be an 

extremal «cqiienc(j for whicih 

Let Aj = I )^ , Aij = 4- IK ^ , A.j - Ao ••• Then j A,,| is a 

set of superimposed separatcul (]i visions, and obviously 

^KJ< 

Hence f is i/”inte^rabl(} by rj8d. 


388. hi order that f he Ij-inteijrahle^ it in nee.emtrji and sv(Jteirnl 
that^ for each pair of poHitive niunhern w, <r there ^^r/,s^s• a ^e}}avalvd. 
division TJ of !;>(, su-oh that if 7q, 7/^, ••• are those cells in which 
Osc/> 07, then 

<0*. (1 

It is necessary. For by 387 there exists a separated division 
i? = jSti for which 

= ilcoA < cotr. (2 


If 6^ denote the eolls of D in which Ose/ < tw, 

= Sw,?;, 4- (3 

Tliis in 2) ^j^ives 1). 

It is sufficient, Vov taking' e > 0 small a.t pleasure, let us tlien 
take 


wliero H = Ose, / in ?[. 


e e 

0 -== , 07 - . , 


(4 


From t), 3), and 4) we luive, sinee 

^j>,f 4“ < ail 4“ < ail + 07?t = e. 

Wo now apply 387. 


389, 1 , If f is L-inteyrahle in 3(, it is in 93 < ?l. 

For let {-All oxtrcuuil Hcqueuco of /relative to Sf. Then 

by 88(), 

fi;7,/-0. (1 



D< O 




Hence by 1), 


But the sequence defines a sequence of superposed sepa- 
rated divisions of 2}, which we denote by Obviously 

and / is X-integrable in 23 by 386. 

2. i// is L4ntegrahle in 2h so is |/|. 

The proof is analogous to I, 507, using an extremal sequence 
for /. 

390. 1. Let j3I„J he a separated division of 31 into a finite or in- 
finite number of subsets, Letf be limited in 21. Then 


r/= ff+ ff-h - 

,^5ti cLsta 


(1 


For let iis 1° suppose that tlze subsets 2fi *** 3(r are finite in num- 
ber. Let be an extremal sequence of / relative to 21, and 
]Djnn\ an extremal sequence relative to 2U- 

-^rt = -®n + -®ln+ •••-!- JD^^, 

Then \Ef^ is an extremal sequence of /relative to 21, and also 
relative to each 21^* 

Now ^ 

Letting ?^ = 05, we get 1), for this case. 

Let noio r be infinite. We have • 


21 = PL. 


(2 


Let 


®n=(2fi-3rn) , e„=3r-33„. 

Then i8„, form a separated division of 31, and 

2T-in+ln.‘ - 

If V is taken large enough, 2) shows that 




M 


, Max |/| ill 2t. 


n> V 



Thus by case 1°, 


/V=j 


ff 

4'« ni 



= i 

rv ... 

+ /-{-€' 

J 




< € 

, ?i > V. 


ff=f 

rL% Ml 


ff- 


For lot 


Similarly 


Sr =33-1-511. Tlion 

L '= L '- 

nL9t ^sa 


Bub/=s // in S3. Thus 2), B) givo 1). 

392. 1. //e>(); 

If 6' < 0 ; J^qf=o ./; ^ cf = <: j^f. 

''Plio proof is similar to 8, 8, using oxlromal soquonccso 
2. Jffis L-inUgralde in ?[, uo is of^ and 

/</=«/ /; 

Mi M 


(3 


whoro by 885, 2 

I 

Thn.s 1) follows from 8) in this ojiso. 

2. hr a svixtratrd division of %. Then 

iffis L'integrahlr in ?(, or if it is in each 3bo and limited in 3t. 

391. 1. Leif = (j in 31 except at the points of a mdl set 91. 
Then 


(1 

(2 

(8 


where o is a constanU 



oou 




393. 1. Let F(x) = f^(x) + ••• +/„(2;), each /„ limited 

in 21. Then 

n n _ ^ iL /' . 


iffr.<f F<iC A. 

1 ^ <5^91 


For let ji^Tv! extremal sequencG common to Fyfit 

each cell 

^nl 1 ^n2 *** 

of we have 

2 Min/^< Min jp< Max jP< 2Max/„. 

Multiplying by dna^ summing over s and then letting n=oo, 
gives 1). 

2. If L4ntegrable in 21, so ts 

f F=:c^ r /i+ f U 

oLst dL^ <=^% 


and 


394. 1. 


r (/+^) < ff+ f ff< 

Ln Ln »4/a cA-s: 


For rising the notation of 393, 

Min (/+(/)< Miii/+ Max^< Max(/ + S') 
in each cell d„, of 7)„. 

1. If g is L-integrahh in 21, 

f a+o)=f f+fff- 

Xst 4-21 ■A'SI 

Reasoning similar to 3, 4, using extremal sequences. 


For 


/*/+ ff - /*//5 

4-31 4si ^'>1 'iiJl 


ofcc. 


4. //'/, </ (iro L-iuti’.grahU’. in, ?l, m ixJ'—<j, (i,nd 


/(/-//)=/*/-/; 

431 4st 4SC 


395. iff, <1 air- L-i)ilc(/ralilr. in ?l, an iaf-ij. 

Aluo their iinutieut f/tj in L-mte<jrahle provided it is limited in ?(. 

Tlio proof of tlio (li'Hf purl, of Llio Lliooroiu in luialoffous lo I, 
r)()r), u.sLiig' oxlroiiial ho(]Uoiuioh uouimoii Lo IjoLli f and //. Tlio 
proof of Llu) Hoooiul half i.s ohviouH and is lofL to thu roadur. 


396. 1. fjet f, (/ he. limited in ?(, <indf<(/, except possibly in a 
null set 91. Then ;v rj 

/ f< / //• 0- 

Let UH anppoHit jivHt tluiL/< ^ ovory where in SI. 

Lot f/>„j bo an oxtronial Hoqnunoo ooiniuoii to both / and g. 
Thou u u . 


Lottinf( , wo g-iit 1). 

Wo coiiHuIor now tlio ijvncTnl (uua. Lot ?( = ffl-f- 91. Thou 


Hinoo 


p p 

/* f' 

/ / f 

, / //= / /A 





/ /- 

I f/^ 0. 




Hut in 33, /<r/ without oxooptioii. Wo may thoroCorc uho tho 
result of oaso 1°. 

2. Xei/>0-mSl. TUn 

Miii/y. i\f< ( f f. 

f • M i u (/ <fy <f Max ff. 
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397. The relations also hold for L-integrals^ viz, : 

- ri/i< //< / \fv 
'f\f\<ff<f 1/1. 


(1 

(2 

(3 

(4 


The proof is analogous to that employed for the jB-integrals, 
using extremal sequences. 

398. Let 3I = (33„, (S«) he a separated division for each w = 0. 
Let (5^ 0. Then 


For by 390, 1 , 


lim r f= I f. 
/=/+/■ 


But by 385, 2 , the last integral ^ 0, since 0, and since/ is 
limited. 


399. Let f he limited and continuous in 31, except possibly at the 
points of a null set 9^. Then f is L-integrahh in 31. 

Let ns first take 511 == 0. Then / is continuous in 31. Let 3t lie 
in a standard cube Q. If Osc/ is not < 6 in 31, let us divide Q 
into 2” cubes. If in one of these cubes 

Osc/<e, (1 

let us call it a black cube, A cube in which 1) does not hold we 
will call white. Each white cube we now divide in 2" cubes. 
These we call black or white according as 1) holds for them or 
does not. In this way we continue until we reach a stage where 
all cubes are black, or if not we continue indefinitely. In the 
latter case, we get an infinite enumerable set of cubes 


* 12 ’ ^8 *** 


(2 



Each point a j)f SI li(\s in at least one cube 2). For since / is 
continuous at :r — n, 

\J\\v)'~f{a)\<e/'2 , X in 

Thus when tlie process of division has been cariied so far that 
the dia<>‘oiuiIs of tlie eorrcsi)ondiiig oubos are < S, the inequality 
1) holds for a eiibii {containing a. llus cube is a black cube. 

d'hiis, in either ease, each point of ?( lies in a blae-k (Uibe. 

Now tlie cubes 2) eifect a separated division I) of ?[, and in 
each of its cells 1) holds. Hence/ is X-inU^grable in 91. 

Let itH now Hiqypom 9t > 0. Wo set 

9I=e + 9t. 

Then /is .L-integrablo in S by case It is X-integrable in 
by 880, 2, Tlie]i it is D-intograblo in 91 by 800, l. 

2, If / is X-integvablo in 91, wo cannot say tliat the points of 
discontinuity of/ form a null sot. 


Example, Lot/=3 1 at the irrational points in 9( = (0, 1) ; 
= 0 at the other points % in 9(. 


Tlien each point of 91 is a point of discontinuity. 



since is a null sot. ddais/is X-intograblo. 


But hero 


400. Lff(xy ••• has limited variation in 9(, it is Lrinteijrahle, 

For let I) 1)0 a cuhioal division of space of norm d. Thou by I, 
709, there exists a fixed mimbor FJ such that 

for an^^ E, Lot o), a bo any pair of positive numbers. Wo take 
d such that 

d<^. (1 

Lot d[ donoto thoso coIIh in which Oso/>ci), and lot tlie nuinbor 
of thoso colls bo V. Lot rj^ donoto tho points of St in d[ . Then 

^<V. 



OU’X 




Hence 


V 


V 


Thus 




Vd^ 

0)(l^^''^ 


. Vcl 
< — <<r 

ft) 


Hence / is i-integrable by 388. 


, i^y2), 

by 1). 


(2 


401 . Let 


Then 


(f> =/, in §l < ; 

= 0, in A = ® - 3t. 



(1 


if 1°, (/> is L-integrahle in S3 ; er 2°, / is L-integrahle in 2t, and SI, A 
are separated parts of^. 

On tlie ^hypothesis let f@«| be an extremal sequence of cf). 
Let the cells ol: (S^ be % ••• They effect a separated division 
of SI into cells Let be the extremes of /in d^ and 

J/; the extremes of in Then for those cells ooiitaiuing at 
least a point of 31, 

^ :< M^d^ < (2 

is obviously true when = d^. Let d^^ < e^. If < 0, 

< nifi ^ , since . (3 

If >0, = 0, and 3) holds. 

n-M;<o, since jv; = o. (4 

If > 0, 4) still holds, since i(/ = iV^. 

Thus 2) holds in all these cases. Summing 2) gives 

© SB 

for the division ®,, since in a cell e of S, containing no point of 31, 
<j& = 0. Letting ^ =s= co, we get 1), since the end members 


On the 2® hypothesis^ 

Jb% JLa Jb% 

since ^ being == 0 in is i-integvable, and we can apply 390, 
402. 1. If 


r 


/-O, 


we call/ a null function in 51. 


2. Iff > 0 ?’« a null function in St, the jooints ^ where / > 0 form 
a null set* 

For let St = ^ + 5^1 so tl)at/= 0 in S* 

By 401, ^ ^ 

0 = / /= / /. ■ (1 
=i/'P 

Let > 62 > ••• = 0. Let denote the points of ^ where 
/>e^. Then 

f> f = 0, byl). 

Each SJn is a null set. For 

r >e3n^0. 

Hence ^^=0. 

Then ^ = «i+« 2 + •••- 

where ^>2 = ^2 - ‘^Pi^ <?8 = ^8 - ^3 ; • • 

As each is a null set, 53 is a null set. 


Integrand Sets 

403. Let St be a limited j)oint set lying in an m-way space ' 
Let /(a^i ••• be a limited function defined over St. Any - 
point of St may be represented by 

a = («! •••«„). 







The point a: = («! • • • 

lies in an m + 1 way space dl^n+i- The set of points \x\ in which 
Xm+i ranges from —oo to -poo is called an ordinate throui/h a. If 
is restricted by q ^ ^ 

we shall call the ordinate a positive ordinate of length I ; if it is re- 
strictedby 

it is a negative ordinate. The set of ordinates through all the 
points a of 21, each having a length =:/(a), and taken positively 
or negatively, as /(a) is ^ 0, form a point set ^ in wliicli 

we call an integrand set, Tim points of ^ for which has a 

fixed value = c form a section and is denoted by S(c) or 
by3c- 


404. Let %=z \a\ he a limited point set in Through each 

point let us erect a positive ordinate of constant length Z, getting a 
set O, in Then 5 q 

form a standard sequence of enclosures of 
/«> — 

(S„ - O. (2 


For let @i > @2 > 
O, such that 


Let us project each section of (S„ corresponding to a given value 
of on 31^, and let 2l„ be their divisor. Then 3ln > 21- Thus 

Letting w = oo , and using 2), we get 


O = 21 • L 

To prove the rest of 1), lot 0 be the complement of O with re- 
spect to some standard cube Cl in of base Q in 

Then, as just shown, 

U =: lA , where A — Q — 

= 1 - 


Hence 


405. Letf'^0 he L-integrahle in 31. Than 

ff=li (1 

where is the integrand set corresponding tof. 

For let be a separated division D of 31. On oacdi cell 
erect a cylinder S, of hciglit M, = Max /in Then by 404, 

Let 6= JSJ ; the are separated. Hence, e>() being small 
at pleasure, _ 

= = / V '+ e , 

cl % 

for a properly chosen D, Thus 

5< / V. 

X9l 

Similarly we find 

r/<5. 

From 2), 3) follows 1). 


(2 

(8 


406. Letf>0 he L4ntegrahle over the maasrirahle fudd 3b Then 
the corresponding integrand set 3 i^ measurable^ and 


For by 2) in 406, 


5- T/. 

rL % 


(1 


cL % 


Using the notation of 406, let c„ be a cylinder erected on of 
height = Min / in S„. Let c = j . Then c < and hence 

(2 

But 31 being moaBurablo, each is measurable, by 404. Hence 
c is by 369. Thus 2) gives 

(8 

Now for a properly chosen 7), 

-e+ ff<2mX=7. 
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Hence 



as € is arbitrarily small. From 2), 3), 4) 


from which follows 


1). 


f f<S<^< f A 

4:51 *" <^51 



Measurable Functions 


407 . Let/(xi •** be limited in the limited measurable set §1. 
Let 51;^^ denote the points of SI at which 

^<f< 

If each SIa^^ is measurable, we say/zs measurable in 31. 

We should bear in mind that when / is measurable in 31, neces- 
sarily Sf itself is measurable, by hypothesis. 


408. 1. Iff is measurable in 31, the points ® o/Sl, at which f ^ f7, 
form a measurable set. 

For let 3In denote the points where 

— + ( 7 </< ( 7 + e„, 

where ^ ^ ^ 

€i> €2 > ••• = 0. 

Then by hypothesis, 3I,i is measurable. But E = ji7?;j3In|. 
Hence E is measurable by 361. 

2. Iff is‘ measurable in 31, the set of points where 

^</</^ 

is measurable^ and conversely. 

Follows from 1, and 407. 


3. If the jwints 3L in 31 tvhere />X form a measurable set for 
each A, f is measurable in SI. 

P^or SIa/l having the same meaning as in 407, 

SIam = SIa - 

Eacli set on tlie right being measurable, so is StAj^- 


409. 1. Tffi» vmwi.mhle in 9t, it in L-infrurahlc.. 

For setting m— .Min M— Max / iii i>l, lot ns offiuit a division 
J) of the interval 5 = ('»>, M.) of norni d, by interpolating a Unite 
uumber of points ^ ^ ^ 

Lot us call tlio resulting segments, as well as their lengths, 

f?i , 1 * * * 

Let 2(, denote the points of ?f in which 

51- f ’ 4 = .1, 2, r 'nif^ = w. 

We now form the sums 

8/j= ,9f, , «/, == liim.?!.. 

Obviously 




c:b?t 


But 


S/, - So = + • • • - j -I- VI + 

= —m) + — ?«i) -!-••• 

<d\n^-\-%+ -1 
<dfl 

= 0 , as cZ = 0. 

Wo may now apply 887. 

2. Iffis meamraUe in ?t 


/ 


/= liin Sm, «= liiu 


using the notation hi 1. 

This follows from 1), 2) in 1. 


(1 


(2 


(« 


3, The relation 8) is talccn by Lobosguo as dofiiiilion of his 
integrals. His tlioory is rostriotod to nuuiHurablo iiokls and to 
measurable functions. For .LobcHguu’s own development of iiis 
theory the reader is roferrod to his paper, Jnt^grale^ Longxtsui\ 
Aire^ Amiali di Mat.^ Sor. 8, vol. 7 (1902); and to ins hook, 
Legons m.r V IriUgraiion. Faris, 1904, Ho may also consult the 
Gxeellont account of it in irohaon^s hoolc, Tha Thaory of ’hSmatiom 
of a Real Variahle. Cambridge, England, 1907, 
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Semi-Divisors and Quasi-Divisors 


410 . 1. The convergence of infinite series leads to the two 
following classes of point sets. 

I’ = = i/ -t- i/ = F„ + , (1 

1 71+1 

each/^ being defined in §{. 

Let us take e > 0 small at pleasure, and then fix it. 

Let us denote by the points of Sf at whicli 

(2 


Of course 3l„ may not exist, 
sets ^ 


We are thus led in general to the 

312 > 3 ^ 3 - (3 


The complementary set = SI — will denote the points 

where i tt n i 

I I > e. (4 

If now ^ is convergent at there exists a v such that this point 


lies in 


21. 


21. 




21 . 


1^+2 


(5 


The totality of the points of convergence forms a set which has 
this property : corresponding to each of its points a;, there exists 
a V such that a; lies in the set 5). A set having this property is 
called the semi-divisor of the sets 3), and is denoted by 

Sdv{2l,i. 


Suppose now, on the other hand, that 1) does not converge at 
tlie point X in SI. Tlieu there exists an infinite set of indices 


such that 


rij < «2 < ••• = QO, 

P\(^)l>e. 


Thus, the point x lies in an infinity of the sets 


A.^ , Ag , A3 ••• 


(6 


The totality of points such that each lies in an infinity of the 
sets 6) is called the quasi-divisor of 6) and is denoted by 

QclvlAi- 1 

Obviously, 

Sdv 12r„i + Qdv S^„| = 2r. (7 


We may generalize tliesc remarks at unco. Since F{x) is 
nothing but 

we can apply these notions to the case that tlie functions/* (ir^^ a;,,,) 

are defined in 21, and that 

liin/ = (j), 

2. We may go still farther and prt)cecd in the following abstract 
manner. 

The divisor 2) of the point sets 

(1 

is the set of points lying in all the sots 1). 

The totality of pomts each of %ohich hi an infinity of the sets 
1) is called the quasi-divisor and is denoted by 

Qdvmni. (2 

The totality of points a, to each of which correspond an index ??ia, 
such that a lies in 

forms a set called the serni-divisor of 1), and is denoted by 

Sdv{2ln|. (3 

If wo denote 2), by O and © respectively, wo have, obviously, 

® (4 

3. In the special case that 2Ii>2f2>*’* we luivc 

(f) 

For denoting the oomploinontary sots by the corresponding 
Roman letters, wo have 

D^A^ + Dv (Hi, A,) + T)v A) + 

But Q has precisely the same ex])reHsiom 
Thus Q == ® , and hence by 4), © = T). 



4. Let 21^ + = 1, 2, ••• Then 

Qclv {21,1 +Sdv Uni -33. 

For each point J of 23 lies 

either only in a finite number of 2(„, or in none at all, 
or 2° in an infinite number of 21^. 

In the 1° case, h does not lie in 21^, 2ls4.i‘*‘; it lies in 

A? ^s+i In the 2° case h lies obviously in Qdv {21,1. 

6 . 7 /* 21 ;^ , 2(2 * • • are measurable^ and their union is Ihnited^ 
Q=:Qclv{2l,} , © = Sdv{2U 

are measurable. 

For let 7)2; (21,, 2I,+i •••) . • Then © = {3),i . 

But © is measurable, as each is. Thus Sdv {A,f is measur- 
able, and hence O is by 4. 

6. iei O = Qdv {2I„j , each 21, being measurable.^ and their union 
limited. If there are an infinity of the 21,, say 

2Ici. 21^2 ; ti<i2<*“ 

whose measure is then ^ 

Q>a. (6 

F or let S8, = (21,^ , 21, • • • ) 1 then 5, > a . 

Let 23 = 7>r{53,| . As 23, >23,4.1, 

5 = limS,>a (7 

by 362. As Q>23 we have 6) at once, from 7). 

Limit Functions 

411. Let ... ... = (^(rci ••• xf), 

i^r 

as X ranges over 21, t finite or infinite.. Let f be measurable in 21 
and numerically <M^for each t near r. Then is measurable in 
21 also. 

To prove this we show that the points 23 of 21 where 

X< </) < //- 


(1 


form a measurable* sot for cacli X, /z. b'or .simplicity let r bo fiiuto. 
Let ^ 1 , ^ 2 *** 6 j>e 2 >»*' == 0 . Let (£^^^5 dciioto Iho 

points of 21 wliere 

+ (ti 

Then for each point x of JsB, tlioro is an sueJi that 2) lioUis for 
any tg, if s>Sq. Jjot (£„ = Sdv S(S„a j . Thou ® < (S,^, Hut the (£„g 

being ineasurablo, (£« by 410, 5 . Finally ^ = Do j(£,J , and lionco 
93 is measurable* 


412. Let 

t--.T 




for X in 21, and r finite, or infinite. Let t\ •*. i^r. Let each 
fg^fQxy he oneamvahle,, and numerically <M, Ijct <A=./'a+/A- 
Let denote the povnU ivhere 

1 ds I ^ 


Then for each e > 0, 


lim (h)g == 0 . 


(1 


For by 411, is ineasurablo, houco fft, is ineasurablo in 21, hence 
@g is measurable. 

Supjiose now that 1) does not hold. Then 

Tim ©a == Z > 0. 

S—oi 


Then there are an infinity of the Qi)„, m ©,,, whose 

measures are >X>0. Then by 41.0, (I, the moasuro of 

® = Q<lv 

is >X. But this is not so, sincu/, = </>, at each point of 31. 


413. 1. Let 


lim /(ail 

t^r 




for X m 2 h a^id t finite or infinite. 
Let 




(1 


If eachfg^f(x, is measnrahle,, and numerically <Min %for 
each sequence 1 ), then 




(2 



OZf’X 


and let . s = l, 2... 

Then as in 412, cj> and ff, are measurable in 21. Then by 409, 
they are jL-integrable, and 

r </> = r /» + r • (3 

cL% cL‘n 

Let 58. denote the points of 2t, at which 

and let 58, + -5. = 21. Then 58., J5, are measurable, since ff, is. 
Thus by 390, 


f ff,=f g.+ lo 

OWSt (^S3» cJmfBg 


Hence 




iV58. + e5.<iV58, + 621 . 


By 412, 58. = 0. Thus 


lim r 5'. = 0- 


»=“ ti.51 


Hence passing to the limit in 3), we get 2), for the sequence 
1). Since we can do this for every sequence of i^oints t whicli 
= T, the relation 2) holds. 


converge in 31. If each term is measurable, and each 
then F is L-integrahle, and 



Iterated Integrals 

414 . In Vol. I, 732, seq. we have seen that the relation, 



holds when /is J?-integrahle in the metric field 3(. Tliis result 
was extended to iterable fields in 14 of the present volume. We 


wish now to generali/.o still furtlier to tho case that / is X-iiite- 
grable in tlio meamrahU Held St. The method employed is due to 
jDr. W. jL Wihori^’^ and is essentially sim 2 der than that em^doyod 
hy Lebesgue. 

1. Lot X =(25i 25a) denote a i)oiut in s~way S 2 )aco 

If we denote tho first m cocirdinates by ••• a;, and the remaining 
coordinates by yj ••• v/ni have 

== (‘^1 yi --yn)- 

The points on...m 


range over an 9?z,-way space when z ranges over We call 
X the projection of z on 

Let z range over a point act % lying in 5)?,, then x will range 
over a set 23 in called the projection of 31 on Tho ])t)ints 

of St whose projection is x is called the %ection of St corresponding 
to X. We may denote it by 


We write 


St(rr), (u* more shortly by E. 
St = 5Q . S 


to denote tliat 31 is conceived of as formed of tho sections S, cor- 
responding to tho different points of its 2 )rojoction 23. 

2, Lot Q denote a standard cube containing St, let q donoto its 
projection on Tho]i S3< q. Suppose cacii section SJ[(a;) is 

/R» 

measurable. It will bo convenient to lot 3l(a;) denote a function 
of X defined over q such that 

St(rij) = Moas 3[(:r) = £ when x lies in 2J, 

=s= 0 when x lies in q — 23. 

This function therefore is equal to tho measure of tho section of 
St corresponding to tho i)omt rt;, when such a section exists; and 
wlien not, the function = 0. 

When each section StC'^O ivS not measurable, wo can introduce 
the functions 

i(^) , 


^ Dr, WIIhou’k vosuUr wuro obtainocl in Aumifll;, 1000, and woro prosontod by mo 
in fcho courao of an adtliTHS which I liad the honor to give at tho Second DaoonnUU 
Celebration of Clark Unlvoralty, Soptombor, 1000. 



Here the first = £ when a section exists, otherwise it = 0, in q. 
A similar definition holds for the other function. 

3. Let us note that the sections 

9L(.'k) , 

where 2I„, 31, are the outer and- inner associated sets belonging to 31, 
are aliuays measurable. 

For 3L=.D«|(S,J, where each is a standard enclosure, each 
of whose cells is rectangular. But the sections c„„,(a;) are 
also rectangular. Hence 

being the divisor of measurable sets, is measurable. 


415. Let 3L he- an outer associated set of 31, both lying in the stand- 
ard cube Cl. Then 3l„(.^•) is L-integrable in q, and 


31^ 


= Tto. 


(1 


For let be a sequence of standard enclosures of 31, and 
®u=|e„ms- '■-L'lien ^ 

(2 


and 




(3 


Now e„m being a standard cell, e„,„(3;) has a constant value > 0 
for all X contained in the projection of c„„ on q. It is thus con- 
tinuous in q except for a discrete set. It thus has an 72-integral, 
and 

Cnm I 

•.'n 

This in 2) gives 


®n = 2 r c„„(a:) 

“ i 

ttas 

= / 

■T.'fl 


by 418, 2, 


(4 


by 3). 
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On tlio otlier hand, (f(.(0 i,s a moasitrablo runcLion by -til. Also 

il = = lin, 

= lini / (5„(:(;) 

--ill 


= / liin(Sn(^Oi by 418, 1. 


0^> 


Now 


For 

Tims 


31„(.r) = lin. (S„(:r). 

:;/3 

Thus this ill 5) giviis 1), 

416. Lei 91 /'iV '///. the. Himulavd eAihe O, Jjei 9ft he. an inner a^No- 
dated set* Then 9fi(:^0 ./jdnte</rahle in q, avitZ 

?t= / ?h(.0- 

O = ?t, + A„. 
fh(sO = 0(3;) - A(.r)- 
Hence Sh(:t’) is X-intcgrablo in q, and 

f%Cx)= fl.Cx) 

CTt.'q <"4^(1 c*/(| 

s= 6 -- A„ , by -tl 5, 

= fh = ?l by 370, 2. 

417. Let measurable, ?t lie in the. standard cube, Q. 

2’hen , 

St= / Vt(30' 

fXq ■ 

Hence ffCCa.) < \%kx:)< f 

using 39(), 1, and 415, 410. b^rom 2) wo concludo 1) at once. 


31 , 


(1 

(2 


418. Let 31 == S3 • G be measurable.. Then G are L-intorfrable in 
S3, and «• 



Here the first = (£ when a section exists, otherwise it — 0, in q. 
A similar deiiuition holds for tlie other function. 


3. Let us note that t/ie sections 

where 5 outer and' inner associated sets belonging to 9(, 

are always measurable. 

B'or = where each (S„ is a standard enclosure, each 

of whose cells is rectangular. But the sections e„m(3;) are 
also rectangular. Hence 

2t„(a;) = i)w!e„„(a:)|, 

being the divisor of measurable sets, is measurable. 


415 . Let 2(„ be an outer associated set of 21, both lying in the stand- 
ard cube Q. Then §„(*) is L-integrable in q, and 

(1 


21^ 


= / 21 .( 3 ;). 


For let be a sequence of standard enclosures of 21, and 
Then k —y~ C2 


and 


SnC*) = SCnmC*). 


(3 


Now e„m being a standard cell, tnmC^') ^ constant value > 0 
for all X contained in the projection of e„m on q* If is finis con- 
tinuous in q except for a discrete set. It thus has an jB-integral, 
and 

“ I ^nmC^;) * 


This in 2) gives 


(g„ = 2 I 
= r SCnwC*)’ 


by 413, 2, 


cL(] 


0 


by 3). 
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On the other hand, (S(.r) is a measurable function by 411. Also 
21 = 2(„ = lim (f„ 

= lim r 


= C liml„(a;), 


by 413, 1. 


(5 


Now 


n,(x) = lim 

7i=:oo 

Thus tliis in 5) gives 1). 

416. Let 81 lie in the standard cube Q. Let 3tt he an inner asso- 
dated set. Then J-K*) is L-intefjrahle in q, and 

~ el'll 

Cl = 2h + A„. 

§,(a:) = Q(a;) — A(»)- 
Hence 2Ii(2:) is i-integrable in q, and 

= r 6(*:) - r l„(.r) 

owq oLq 

= O - A, , by 415, 

= 2h = 21 by 370, 2. 


For 

Thus 


417. Let 'measurable 31 lie in the standard cube O. 

Then ^ 

3t: 


For 

Hence 


o6q 

^ - CtlX^') < r S(rr) < f ft,(rr) - 1, 
— «Xci <L<\ 


(1 


(2 


using 396, i, unci 415, 416. From 2) we conclude 1) at once. 

418. Let 31 = S3 • S he 'measurable* Then ® are L-integrahle in 
93, and ^ ^ 



419. J/31 — i8 • E is measurable^ the points at xohich E is not 
measurable form a null set SSi- 
For by 418, 


Hence 

Thus 


[= rE= r E, 

cXSB <^33= 

>= r (S-S). 

</) = S-E 


is a null function in 33, and by 402, 2, points where <^ > 0 form a 
null set. 


420. Let 21 = 33 ' S be measurable. Let t) denote the points of 59 
for which the corresponding sections S are measurable. Then 


For by 419, 



35 = 6 + 91, 


and iyi is a null set. 


Hence by 418, 



'93 Lh Lsn 


=£«■ 


421. Let f"^^ in 21. If the integrand set corresponding to f 
he measurable,^ then f is L-integrahle in 21, and 



For the points of 3' an m + 1 way space 9?,n+i ii^ay be 

denoted by = (y, ... 2 /„, ^), 


where y —iVi--- ynd ranges over 9f„, in which 21 lies. Thus 21 
nlay be regarded as the projection of Q on To each point y 


of 21 corresponds a section which for brevity may be denoted 

by Thus we may write 

= 2t • i?. 

As ^ is nothing but an ordinate through y of length /(y), we 
liavo by 419, ^ ^ 

422. Let f be L-integrahle over the measurable field 2( = 23 • £. 
Let h denote those 'points of 93, for which f is L4ntegrahle over the 
correspondmg sectio'ns £. Then 

Moreover 91 = 93 ~ t « riull set. 

Let us 1° suppose f> 0. Then by 406, 3 is measurable and 

5 - r /• (2 

Let /9 denote tlie points of ij) for wlueh 3'(^) is measurable. 
Then by 420, 

3 - / (3 

By 419, the points 
form a null set. 

On tho other hand, is the integrand set of/, for 2tCir) = S. 
Hence by 421, for any x in 

r* 

•§(»)= / /l 

JL(S. 

and /9 < t». 

From 2), 3), 5) we have 


ip = « - /3 


(4 


//=///• 
c>w5t cji/E 


(5 

(6 

. (7 


From 6) we have 

9fl = S8-P<iS-/Q = iP, 

a null set by 4). Let us set 

t) = jS + It. 



Henco 


Then n lying in the null set % is a null set. 


X//XirXX 


This with 7) gives 1). 

Let f be noio unrestricted as to sign. We take 0 > 0, such 
that the auxiliary function 

C>0, in 31. 


Then /, ff are simultaneously i-integrablo over any section S. 
Thus by case 1° 


r (/+c')= r r a+o). 

oLSt oLh rLd 


(8 

Now ^ ^ f, r. 

• /f9\ 


/ (/+co= / / 

cZ/s 

f+ 0% 

!l 

(9 

f /*/+ cl. 


(10 

By 418, E is i-integrable in i8, and hence in 

b.' Thus 


/ / f ff+oj 

'i — 

6. 

b 

(11 

As b differs from SB by a null set, 



ri=t, 

Ms oLm 


(12 


by 418. From 8), 9), 10), 11), 12) we have 1). 


423. If f is L4ntegrable over the measurable set SI = SQ • S, then 


For by 422, 



(1 

(2 


As ® — b = 97 is a null set, 



may be added to the riglit .side of 2) without altering its value. 
Thus 




424. 1. (JF*. A. Wilson,) //* / ••• L-mtegrahle in 

Tneasurahle 31, / is measiirabU in 31. 

Let first suppose tliat/> 0. Wo begin by Hbowing that tlio 
set of points 3L of 31 at which / > X, is luoasurable. Thou by 
408, S,/is measurable in 3L 

Now/ being i-integrable in 51, its integrand sot 3 ia measur*. 
able by 406. Let 3^^ be tho,soction of Q corresponding to X, 
Then the projection of %n SU* Since 3 is measurable, the 

sections 3 a are measurable, except at most over a null sot L of 
values of X, by 419. Thus there exists a sequence 


X^ ^2 ^ ^ ^ 


none of whose terms lies in L, Hence oaoli 3 a„ ia measurable, and 
hence SL,, is also. 

As 51 a„+i each point of 3L lies in 


so that 


2U < 


(1 

(2 


On the other hand, each point d of ® lies in 3L. For if not, 
f(d)<X, 

There thus exists an s such that 


(8 

But then d does not lie in 31^,, for otherwise /(r?) > X,, which 
contradicts 3). But not lying in 2 (a,, d cannot lie in 5D, and this 
contradicts our hypothesis. Thus 

®<31a. (4 

From 2), 4) wo liavc 

® = 3U. 

But then from 1), 31 a is measurable. 

Let the sign off he noio nnrestriGted, 



Since/ is limited, wc may choose the constant (7, such that 
g — fQx)’^ (7> 0, in 21. 

Then g is i-iiitegrable, and lienee, by case 1°, g is measurable. 
Hence/, differing only by a constant from g, is also measurable. 

2. Let 21 he measurable. Iff is L-integrahle in it is measur- 
able in 21, and conversely. 

This follows from 1 and 409, 1. 

3. From 2 and 409, 3, we have at once the theorem : 

When the field of integration is measurable., an L-integrahle func- 
tion is integrable in Lebesgue'^s scjise^ and conversely ; moreover., both 
have the same value. 

Remark. In the theory which has been developed in the fore- 
going pages, the reader will note that neitJier the field of integra- 
tion nor the integrand needs to be measurable. This is not so in 
Lebesgue’s theory. In removing this restriction, we have been 
able to develop a theory entirely analogous to Riemann’s theory of 
integration, and to extend this to a theory of upper and lower in- 
tegration. We have thus a perfect counterpart of the theory 
developed in Chapter XIII of vol. I. 

4. Let 21 be metric or complete. If f (x^ is limited and 

R-integrahle, it is a measurable function in 21. 

For by 381, 2, it is Z-integrable. Also since 21 is metric or 
complete, 21 is measurable. We now apply 1. 

IMPROPER L-INTEGRALS 

Upper and Lowei^ Integrals 

425. 1. We propose now to consider the case that the integrand 
/(^Tj ... is not limited in tlie limited field of integration 21. In 
chapter II we have treated this case for JB-integrals. To extend 
the definitions and theorems there given to i-integrals, we have 
in general only to replace tnetric or complete sets by measurable 
sets; discrete sets by null sets; unmixed sets by separated sets ; 


asions by separated divisions ; sequonees of suporpoaod 
i visions by extremal soquonees; etc. 

28 we may dcliuo an improper Z-integral in any of the 
ys there given, making such changes as just indicated, 
liowing we sliall employ only the 8^ Typo of delinition. 
plicit wo define as follows : 

^1 dofnied for eaoli point of the limited act 91. 

leiiote the points of 91 at which 

— ^ > 0 . (1 

ts 7* 

lim 'if. lini / / (2 

rt, /5=»eX'^(a/3 


hey exist, wo call the loioer and itpjyer (improper) lAn- 
nd denote them by 



3 the two limits 2) exist and are equal, wo denote their 
value by 


[f 

Mi 


f is (improi^erly) L4nUgrahU in 91, etc* 


order to use tlio demonstrations of Chapter II witliout too 
mblo, wo introduce the term ^tiparatad f motion, A func- 
such a function when the holds 9(„p dolined by 1) arc 
I jiarts of 9t. 

vG defined measurable functions in 407 in the case that 
ted in 9t. Wo may extend. it to unllniitod functions by 
f that the floklB SLp lU’e measurable however largo cc, /9 arc 


oing so, we see that measurablo functions are special oases 
tod functions. 

3 the field 91 of integration is nioasurablo, 9I,t/3 is a moas- 
irt of 91, if it is a soiiaratod part. Trom this follows the 
it result : 

a Be'parated function in the meamirahU field 91, it is L-in- 
n each 9[„^. 


From this follows also the theorem: 

Let f he- a se-ijarated ficnaiion in the meamr able field ?(, If either 
the loiver or ujypar integral off over 9.1 in eonvergent^ f U L-mtegrahle 

in 9.(, and a /-* 

/ /- lim / /. 

a, 

426. To illustrate how the theorems on improper .72-integrals 
give rise to analogous theorems on improper i-integrals, wliich 
may be demonstrated along the same lines as used in Cliapter II, 
let us consider the analogue of 38, 2, viz. : 

If f is .a separated function such that I f converges^ so do I f 

Let jUnl be an extremal sequence common to both 


I / 


a/3' c^^i^ap 

Let e denote the cells of _Z7„ containing a point of those 

cells containing a point of ; S those cells containing a point of 
9la/3 but none of Then 


/ 


= lim « + Sil/; . e' 4- . 

^SlajS' 

In this manner we may continue using the i^roof of 38, and so 
establish our theorem. 


427. As another illustration let us prove the theorem analogous 
to 46, viz. : 

Let 912, *“ form a separated division of 91. If f is a 
separated function in 9(, then 

f/- r/4 - 4 f/, 

provided the integral on the left exists^ or all the integrals on the 
right exist 

For let 9[;,,aj3 denote the points of 9L/3 in 91,. Then by 390, :i, 


r == r + ... + r 

a/3 a/3 


In this way we continue with the reasoning of 46. 


428 . In tliis way we can proceed with the other theorems; in 
eacli ease the requisite modiheation is quite obvious, l)y a con- 
sideration of the demonstration of the corresponding^ theorem in 
jS-integrals given in Chapter II. 

This is also true when wo coiuo to treat of iterated integrals 
along the lines of 70-78. We have seen, in 425, iJ, that if ?! is 
measurable, upper and lo'war integrals of separated functions do 
not exist as such; tlioy reduce to i-integrals. We may still 
Iiave a theory analogous to iterated /i-intograls, ])y extending the 
notion of iterable liclds, using tlie notion of upper measure. To 
this end we deline : 

A limited point set at ?l == 93 . g is mhneamrahU with rest)eet 
to 93, when 

S- fe. 

We do not care to urge this point at j)ro8ont, but prefer to pass 
on at once to tlie much more interesting case of i-intograls over 
measurable fields. 


L-IntegraU 


429 . Tlieso wo may define for our purpose as follows: 

Let/(a:j defined over the limited measurable sot 3t. 

As usual let 9U/3 denote the i)oints of 9( at which 


-«</< A /3>0. 


Let each bo measurable, and lot / liavo a prot)er JCdiitegral 
in each 3Ia^. Theji the improper integral of/ over ?( is 



0 


when this limit exists. Wo sliall also say tliat the integral on 
the left of 1) is convergent. 

On this hypothesis, the reader will note at once tliat tlio dem- 
onstrations of Cliaiitor IT admit ready adaptation ; in fact some 
of the thooroms require no demonstratiou, as they follow easily 
from results already obtained. 



430. Let us group togetlier for referonco tlie following theo- 
rems, analogous to those on improper ii-iutegrals. 

1. Iff is (improperly') L4ntegrahle in §1, it is in any measurable 
part of 2L 


2. If g^h denote as usual the non-negative functions associated 
'■ tvithf then 

0 - 

otsi oi'Si otjr 

S, If j f is convergent^ so is / |/|, and conversely. 


4. When convergent.^ 



5. 



f is convergent^ then 
€ > 0, cr > 0, 



« 


for any measurable S3 < 21, such that 93 < o-. 


(2 


6. Let Sl = (3(j, 212 **' be a separated division of 21, each 21^ 
being measurable. Then 



(3 


provided the integral on the left exists^ or all the integrals on the 
right exist. 


7. Let 21= ^ separated division of 91, into an enumerable 

infinite set of measurable sets 91„. Then 

// = //+//+••• (4 

Mi Mii cL^2 

provided the integral on the left exists. 

8* Iff ^g in 21, except possibly at a null set., then 

fj’ (5 

when convergent 







431. 1. To show liow simphj tlu! jiroofs run in the present 

case, let us consider, in the lirst place, the theorem analogous to 
38, 2, viz. : 

If f f converges^ so do j f and j /. 
cL% 






The ratlier diilicult proof of 88, 2 cim bo rophicod by the follow- 
ing simpler one. Since 

9fa/3=%+?ia (1 

is a separated division of 2Ia^, wu have 

I 

ci'Sta/3 ’I'JU 

I =/ +/• 


Hence 


r -i‘ -if -I 




But the left side is < e, for a suiTicioiiLly largo «, and /3, 0 > 
some This shows that f is convergent, yiiuilarly we show 

the other integral converges. 

2. This form of proof could not bo used in 88, 2, since 1) in 
general is not an iinmixod division of 

3. In a similar manner wo may establish tho theorem analo- 
gous to 89, viz. : 


If r f and I f converge^ 80 does C f 
Xsii 


4. Let us look at the demonstration of tho thoorom analogous 
to 43, 1, viz. : 


oL^ nL<i\ nLS)l 


provided the integral on either side of these etiuatmis converges* 


*±vo 


iiVJLJL Xj— LX-N X J’jVjrXV/XijO 


Let US prove the first relation. Let 33^ denote the points of 21 
at which / < Then 

= + 


is a separated division of 23^, and hence 



etc. 


5. It is now obvious that the analogue of 44, 1 is the relation 1) 
in 430. 


6. The analogue of 46 is the relation 3) in 430. Its demon- 
stration is precisely similar to that in 46. 

7. We now establish 430, 7 . Let 


Then 21 = + jS,,, 

is a separated division of 21, and we may take m so large that 
arbitrarily small positive number. Hence by 430, 5 , 
wc may take m so large that 


IX 


f <e. 


Thus 


ff=f f+ f f 
= f /+•••+ r f+e' 

From this our theorein follows at once. 


6M<6. 


Iterated IntegraU 

432 . 1. Let us see how the reasoning of Cliapter II may bo 
extended to this case. We will of course suiDpose that the Held 
of integration 21 = 23 • S is measurable. Then by 419, the points 
of 23 for which the sections are not measurable form a null set. 
Since the integral of any function over a null set is zero, we may 
therefore in our reasoning suppose that every (S is measurable. 

Since 21 is measurable, there exists a sequence of complete com- 
ponents A„i= in 21, such that the measure of A = is 21. 


Since is complete, its proji'^ctiou is complete, by 1, 717, 4. 
The points of for which the corresponding^ sections are nut 
measurable form a null set Hence tlie union is a null 

set. Thus wo may suppose, witliout loss of generality in our 
demonstrations, that 21 is such that every section in eaidi A,,^ is 
measurable. 

Now from 

0=2t-yL- / (S-- / / (CS-C>), 

rLn 


we see that those points of ^ wluire iS> 0 foi'in a null sot. We 
may tlierefore suppose tliat K = 6' ovm’ywliere. Thou (S — is a 
null set at each point ; wo may tlius adjoin tlumi to Tims wo 
may suppose that S == 6^ at each point of S}, and that ® is tlui 
Linion of an enumerable set of complete sets 
As we shall suppose tluit 

ff 

.s convergent, let 

rtj fXt^ 00 , 

/9i</^2< ••• = oq - 


Let us look at the sots 21^,^, which wo sliall denote by 21^* 
riieso arc measurable by Moreover, the reasoning of 72, 2 

shows that witliout loss of generality we may suppose that 21 is 
mch that 33,^ = 33. Wo may also supj) 0 H 0 tliat cacli (£„ is measur- 
ible, as above. 


2. Lot us ihially consider the integrals 

!/■ 


0 


These may not exist at every point of 53, because / does not 
idmit a proper or an improper integral at tliis ])oint. It will 
mlFice for our purpose ,to suppose that 1) does not exist at a null 
iet in 33. Then without loss of generality wo imi}'’ sup])Oso in our 
lemonstrations that 1) converges at oacli point of 33. 

On these assumptions let us see liow the theorems 78, 74, 75, 
ind 76 are to bo modified, in order tliat the iiroofs there given 
nay bo adapted to the present case. 






433. 1 The first of these may be replaced by this : 
Let JSo", n denote the 'points of 93 at lohich c„ > cr. Then 

liiii = 0. 

For by 419, 



as by hypothesis the sections S are measurable. Moreover, by 
hypothesis 

(£ = ©« + c„ 


is a separated division of E, each set on the right being measur- 
able. Thus the proof in 73 applies at once. 

2. The theorem of 74 becomes : 


Let the integrals 



. />0 


he limited in the complete set 93. Let denote the points of 93 at 
which 

Then ==: ^ 

lim 

n=oo 

The proof is analogous to tliat in 74. Instead of a cubical 
division of the space we use a standard enclosure. The sets 
JiSn are now measurable, and thus 

[) = .Z)i!;j93nJ 

is measurable. Thus = T. The rest of the proof is as in 74. 



3. The theorem of 75 becomes : 


Let the integral 



, />0 


he limited in complete 93. Then 




t. J. J 




Tl)e proof is ontiroly similar Lo that iu 75, cxcopt that we use 
extremal sequences, instead of cubical divisions. 

4. As a corollary of 3 we have 
Let the inte(jral /* 

/ / , />o 

he limited and JAntegrahle in iO. Lei the union of an 

enumerable Hct of coviplete nets. Then 


limf />: 


For if 93 ,h = (-^ii — 


c/as o/t*,, c/a3,a 


But for m sulliciontly largo, SD,h siuall at pleasure. Honco 

r f <r 

cXs),,, * I'j ® 

Wo have now only to apply 3. 

434. 1. Wg are now in position to prove the analogue of 
70, viz. : 

Let 2f = 33 • S he measurahU. Let j f he oonvert/eiit. Let the 

r . . 

integrals f f converge in 33, except possiblg at a null set. Then 
aL(S 

ff=f // a 

nCSt niiS, 

provided the integral on the right is convergent* 

We follow along tlui line of proof in 7(), and begin by taking 
f > 0 in ?(. By 428, wo have 


lieiicG 


//= r //; 

ri-SI„ oL® X®,, 

ff=\{mC f f. 




xiu r x\ w i i’j XV J j-x xvjyj jlvxiijo 


Now € > 0 being small at pleasure, 



Since we have seen that we may regard i0 as tJie imion of an 
enumerable set of complete sets, we see that the last term on the 
right 0, as 7i = co, by 433, 4. Thus 



by 2). 


Hence 


On the other hand, 



From 3) and 4) we have 1), when/ > 0. 

Tlie genei'al case is now obvioi\sly true. For 


31 = ^ + 92, 


(3 




where/ > 0 in and < 0 in 92. Here ^ and 9i are measurable. 
We have therefore only to use 1) for each of these fields and add 
the results. 


2. The tlieorem 1 states that if 



both converge, they are equal. Hobson^ in a remarkable paper on 
Lebesgue Integrals has shown that it is only necessary to assume 
the convergence of the first integral ; the convergence of the second 
follows then as a necessary consequence. 


^ Proceedings of the London Mathematical Society^ Ser. ii, vol. 8 (1000), 

p. 81. 


435. Wo closo tins oliaptor by proving a tliooj'em duo to 
Lehesgite^ which is of fundainontal iinporlanc.o in tlio tlioory of 
^'ouricr’s Series. 

Let fix) he ijvoferlg or iwproperly L-intofjrahle in. the interval 
l=:ia<b). Then 

liin .7y.= Ihn / V’O’ + ^)—fix)\dx 
5««u S«() La 

= lini ( |A/|7.r = 0, ^^ < /Q < + S < /u (1 

fLu 


For in the first place, 

X < + ^)i + /* V I I 

La La La 

Next wo nolo that 
/ {X + S)-f (;«) I - I //(^; +• 5) - //(;i0 1 

< 1 (/ (.1^ + S) - </(«■• + S) - (/(.r) - ffix) ) I . 

Hence 

r^l A/ \dx- f A// I dx < jT A (/ - y) I dx, 

La La La 

From 2), 3) wo liavo 

J,<J, + 2£\f-ff\dx. 

Let now for 1/1 < (7, 

= 0 for |/’| > (7. 

Then by 4), ,/< ,/ + 2 f"\f-!/\dx 

La 


(3 

(4 


irhero e' is small at pleasure, for O- sunieioiilly largo. Thus the 
lioorom is established, if wo provo it for a liiuitocl function, 

g(x)\ < a. 

Let us thoreforo offoct a division of tho interval P (7, (7), 
f norm c?, by interpolating tho ])oiuts 

-(7<(?i< o^< <(7, 

ausing T to fall into tho intervals 


Jv 7a 
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Let lirr, = for those values of x for which gix) falls in the in- 
terval 7;^, and =: 0 elsewhere in 21 . Then 

J„<iJ,, + 2rcff-:^hodx 

oLa 

+•^^ small at pleasure, 

for d sulEciently small. 

Thus we have reduced the demonstration of our theorem to a 
function h(x) which takes on but two values in 21, say 0 and 7. 

Let (g be a 0-/4 enclosure of the points where 7, while ^ may 
denote a finite number of intervals of @ such that ^ — (g < o*/ 4 . 

Let 0 = 7 in (g, and elsewhere == 0 ; let -0 = 7 in g, and else- 
where = 0. Thus using 4 ), 

cl/a 

since 7 i = 0 in (a, /3), except at points of measure < 0-/4. Similarly 

Thus *^4 ^ <C 4 “ ^5 

for <r sufficiently small. 

Thus the demonstration is reduced to proving it for a 'xjr which 
is continuous, except at a finite number of jDoints. But for such a 
function, it is obviously true. 


CITAPTKR XriT 


FOURIER’S SERIES 


rrelwiinavy lieviarks 


436. 1. Let iia supposo tluit the Ihuitod I’unetiou /(a;) can l)e 
eveloped into a series of tlie type 

fQx) = -I- cos X + ag 2 ir + ag cos a; -j- 

+ sill X + ?>2 sia 2 x -{- ?;g siu 3 a; + (1 

^hich is valid in tlie interval St = (— • tt, tt). If it is also known 
lat this series can be integrated termwise, the coeHioieutH 
m be found at once as follows, liy hypothesis 


X fdx^a^ j dx + ( cos xdx + 

/»>r 

+ I sin xdx 


+ 


As the terms on the right all vanish except the lirst, wo have 





( 2 ' 


Lot us now multiply 1) by cos nx and integrate. 

X tr r*rr 

fix) COS nxdx = I cos 7ixdx -h a ^ f 

H-*./ 

COH mx cos nxdx =0 , w w, 

COS^ nxdx e=3 TT, 

r.f 


Now 


COS X cos nxdx + 
Kinci:cosrirr+ 


sin mx coHna:=0. 

*115 


U lU 


X' U LXLiliLX, o 


Tima all tho tcvniR on the right of the last series vanish except 
the one containing Hence 


1 

— - I /(n?)cos nxdx. 

TJ-X-tt 


( 2 ' 


Finally multiplying 1) by sin nx^ integrating, and using the 
relations 

I sin mx sin nxdx == 0 , 


£ 


we get 


sin^ nxdx = tt, 

— I f(x') sin nxdx, 

TTotz-TT 

Thus under our present hypothesis, 


(2 


tn 


J ^TT ^ 00 /^TT 

/ I f H — 2 cos nx I f(u) cos nudu 

1 00 

H — 2 sin nx I f(u) sin mtdu, (3 

TT 1 aL-ir 

The series on the right is known as Fourier's series ; tlie coeffi- 
cients 2) are called Fourier^ s coefficients or constants. When the 
relation 3) holds for a set of points 33, we say /(a;) can be de- 
veloped in a Fourier’s series in 33, O]* Fourier’s development is valid 
in i8. 


2. Fourier thought that every continuous function in 31 could 
bo developed into” a trigonometric series of the type 3). Tho 
demonstration he gave is not rigorous. Later Diriclilet showed 
that such a development is possible, provided the continuous 
function has only a finite number of oscillations in 21. Tlie func- 
tio 2 i still regarded as limited may also have a finite luunbor of 
discontinuities of the first Jcind^ i. e. wliere 

/(^+0) , /(a-P) (4 

exist, but one at least is ^fCa'), 

At such a point a, Fourier’s series converges to 

I J/(« + 0)-i-/(a^O)S, 


Jordan lias oxtomUul I )irit*lilo(;\s I’csults to functions having 
imitocl variation in ?t. 1hius Fourier's (lovtilo[)incnt is valid in 
lortaiii eases when f lia,s a,ii iudnitci number of osiallations or 
loints of diseontinuity. Foui*i(‘.r's diivolojimont is also valid in 
•ertain eases when / is not limited in % as we shall see in the 
bllowiug sections. 

Wo have supposiul that /(r?0 is given in the interval 
)[ = (— TT, tt). This restriction wsis made only for eonvouimuie. 
A)!’ if/(:r) is given in tliii inUu’val 've have only to 

diange tlio variable by means of the relation 

7r ( — a — /Q 

f) ^ a 

Then wlion x rangi's oviu' u will range over ?t. 

Suppose/ is an even fimotioii, \n SI; its development in Fourier’s 
iories will contain only cosine terms. For 

C/J 

/(rr) = 2(a„ (ms qix + sin nx)^ 

i) 

CO 

/(•— x) = ’^' 0 * 

0 

Adding and remembering t]mt/(.r) ===/(—;?:) in Jf, we get 

CO 

f(x) = e.os n:r, f even, 

" 0 

Similarly if / is odd,, its development in Fourier’s sorioR will 
jontain only siiio teimis ; 

/(:/;) = 1 sin 9/;r, / odd, 

^ ■ * 

Lot us note that if ,/*(;/;) is given only in 53 = (0, tt), and has 
iinitcd variation in $1, wo ]nay develop f eitlior as a sine or a 
josine sorios in S3. For let 

/y(.r )::=/(. r) , rr in S3 

==.//- ;r) , rr in (- TT, 0). 

Then ff is an oven function in 91 and has limited variation. 
Using Jordan’s rosnlt, wci see // can bo developed in a cosino 
leries valid in 91. nonce f caii be developed in a cosine scries 
i^alid in S3. 


41 » 




In a similar manner, lot 

h(^x)^f(x') , a: in 93 

? -7r<a;<0. 

Then K is an odd function in 21, and Fourier’s development 
contains only sine terms. 

Unless /(O) = 0, the Fourier series will not converge to /(O) 
but to 0, on account of the discontinuity at a; = 0. The same is 
true for x= tt. 

If/ can be developed ha Fourier’s series valid in 2l = (—7r, tt), 
the series 3) will converge for all a;, since its terms admit the 
period 2 tt. Thus 3) will reiaresent f(x) in 21, byt will not 
represent it unless f also admits the period 2 tt. The series 8) 
defines a periodic function admitting 2 tt as a period. 


EXAMPLES 

437 . We give now some examples. They may be verified by 
the reader under the assumption made in 436. Their justifica- 
tion will be given later 

Example 1. f (a;) = x , for — tt < a: tt. 

Then 

o fsin X sin 2x , sin Sx ] 

— )■ 

If we set a; = we get Leibnitz' s formula^ 

4 1 8 5 7 



If we set a: = 0, we get 


7r2^ 4 1 t 

■g 


Example S, 


fix') = 1 , 0<x<7r 

0 , a; = 0, ± TT 


= —1 , — 7r<x<0. 


. 4 fsin X , win '\x , win 5:^ , 

/ (:,0 = ^ 4- • • • 


Example 4 . 


/0r) = .r , 0<:r<^ 


^ X < tt. 


By clerniing*/as an odd function, it can bo dovolopod in a ninu 
cries, valid in (0, tt). Wo find 

ny ^ 4 fsin X sin S.r , sin l^x ] 

/(.)=-[ — ^+- -^ — ]• 

Examples. /(a;) = l , .0<:c<-^ 

% 

By defining / as an oven function, wo got a dovolopinont in 


4 f (ioH X cos 8 X , cos 5 x i 

— i, 

alid in (0, tt). 

Example G, f («;) = (tt — a;) , 0 < ar < tt. 

By defining / as an odd function wo got a dovolopinont in 
ines, 

f (a;) =5 sin x + | sin 2 a; + J sin 8 a; 4* . • . 
alid in ( — tt, tt) . 

Example 7. .Lot /(a?) == ^ , 0 < a: < ^ 

*) f) 

A tt ^ ^ 2 TT 

-0 , 


TT 27r 

'8 ’ 


Developing/ as a sine series, we get 


\ o . sin 4tx , sin 8a; , 
f{x) = sin 2x + — — H ^ — + 


valid in (0, tt). 

Example <?. 

* We find 


2 4 

f{x) — e^ , in(— TT, tt). 


f(x)-. 


2 sinli TT 


1_ 

2 1 + 12 


^ CQ8 X+ — - COS 2 X ■ 


+ 


1 


1 + 12 


SlU X — 


1 + 22 
2 

1 + 22 


1 + 32 


^ COS 3a;+* 


sin 2a;+ 


1 + 32 


sin 3 a; — • • • 


cos X , cos 2 a; cos 3 re 


valid for — it 

Example 9. We find 

2 /X . f 1 

cos /xo; = sin TT/x 2 1 ' 2 02 2 q 2 

TT I 2 /X^ — 1 fJL^^ 

valid for - it <x <.v , /ii 2 ^ 22 , 32 , ... 

Let us set a; = tt, and replace /x by a? ; we get 


+ 


TT t ^ I 1 , 1,1 

^^cofcTT. -2^2+a.2_i2 + a.2_22 + a; 2_32 


+ 


a decomposition of cot ttx into partial fractions, a result already 
found in 216. 


Example 10. Wo find 


sin a; = — -! 1 — 

TT 


2 cos 2 a; 2 cos 4 a; 2 cos 6 x 


1*3 


3.5 


5.7 


valid for 0 < rr < tt. 


Swmnation of Fourier's Series 

438 . In order to justify the development of/(a;) in Fourier’s 
series .F, we will actually sum the E series and show that it con- 
verges to /(a;) in certain cases. To this end let us vsuppose that 
f(x) is given in the interval 51 = (— tt, tt), and let us extend f by 
giving it the period 2 tt. Moreover, at the points of discontinuity 
of the first kind, let us suppose 

/(^O-ii/0^+0) +/Cr^0)l, 


1 i/j’ j’ \ /iMVi nryZtirjrr 


^hZi 


len the function 

<^>00 =/ 0 ^' + 2 +/ 0 ^' - ^ - ^^ J \ x ) 

3ontiuiions at u = 0, aiul Iuih tho value 0, at points of continuity, 
1 at points of discontinuity of 1° kind of/. Finally let us sup- 
30 that /is (properly or improperly) i-intograhlo in §1; this 
t condition being necessary, in order to make tho Fourier co- 
cients liavo a sense. 


F=F{x) = i 

Uq d- (ti t‘os X + cos a’ + • • • 



+ sin :r -p sin '"1 x + ... 

(1 


d- ^(a„ (U)S 

I 


we will now write 


1 

“>> = 

TT 

/♦f'l-arr 

/ /(;r) cos 

(2' 

II 

4 

/*(* 1 2n- 

/ /(rr) sin nrrcZri;. 

(2" 


linco/(rr) is periodic, tho coofficiontH have the same value 
i^ever o is chosen. If we naako — tt, those integrals reduce 
ihose given in 480. 

Vo may write 


.IS 


j j- y + 2((U)s nx cos nt + siu nx sin ni) j 

= t J i 1 -I- s c;on n{t - ;(:) \ f ( 0 dt. 

I / >f’ I 

^ =: + S COS m(it — x). 

'rovidod • i \ 

sin |(^ — x)is 0, 

may write 

1 wn 

" 2' Bi i ri (t - x) ^ ~ f ''■«(< - *) 

z —^-1 rain i (i! — a;) 

2 8111 |(it 1_ ^ 

f . 2 ?7i -f- 1 ^ , .. . 2 m — ;l 

+ Hin - (/, — a;) — sin - - (t.~ x) 


(8 

(4 

(fi 
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Thus 


" ^sinlCt^x) 


(6 


if 6) holds. Let us see what happens when 5) does not hold. 
In this case ^(t — rc) is a multiple of tt. As both t and x lie in 
(c, c + 2 tt), this is only possible for three singular values : 


t=i X ; ^==(?, ^c=:c+-27r 

For these singular values 4) gives 


^ -}- 2 TT, 


0. 


Pn== 


2 n + 1 
2 


(7 


As P„ is a continuous function of the expression on the 

right of 6) must converge to the value 7) as t converge to these 

singular values. We will therefore assign to the expression on 

the right of 6) the value 7), for the above singular values. Then 

in all cases h .o ‘ i ^ ^ x 

1 1(2 n + 1)0 - x) . 

” ttL 2sinlCt-x) 


Let us set 
Then 


I - X) 

2 n + 1 = i> , t — X = u- 


1 rh(c-x)+^ j,i, 

= - f(x + 2 m) — 

SI 


sin vti 


du. 


sin It 


Let us clioose g so that 


re — TT, 


then 


TT ff 

/»0 /•'i 

= / +/ • 

■TT cjLO 


Replacing uhy —u in the first integral on the right, it becomes 


Thus we get 


f(x~2u)^ 
Xq si 


sill Vli 


du. 


sin u 


; = 1 r If {X + 2u)+ fCx -2u)\ du. 

'^cLq 


sin u 


(8 


Let us now introduce tlie term — under tlie sign of inte- 
gration in order to replace the brace by To this end let us 


ni X an arbitrary but (Ixod value and eonsidcr the Fourier’s 
ies for tlio function 

a constant 

[f \VG denote tlie Fourier series (jorresponding' to the g function 
G! = i t/ft + //i cos t + //.^ cos 2 t + - . 

-f- SI u t -|- sill 2 t -j- • • • 

liave -i 

^0 = = -/(aOi 

/’/.A 

(j^ = / COS iltdt = 0, 

= r’'%in'«AZi = 0. 


Tlius the sum of the first n -H 1 terms of the Fourier series 
longing to g(t^ reduces to 

(9 

But this sum is also given b^^ 8), if wo replace 
/0r + 2n) -K/(‘^:-2n) 
gQv. + 2 n) +//(;r - 2 it) = 2f(x), 


ice g is a constant. We got thus 

a,=.y r2m^^ 

TT^O 




(10 


Let us therefore subtract/(:i;) from both sides of 8), using !)), 
). We get 


C:r) ^/(;i 0 = 
Setting 


rr 


^ ° + - n) +f(x - 2 n) - 

'^rXo 

= 7r;.F,.(a:) -fQx)], 


i'i N > HUl , 

smu 


(11 


luivo 




Ml Bill 


(12 


We liave thus the theoriun : 


.For t/tc Fourier Serien to aonverge. to /(:r) at tdie point rr, it is 
pessary and Htifficient that />„0r) 0, a« n oo. 
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Validity of Fourier s Development ^ 

439. Tlie integral on the right side of 438, 12), on which the 
validity of Fourier’s development at the point x depends, is a 
special case of tlie integral 

Jn= f giu) sin mid'U , S 3 = (ot < i)* (1 


In fact Jn goes over into if we set 


= , a = 0, h 

Sill 


TT 

2 ■ 


To evaluate let us break S3 up into the intervals 


These intervals are equal except the last, which is shorter than 
the others unless i — a is a multiple of vr/a. We have thus 


If we set 



.we see that while v ranges over SBgj? I'anges over S3o,_i. This 
substitution enables us to replace the integrals over 33^^ by those 
over 332j-n since 



sin nvdv 


-L 


®2s~l 


I tt 
U -P - 
n 


sin nudu. 


Hence grouping the integrals in pairs, we get 



sin midu + 


sin nudu 


"b / <7(^0 nudu^ 


* Tho presentation given in 480-448 is duo in t.liG main to Lehesgua, Cf. liis 
classic paper, Mathcmatische Annalen^ vol. 01 (1905), p. 261. Also his L^ons sur 
les Series Trigonombtriques^ Paris, 1000. 


'hero 58 ' is 58 ,. or 58 , ..i -I- 51 ^,., (lopouclin^ on Llio parity of r. Now 

I /* f 




f/[n -h j-l/OO 


du 


“■ J- I n ) ^ ^ 

It 


c« 

(-1 


Tims </„ = 0, if Lho Lln*ou iiil.oj4’nils 2), 3), 4) 0. Moroovor, 

tlieso tlireo iub(3grMlH aro nniformltj evanesoevi wibh rospocb to 
nnc point scf K < is also niiiformly ovanosuont iu (£, Tn 

xrticular wo noto tlio thooroin 


^ 0, if (/ 18 L-inteurahle in JiS. 

Wo arc now iu a position to draw sonio important concluaiona 
ith rospoct to Fourier’s series. 


440. 1. Let f{x) he LAnteijrahle in (o^ rz+STr). Then the 
'oxivier aonstmits h,^ =s 0 , us u ^ go. 

"I /VtUrr 

For = / /(;r) eoH v/rtZ.r 

a special ease of th(3 iutof^'ral. As^'is X-integrablo, we need 
ily ap])ly the tlieormu at the close of tlio last article. Similar 
jasoning applies to h^^ . 

2. J^or a f/iven vahte of x vn = (— tt, tt) let 

^(u>~t<'‘X (1 

sill XI 

i L4nte(irahle in ^ = ^0, Then Fimrier8 development is valid 
/ the point x* 


For by 438, Fourier’s series =f(jx>) at the point .r, it Qc) == 0. 
But D„ is a special case of </„ for which the g function is iu- 
tegrable. Wc thus need only apply 439. 


3. For a given x in 21 = ( — tt, tt), let 

xOO = ^ (2 

lA/ 


be L-wtegrahle in 53 == 
at the point x. 

For let > 0, then 



Then Fourier's development is valid 


f iti&= r|«»)|< r!4«Ki±5)<i. 

JU cZo ^0 u 

= 0 , as S = 0 , by hypothesis. 


4. For a given x in 21 = (— tt, tt), let 
' u 


(3 


he L-integrahle in 21. Then Foitrier's development is valid at the 
point X, 


For 


^ u u 

= 2[a)(2ti) + a)(-2i^)]. 


Thus X i>-iMtegrablG in 
iiitegrable functions. 



as it is the difforonco of two 


441. (I/ebesgue'). For a given x in 21 = ( — tt, tt) let 

TT 

1° lim w f \(f)(u‘)\du:=: 0 ; 

Ji=co ^0 

2° lini r \'^lrQi + S)-^\jr(u')\du^0 


for some t) such that 


z 


Then Fonriers development in valid at the point x. 
For as we huvo soon, 


I-®-' H‘'“ +irk(“ + 3 - 


4- / sin w du< J)' -{■ F" + D'", 

JL\h. siin,6 “ ’ 


lero yS„ is a cortaiii munbor whicli = iin n = oo. 

Let U8 first consider D'. Since 0<^t<-’r-, wo have 0<vu<‘ 


W— - ^ -j-cr- 

sin UK, 0 'M 

74 — . 7* — 

(i M 




'■(rv r) 


0<cr, r<l 




1 — . [ 1 -- 

TiA 4 7 

<1^, 2)rovitlo(l 8>L 




Bnfc tliiH in indued so. 


[lojico 


1 > 1 „ E 

4 4‘ 


> I >*5 , if //>r). 


/ *1' 

: V I ||/)| du = 0, l)y iiypothosis. 

ri-O 


We now turn to D" . We have 


/ '= / '+ / ' , ~<n<' 

rJUrr nL/n nLtf ^ 


428 


POIJKI Ell’S SERIES 


Now / being L-intugrable, 


- '^OO 


TliUvS 


is Jy-integrable in ^ 

liin I =0. 

71— jy J^rj 

But by condition 2° = 0. 


Thus 


cJm/TT 

liin =: 0. 

5=0 


Finally we consider But tlie integrand is an integrable 

function in . Thus it = 0 as = oo . 


442. 1‘. The validity of Fourier's deveIo2'}me7it at the jwint x de- 
pends only on the nature off in a vicinity of x^ of norm S as small as 
we please* 

For the conditions of the theorem in 441 depend only on the 
value of/ in such a vicinity. 

2. Let us call a point x at wiiich the function 

^fQc -f 2 u) +f(x - 2 It) - 2f(x') 
is continuous at 0, and lias the value 0, a reynlar jnmiL 

In 438, we saw that if x is a point of discontinuity of tlie first 
kind for /(a;), then rc is a regular point. 

3. Fourier's development is valid at a regular point x^ provided 
for some t) 

liin I 4* S) — I = 0 - , 0 < S < ?; < ^- ■ 

6=0 ^ 

For at a regular point aj, ^(^0 is continuous at u = 0, and = 0 
forw=0. Now 


Tluis 



V/. 


TT I ^(0) I =: 0, 

llouce c()U(lil;ion 1° of 141 Ih HiiLlsdud. 


LwiiUid Varlalion 

443. 1. R(4’oro g-oiiig farMior \\k\ must iiitrodiKio a few notions 

liilivo to tlio variation of a fuiuition /(;r) dtiliiUMl over an intorval 
= (rfc</j)* ollVad a division I) of ?( into subintorvals, 

r interpolating a iinito ninuber of points The sum 

= I (1 

called the variation offin %for the diviHion 'D, If 

Max Vj, (2 

finite with nispeuit to tlie class of all finite divisions of St, wo say 
has finite va7iat.ion m St. Wliou 2) is Iinito, wo denote i ts value by 

Vai‘/, or Kp or V 
id call it the va'nation off in St. 

Wo shall show in fi that finite variation moans tlio same tiling 
limited variation intr{)du(U)d in 1, fiOD. Wo use the term finite 
a’iation in socdunis 1 to 4 only for clearness. 

2. A most important property of functions having finite vari- 
iou is brought out by the following geometric consideration. 

I..ot us ta,lco two monotone increasing curvets Ay B such that one 
them (irosses the other a finite or infinite number of times. If 
//(jr) are the continuous functions having those curves as 
■aphs, it is obvious that 

a oontinuouH fumdion which (dianges its sign, when the curves 
, B cross each other. Thus wo can construct functions in infinite 
i.riety, whioli oscullatc infinitely often in a given interval, and 
liioh are the dirforonoo of two monotone increasing functions. 
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(1 


For simplicity we liave taken the curves B coutiuuoua. A 
moment’s reflection will show that tliis is not iiccossary. 

Since dix) is the difference of two moaotoiie iiicreasiiig functions, 
its variation is obviously finite. Jordan has proved the following 
fundamental theorem* 

3. If f(x) has finite variation in the interval ?l = ((U < there 
exists an infinity of limited monotone increasiiuj fwnetions 
such that ^ Ji 

For let i? be a finite division of 91. Let 

= sum of terms /(^m) j which are > 0, 



V, = 2 l/(«„H-i) -/(««) I = + N, . 

Also 

-/(^) i + \Kh) i + - + -/(^n) ! -=^Bn 

On the left the sum is telescopic, hence 

From 2), 3) we have 

= 2 =. 2 Nj, +f(h) ^f(a)* 

Let now MaxP^ = i> , Ma.xNj>==JV 
with respect to the class of finite divisions D* 

We call them the and negative variation of y*(‘0 hi 91. 

Then 4) sliows that 


(2 

•iVi,. 

(3 

(4 


V=^‘lP+f(ia}-fih) , V^2N+f{h)~.J\a). 

Adding these, we get y_ p _| ^ 

From 5) we have 

Instead of the interval ?f = (rt < S), lot iih take tho interval 
(a < a;), where x lies in 21. Uoplucing b by x in 7), wo have 

fix) =^fia) + Pix)-- Fix). (b 


(3 

(7 


Obviously P(a;), ar(‘, monotone iiutrcasing functions. 

3t fiQc) bo a nionotouo increasing [‘unctiou in 21. If we sot 

//(^) =/C^) 'I- 

h(^x) = N [:r) + 

3 get 1) from 8) at onco. 

4. From 8) wo have 

1/00 I < l/(«)| ^hJ\x) + N(^x') 

< |/(«) I H- (10 

f). Wo can now sliow that 2 ohen /{x) has finite variation in the 
)erval 21 == (a < h') it has limited vdriaiiwn and conversely. 

For if/ has finite variation in 21 wo can sot 

/(^O == 

loro <^, ^^r arc monotone increasing in 21. Tlion if 21 is divided 
;o tlio iiitorvals ^2 “• bavo 

Osc/< Osc (j) + Osc 'i/r , in S . 

Ohc <!> = A(/) , Osc ^fr ==: A-v/r , in 
ICO tlicso functions are monotone. IIouco summing over all the 
;erval8 S , , ^ Qao/ < 2 + SAf 

< \cHh-)-cl^(a-)l + \ir(h)-f(a)l 

< some for any division. 

Honco/lias limited variation. 

[f / has limited variation in 2(, 


Hence 


I A/’ I 5: Osc/ , in 
S I A/| <2 0Hc/<somoiJf. 
Honco/has finite variation. 


///O^) has limited variation in the interval 2fi its •points of 
itinuity form a pant actio set in 21. 

Ibis follows from fi, and I, 508. 
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7. Let a<b<c; then iff has finite variation in (a, a), 

KJ+ (11 

where Va, s means the variation off in the interval {a, h), eie. 

For r„/= Max Vj,f 

with respect to the class of all ihiito divisiojis ./? ol (cii, (/). Tho 
divisions I) fall into two classes : 

1° those divisioJis U containing tho point h, 

2^ the divisions F which do not. 

Let A be a division obtained by interpolating one or more 
points in the interval. Obviously 

vlf> V,f. 

Let now O’ be obtained from a division F by addi))g tlio point 
J. Then T7- ^ rr 4.' 


Hence 


TV> 

Max Fy,.>Max 

JC ' F 


Hence to find we may consider only tlu^ chiss F. Let 

now be a division of i), and F\ a division of (7^ y/). Then 
+ jE ?2 is a division of class J?. Conversely each division of class 
F gives a division of (a, (6, c). Now 

Fa/- V,/, 

From this 11) follows at once, 

444. We establish now a few simple relations concerning the 
variation of two functions in an interval S( = (a < h). 

V(f+a)=Vf. (1 

S 1 (U 4- «)-(/ + «) I = S 1/,,, -f I, 
where for brevity we set n ^ 

(2 


. Letf, (J he monotone vie, reaHin.(/ functions in ?[. Then 

/ + //)= J 7 + ///. (S 

S I + //. I l) ~ ( ./I //.) I = “ I ( / I 1 —/* ) + (//e I I — //l) I 

= ^|/ui-/;| + ii|/A.n-/A|. 

, For any two functions fy y haviny limit ed variation, 

va +!!')< 17+ Vy. (4 

. Lctff^ have limited variation in ?( ==(«, h'). 

«=|/(rOl , «^= |/^(rt)|. 

hen (5 

or by 448, 8) wo iiavo 

f^l>,~N+A , f^ = F^~N^ + A^, 

yl =,/’(«) , yij=/j(a). 

'llU8 

= FJ\ - PiVi H- 7>yl.i - NJ\ -|- NN.y - NA^ + yli^j - AN, +AA,. 
loncQ by 2, 4, 

Vfl\< VPP, 4- PPN, + VP A, 

< VCnP,-\- l>N,-\-..-) , by 8 
<PP,^-PN,-^ /'«!+... 

<iP + N+ «)(7\ + iVi + «j). 

Vf=P + N , honco, oto. 

15. Murier'i^ devdopinont is valid at the ref)tdar pomt a?, if there 

tH 0< HXteh that in (0, the variation F(tc) of '\Jp(u) 

719/ (u^ f) is limited^ and miah that n V(tc) = 0, 0. 

y 442, wo luivo only lo hIiow that 

= f" I f(u +S)~ f(u) \du 0<S<y<^ 

rZd 2 

/^auesccnt with S. 
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Let us first suppose that y^(u) is luonotoue in some (0, f), yay 
monotone increasing* Similar reasoning will apply, if it is mono- 
tone decreasing. Then, taking 0 < ?? + S < 

''\-^(u + B')--'f(u)\du = j^^ f(u+S)du~2^ -i/r(u)du. 

Ill the second integral from the end, set n = -it + S. 

Then X + 


Hence, /*v . ^ , 

'F = f '\jr(u)du-- I '^(ujau 
JUs 

pr]^{-S 

X 2& /'jl-f-S 

\f\du-\-£^ |V^|dl6 = ^I^, + ^F2. 

We will consider the integrals on the right separately. Let 
= Max I cj) |, in (S, 2 S). 


'1^1 < f ^ 4>m I 

JLt siiitt JLt 


<U 


Hin u 


Hence, 


Thus, 


sin u^U — 1 0 < cr' < ^ , 

1 1 

.^•L- =: i 4 . (TU 1 I I < Homo M. 

sin u u 




<<^„Slog2d-ilf'fi=S 

= 0 , !ihS== 0 , siiioe (/)(«)== 0, 

as a: is a regular point. 

Tfe turn now to Tj. In (■>?, 7 ? + S), B, 7 ) suflioiently small, 
sin M > M — -J «*“ > 77(1 if). 


Thus, if = Max | (jf) | in V + S)i 


villi S, 

Thus, when ^|r is nionotono in sonio (0, f), Fonrior’s clovolop- 
nont is valid. Bnl obviously when 'sjr is inonolouc, tlio condition 
hat uVQic^^O is satisfiod. Our thooraiu is thus ustablishod in 
his oaso. 

Let us mnv consider the case tluit tiio variation F(w) of 'yjr is 
iiTiitod in ^). 

Prom 443, 10), wo Juivo 

roo. 

As before wo have 

I I <2^ \f\du+J^ 1^1 du = % + 

By hyiiothesis there exists for each <? > 0, a > 0, such that 
'w- < € , for any 0<u<Sq. 

[lonco, 

r(M)<® , o<m<8„. 

..is ,.35 

\i^(,0\^iu+l V(u)du 

<|f(0|8-l-er' — 

= 1 ■^(O 1 2 + elf)g2. 

Let us turn now to Hiuco F(u) is tUo sum of two limited 
lumotouo dooroasiug fuuetious P, N in (w, f ), it is intogniblo. 
Thus, 

< I nO' I r''du + r"'"' V(_u)du < 8 1 1 I + VCv) } 

nL>/ nLi) 

3 ovauesoont witli S. 






-V)rl„ 


du = 


’Kl - v) 


= 0 


FOUEIEH’S SEEU'.>- 

•„ at the regular point x, if 

Fourier's development i y\ r 

Umted .an.(i." i« •“« 

0<«<7<?' 

■ Bin« 

F„v t ^ i ^ i 

n u being monotone, 

1 


K 


uy 


sin u 


_i L-. 

’ sin M will y 


riy, 


Vuyi'' — sin M 

= Fa- 

sin 7 




0<_JL.<Jf , in(0*,O' 

sin M 


becem now follow, by 446. Fov wo n.oy fol™ >/ «« »■»*" 

K*<Pm ’ '■^ 

foranyM<7i 

«n<|' 

ho oaer l»..a, m bolog oomciontly l..'BO, ou.l 7 oho.on .» 
lid tliGii lixfidj ^ 

9 T7* ^ 


uVuiie<e, 


some S'. Hence 

tt<some8. , w 

y-ooto.) Muri..: i. Mlid .( tl,, 

x) has limited variation in some domain of re. 


cf>(n-) = J /(.(• + 2 n) -y ( ,0 ! + ] ,/•( - 2 u ) -f( u ) '• 

as limitod variiiliou also. 

3. Ihurier'H development is valid at every 'point of 31 = (0, 2 tt), 
'\fu limited and has only a finite miinher of oHeillations in 31. 


(Hkcr Criteria 

447. Let X = / I xO^ + S) - ;^(m) | du , x(w)= 

• M U 

'■V I 6) - \du , 0 < S < • 

^ X 0 S == 0, 80 does and oo'mersely. 


For 


hero 


8111(^6 -f S) 


sin u 


%(« + S)- x(u) = 

w T" o n 


P = f{u) 


+ S) - i -I- P. 


ainfii. - |- 8) _ niii u 
M + S u 


ObviouHly X luid aro Hiiiiultauooualy ovanoHCGUt with S, 
roviclod 


L =J^ I ^ I == 0 , as fi = 0. 


Lot 

Then 


Z{u) : 


sin u 


Now 




p = -yjr( u) 1 Z(;ll + S) — Z{u) i 
= S’ilr(u')Z^(v) , M< 11 < 1 ( + S. 

i„, ='(l-”2 + -)-.(l-f+-) 


V (}()H V — Hl]l 


Tlius 


=5 ^ 4* • * • 

\Z\v)\<Mv<M*2u. 
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lieitce 

As 


I 2S| laij. 

' Sill u 


1 I < |/(* + 2 «) I + \ f(x - 2 m) 1 + 2 1 / (a:) 1 , 

R< 2 mr\<i >\^0 , wiLliS. 


^6 


448 . (LipsohitZ’Dvii,') At the rec/nlai* pomt .r, Fourier" devel- 
opment is valid^ if for each e > 0 , there exists a 3 ^ > 0 , such that for 
each 0 < S < 3 q , 




For 

|x(m + S)~x(m)| 


I log 8 i 


for any u in ( 3 , 


(^(7.^+ 3 ) - ^(u') 
u-{- S 


1 


w 4- 3 u 
I (f>Oi + 8 ) (jb (?.0 I g I 000 I 


<^00 


2 ^ 

Now X being a regular point, there exists an t/' such that 

t 

I (j>(u) I < e, for u ill any ( 5 , 7;'). 

Thus taking ^ ^ 


Thus 


< 2 e, for any S <7]. 
X = 0 , as 8 = 0 . 


Uniqueness of Fourier’s FeveXoqwient 

449 . Suppose /(a;) can ho dovelopod in Fourier’s series 

00 

f (jf) = G ^0 + ux 4- 8„sin «.r), (1 

fif) cos nxdx , 8„ = /(a;) sin mda;, (2 



id in 5t = TT, tt). \V(5 a.sk l)o dovolopud in a Kiini- 


acrics 


oo 

/(;,;) = ,] a.|'| + eoK nx + hj, .sin ?ia;), 


(3 


0 valid ill ?lt wlioro tho cocHkuonLs iiro not Fourior’s coelliciGiits, 
least not all ol' tliinu. 

5u])p(»so tliis woro ti'Uu. Subtracting 1), ii) wo get 

0=0 («o — "o) + 2 [ ( «„ — al) cos m- + {h„ - /*') sin nx\ = 0, 

('o + 2 {(.Vj ooh lix -I- d„ sin ■nx\ ~ 0, in 5(. (4 

UH it would ho possible for a irigonoinotrio sorios of tho t 3 'po 
to vanisli witliout all tlio tiocsfluiionts c,,,, d„, vanisliiug. 

I’or a power sorios 

J>io + Pr'' + .?V^+ ••• (5 

vanish in an interval nhnut tho origin, howovor siuall, wo know 
X all tho cootlieicnilH pJ,^ in h) must = 0. 

Wo propose to sliow now tluit a similar theorem holds for a 
Tonomotric ricrios. In faot wo shall prove Uk) fimdanumtal 

Theorem i. l^ivppoRe it in hioion that the serm 4) converges to 0 
’ all the points of ==5 ( ^tt, tt), except at a reducible set 9{. 
en the coejjioienis r.Vi, are all 0, and the series 4) = 0 at all the 
inis of ?(. 

<'rom this wo dodueo at oiuui as corollaries: 

Theorem 2* Let be redneihle. set in 31. Let the sivries 


tff 

«Q -h cos nx 4- 


(0 


verge in 91, 
fiction F(x^ 
(f the series 


exeept possihly at t^ie 2 )ovnts 5)J. 
in 91 - !){. 

a,J -h ^ \ alt 4- A1 


Then (5) defines a 


ve7\(/e8 to Jf\x^ in 9t ->-• its coeffiowits are resj^ectivelg equal to 
se in ()), 


Theorem *1 If fix') admits a development in Fourieys series for 
set 91 -- 9?, any other development of f(jc) of the type 6), valUl in 
is neceMiirily Fon/riers series^ i,«. the ooeffments have 

values given in 2). 
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In order to ostablisli the fundaniental theorem, we sliall make 
use of some results due to Riemann, Gr. Oantor, llarnaek and 
Schwarz as extended by later writers. Before doing tliis let us 
prove the easy 

Theorem 4 , If /(^r) admits a development in Fourier's series 
which is tiniformly convergent in 2[ = C — tt, tt), it admits no other 
development of the type 3), which is also uniformly convergent in 21. 

For then the corresponding series 4) is uniformly convergent 
in 21, and may be integrated termwise. Tlius making use of tlie 
method employed in 436, we see that all the coellicieuts in 4) 
vanisli. 

450. 1. Before attempting to prove the fundamental theorem 
which states that the coefficients are 0, we will iirst show 

that tlie coefficients of any trigonometric series wliidi converges 
in 2f, except possibly at a point set of a certain type, must bo such 
that they =0, as We have already seen, in 440, l, that 

this is indeed so in the case of Fourier’s series, whether it con- 
verges or not. It is not the case with every trigonometric series 
as the following example shows, viz. : 

sin n \ X, (1 

1 

Whenoj — ^^ all the terms, beginning with the r\^^\ vanish, 
r 1 

and hence 1) is convergent at such points. Thus 1) is conver- 
gent at a pantactic set of points. In this series the coeflicients 
of the cosine terms are all 0, while tlie coefficients of tlio sine 
terms are 0 or 1. Thus b^ does not ^ 0, as n^oo. 

2. Before enunciating the theorem on the oouvorgenco of the 
coefficients of a trigonometric series to 0, we need tJio notion of 
divergence of a series due to liaryiach. 

Let ^ “h “h • • * (2 

be a series of real terms, Lot g^^ Gt-^ bo the minimum and maxi- 
mum of all the terms 

where as usual is the sum of the first n terms of 2). Obviously 
9n Si.ffn-V'i 9 




lUS tlio two stHimnutos j aro nionotono, and if limited, 

eir tornus converge to lixed values, T-rct us vsay 

10 dilToronco 

b = G - ^ 

eallod the diverfienae of the seric^s 2). 

For the series 2 ) to oonveri/e it is neaessarji and svffiount that 
diveTijenee. b = 0. 

For if A is convergcuii, 

pz=i, 2... 

lUs —c-]r A < //„ <, < A 6. 

[US tlio limits // exist, and 

^ c ^ or (J ™ //, 

€ > 0 is small at ])leasure. 

Suppose now b = 0. Tliou liy hypothesis, (7, g exist and arc 
aah There exists, tluu'oforo, an sueli that 

// - e < //„ < (7„ < Q 4- e, 

us -e , jp=:=l,2... 

:l yl is eojivergunt. 

151 . Let the series 

(U)H nx 4- sin nx^ 

mch that for eneh 8 > 0, ikere exists a snhinUrval of 

s=s ( — TT, tt) 

eaoh jwint of whioh its divergenae b < 8. Tlum » 0, as 

= 00 . 

^v, as in 4r)(), there exists for each x an such that 
I a, I cos nx + sin nx j < ^ 

o 


, rt > m. 


(1 
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f 

for aiiv point x in some interval S3 of SI. 1 luis if l> i.s an inner 
point of S3, x = h + ^ will lie in 18, if ^ lies in some interval 
B — i'p.q). Now 

«„ cos '» (i + /3) + K sin n (i + /3) ; 

= (a„ cos nh + sin nJ) cos ?i/3 - ((X„ .sin wf.* — f',. co.s ?ii) siii m/3. 

cos n ( J — /S) + sin n(b — : 

= (a„ cos nb + 6„ sin m6) cos m/3 + (a„ sin mJ - b„ cos nb) sin n/3. i 

Adding and subtracting these equations, and msing 1) wo have 

g 

I (a„ cos tib + b„ sin nb) cos m/9 | < - , 

g 

I (a„ sin — bn 1 

for all n>m^. Let us multiply the first of these inequalities hy 
cos nb sin ?i/S, and the second by sin nb cOkS ^^/3, and add. Wo get 

I Un sin | < S , = 2 ^ , 71 > (2 

Again if we multiply the first inequality hy sin 71 b sin n/3, and 
the second by cos nb cos n/3, and subtract, wo got 

I bn sin w/3i I < ^ 1 n > (3 

From 2), 3), we can infer that for any e > 0 

I I < e , \bn\<€ , n > some 7n, (4 

or what is the same, that ant bn ^ 0. 

For suppose that the first inequality of 4) did not liold. Tlion 
there exists a sequence 

nj < Tig < • • • 00 (5 

such that on setting 

I a„^ I = S + , e - S = S' 

we will have 

K > 

If this be so, we can show tliat there exists a seepumee 
"1 < '"'a < ••• = 

in 5), such that for some in B, 

I a.,_. sin v,/3' ] > 



ill oontradic.ta 2). 'I'o Uiia ond wo noLo Hull, 7(, > 0 may bo 
on Ki) Kiiiidl Uiiil, I'or any r and any | 7 [ < 7 q, 

I I 7 > (S + S') 00 s 7 ^ > B. (8 

)t UH take Iho iutogur aj .so lliaL 

TT 

urn ill Iciisl. one (ultl iulofj^oi’ lum iu l.ho iulorval (lolo.nuLiuul by 
;vv() imiuborn 

0 2 

--(.Pi-l-7u) ’ 

TT TT 

)fc Wi bo Huoh nil inUi^nn,’. Then 

- (Ph + 7o) < ’«! < ~ {<Pi - 7o) • (10 

TT ’ TT 

WO sol 

= %) ’ 71 = 7o) (11 

100 fcliat thu inUnwal = ( qy) lies in Zf. 'I’lio longtli of 
’ 27 oAi' 'I'hon tor any /3 in /fj, 

"i/y='%^+'yi > l7il<7()- 

liuH by H), 

1 HLu v^/3 1 = I ( ooh 7^^ > S. (12 

il wo may roason on as wo liavo on J3. Wo dotormiuo 
), voplaoin^y?, q by f/p Wo (lolonniiui tlie odd intogormg 
0)^ roplacHUj^ p, tp i\ by pp r/p 7^2* rolalion 11) dolor- 

)H blio now inloi'val /l^ — tin replacing mp by 7^3. 

longtli of is 2 7 q//>' 3, and Uoh iu JRp Ibis rolalion 

, and tor any /3 iji wo Inivo, siinibir to 12), 

I a,^m\ I > S. 

1. this way wo may coutinuo indofinitoly. The intervals 
> > •♦• =» to point /3\ and obviously for this jS', the rola- 
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tioii 7) holds for any x. In a similar maimer we see that if 6„ does 
uot = 0, the relation 3) cannot hold. 

452. As corollaries of the last theorem we have : 

1. Lat the series 

03 

S(a„ cos nx + win nx') (1 

he such that for each 8 > 0, the points in 2l = (-^7r, tt) at which 
the divergence of 1) is >8, foT7n an apantactic set m 21. Then 
5^=^= 0, as n=^ oo. 

2, Let the series 1) converge in 21, exce 2 }t possihly at the points of 
a reducible set Then 

For SR being reducible [818, (i], tliore exists in 21 an interval 5G 
in which 1) converges at every x)oint. We now apply 451. 

453. Let jp 

at the points 21 = (— tt, tt), ivhere the series is convergent. At the 
other points of 21, let Fix) have an arbitrarily assigned value, lying 
between ike two limits of indetermination & of the series. If F is 
R-integrahle in 21, the coefficients 0. 

For there exists a division of 21, such that the sum of those in- 
tervals in which OboF>o) is < <r. Tliore is tliei'eforo an interval 
3f in which Osc F < '(o. If & is an inner interval of Q, the di- 
vergence of the above series is < tt) at each point of Wo now 
apply 461. 


454. Riemann's Theorem, 

00 

Let F(x) = -4 cos nx -f sin nx') = converge at 

each point of 21 = ( — tt, tt), except possibly at the points of a redu- 
cible set The seiies obtained by integrating this series termwise, 
we denote by 


G-(x) = - 


) -nC^H (5os nx + hn sin nx') = ^ A^x'^ ■ 



Then Q- is continuous in 21. 



(1 


<|)(v^) = </(,!• -(- a(^x~‘ln) - 2 G{x). 

at mah paint of iiU =:= 


t each point of 91 , 


lini 

}^ (I 


•I li^ 




liiii ‘”('" > = 0. 
u 0 U 


(2 


(3 


in tho (ir.st ])liuio, Hincn 9f is a naluc.iblo sol,, a„, /)„=(). Tlio 
a M Uun-oforo iinil'ovmly oonvorgoiiL iii 2[, ain’l is llius a 
luuuh fuiuttion. 

ua now iJoiupiiUi <\k Wo luivo 

(In ooa n(x -h n) ooa 'n{x 2 (ioa nx 

— 2 (in OOK 71X (com 2 7lti — 1 ) 

— — 4- (In (JOH 71X aiu^ 7iU» 

hn aiu 7i( x + 2 7 , 4 ) + h^, aiii 74 ( 17 ; — 2 7 /) — ' 2 sin nx 

^ 2 hn aiu 7 U’((K)h 2 nu -• 1 ) 
s=« ““ ‘I* hn ain 7ix aiji 2 7424 . 

^ ^1^(70 V yi 

O/.*^ i\ ^ V moy / 


;iffrao to fjfivo I, ho ooonioioiit of tlio valuo 1 , Lot us 
ail arbitrary bnt lixod valuo in Si. Tlion for oaoli e > 0 , 
jxiata an m aiuili that 


J + A-^ + + An 1 — f^(x) -I- €n ^ I I < 6, 71 >m. 

a 

CO 


An 




( a iu 7474 Y 

7174 ) 




s 

1 


'”ain ('74 — 1)7.412 

^ ( 74 — 1)44 


am 7474 
. 7474 


T1 


(4 


«» F (a;) + 



u < -- 5 SO that 77i< 

m a 

and break S into three parts 

S, = -L , * 5-2 = 2 , ^ 8 = 2 , 

1 Vi'hl «+l 

where fc Ls the greatest integer < tt/w, and then consider each sum 
separately, as 'a = 0. 

Obviously lim = 0. 


As to the second suniy the number of its terms increases indcdii- 
itely as u = 0. 

For any 

\S,\<ei\-- 1 

7K-M 


T sin 

|2 

"'sill Ku" 

2' 

,L . 





< e 


sin vnfY 
mu 


< e, 


since each term in the brace is positive. In fact 

sin V 
V 


is a decreasing function of v as v ranges from 0 to tt, and 

nu ^ KU ,<7r , n = m + 1^ ••• K. 

Finally loe co7is{der Wo inay write tlie general term as 

follows : 

'lUt 




'fsin (n~ l)?7r 

2 

.L (n — l)^ 

- 

Tsin (n — l>r 

2 “• 

•L 

- 


Sin vu 
7m 


' I 

]• 


sin^ (n— l)u— sin^rm _ — sin — l^u siim i ^ . 1, 

nhi^ 'rihc 


Now 


Ills 




K I 1 


1 

{ n - 1)'^ 


+ 'y~ 


< + 


f 1< 


it 

lUS 


fc> 1 , or KU > 7r — ?/,. 

' u 


'Va|<e 


1 


,+ 


1 


(TT — 'i( y^ ' TT — ui 

^ _J. ,v^ ^ 0, 

h pvovoa tU« linviL 2), uu ualug 4). 

) provo tho liiuil, !}), wo have 


\ nu J 




>t us give (lolinito viiluo luul break yiuto throe sums. 


1\ = s, 


•0 m is ohoson so tlial. 

I A. I 


11 > m ; 


i\ « i; , 

»/i » 1 


0 X is the gnnitost iiiLogor huoIi Unit 

\u < 1 ; 


wiouBly fur soiiui 
so 


T. 

A I I 

1 ^ 2 ! < 


/sin 'n 

V nu 




< 1. 
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As to the last sum, 

1 y I < .! V I < eX . 1 , since ^ < X, 

e. 


Thus 


T^O 


tlS 


0. 


455. Schwarz- Lilroth Theorem^ 

Ju SI =(« < h) ht the continuoiiS function f{x) he such that 

/(a; + it) +/(^ -Jilzir/liiO = 0, (W u = 0, (1 


S(jJC^ u) 




except possibly at an enumerable set (S in 31* ^t the points (5, let 

uS{x, u) 0 as u =5= 0. (2 

Thenf is a linear function in 31. 

Let us first suppose with Schwarz that (S = 0. Wo introduce 
the auxiliary function, 

g (x) = T/i (re) — \ c(x — a') (x --- 

where 


L(x)^f{x)^f(^a)- 


X — a 


\f(J»-fm. 


J — a 

= ± 1, and c is an arbitrary constant. 

The function g(x) is continuous in 3l» and (a) =://(?>) = 0. 
(jijx + ^) + f! ^ 


Moreover 


as u 


0, 




Thus for all 0<u< some fi, 

Gb = g(x + ^0 — u) — 2 (/(x) > 0. (3 

From this follows that; y(x')<0 in 5f. For If y(x)>{)^ at any 
point in 31, ifc takes on its inaximuiu value at some point f witliin 8(. 

Kf + w)-,<7(O<0 , 

for 0<tt<S, 8 being sufficiently small. Adding tbeso two in- 
equalities gives wliicli contradicts .■!), Tims // < 0 in 31. 

Let us now suppose Li=^0 for some x in 3t. Wo take o so small 
that 

Hgny = sgn riL — i] Hgn L. 



it is at iilcuHui'o ±1, lu)ii(ic) tlio supposition tluit L--f^0 is 
Klinissililo. Iloiico //=() in ?t, or 

J\ :v. ) = ,/X rt) - j J\ I, ) _ /■( j (.4 

loccl a linear 1 unction. 

t us notv suppose, with Jhirotli that (S>0. We introduce the 
iary eontinnons innotion. 

h(a;') = /y( .(■ ) -I- f/(:r — « )2 , q. 

/*(«)=() , /,(/,)=:«(?, 

pposo at Homo iiiiior point f of ?! 

(5 

is leads to a contradiction, as wo proceed to show. For then 

Mi) — h{h)= .//(^) d- e j (f — _ (^h _ (j,^2j ^ 

dod , . 

i7=r , , >^. 

(/) — 

) shall take e so that this ine(|nality is HatisHed, i.e. 0 lies in 
itorval E = (()*, 6''*). Tims 

h(^)> h{l>)>hOi), 

lice /t(;r‘) takes on its luaxinunn value at sonie inner point e 
Hence for S>0 snllicicntly small, 

e + u) ~ h(e) < 0 , Ji.(e u) - h(e ) < 0 , ()<?/,< S. (G 

rro', u) = <’ ~ ’'1- 2 M '0 < o. a 

V if « is a point of 91 -- G, 

lini 7/( c, u) = 2 0 > 0. 

n ‘■'R 0 

this contradicts 7), which reiiniros that 
lim //'(c, w)<: 0. 
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Hence e is a point of ffi. Hcnco by 2), 

He + rCy-hje) hje - tp - A QO ^ q ^ 


M 


By 6), both terms have the same sign. Hence each term = 0. 
Thus for u>0 

0 = lim ^ ii„j fjc- ± - .j!00 _ ./'(/' )-./•(«). 

h ^ (I 


n=0 


± 


± n 


Hence 


+ 2 o((! — (i). 


f(e) = + 2 <« - rt). 

0 a 


(8 


Thus to each c in the interval E, ooiTOspoinhs an « in 6, at wliicli 
point the derivative of /(a;) exists and has the value given on tlio 
right of 8). On the other hand, two different c’s, say e and c\ in 
(S cannot correspond to. the same e in 
For then 8) shows tliat 

c(e — a) = e'(« — n), 
e>a,-o'=o. 

Thus there is a uniform correspondonco hotwoon S w]k).sg cardi- 
nal number is t, and @ whose cardinal number is e, which is ah.surd. 
Thus the supposition 5) is impossible, fn a similar manner, the 
assumption that i < 0 at some point in 31, leads to a contradiction. 
Hence X = 0 in 31, and 4) again holds, whioli proves the theorem. 


456. Cantor's Theorem. Let 

00 

J cow nx + '^^^0 0 

1 

converge to 0 in S( = (— tt, tt), except poeMly at a reiluiyihle »et 5)i\ 
zohere nothing is asserted regarding its convergence, Then it con- 
verges to 0 at every point in S(, and all its coefficients 

For hj 452, 2, 0. Then llionuuni's riinclitm 

1 



satisfies the conditions of the Scliwarz-Luroth theorem, 455, since SR 
is enumerable. Thus/(i:) is a linear function of rc in 21, and has 
the form a + /3x, Hence 

a + ^x~la^x‘^ = -^--(a„ cos nx +6^ sin nz). (2 

The right side admits the period 2 tt, and is therefore periodic. 

Its period o) must be 0. For if w > 0, the left side Las this 
period, which is absurd. Hence co = 0, and the left side reduces 
to a constant, which gives j3 =0, o,, = 0. But in Sf - m, the right 
side of 1) has the sum 0. Hence a = 0. Thus the right side of 
2) vanishes in 21. As it converges uniformly in 2f, we may deter- 
mine its coefficients as in 436. This gives 

«»=0 , 5„=0 , ?i=l, 2... 
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CHAPTI^Jl XIV 


DISCONTINUOUS FUNCTIONS 

Pro'perties of Continuaui^ Fmr.tions 

457. 1. In Cliaptor VII oC Voluuio I wo havo (li.soussed some 
of tli6 elementary of continuous and disoontiiiuoiiB 

functions. In the present chapter further developments will bo 
given, pfl-ying particular attention to discion tin nous functions. 
Here the results of Baire ^ arc of foremost importance. Le- 
besgue f has shown liow some of tlioso may be ol)laiiiod by sim- 
pler considerations, and wo have accordingly ado|)ted tliein. 

2. Let us begin by observing that tlio deiinition of ji contiini- 
0118 function given in I, 33i), may be exte.nded to sets having iso- 
lated points, if we use I, 339, 2 as definition. 

Let therefore ••• be defined over ?(, ])eing oitlier limited 
or unlimited. Lot a be any point of St. If for each e > 0, tliore 
exists a > 0, such tliat 

1/C^O -/(^) I < LfiOOi 

we my f is eontimioiis at a. 

By tlie definition it follows at once that f is e.ontinuonH at each 
isolated point of S(. Moreover, wlieii a is a iiroper limiting point 
of SI, tile definition hero given eoineidos with that given in I, 339. 
If/ is continuous at cacli point of St, wo say it is oonimtous m St. 
The definition of discontinuity given in I, Jil-T, shall still hold, 
except that wo must regai-d isolated points as [loints of con- 
tinuity. 

Zes Fmclionn do Varuthlofi rvoloap Annnli d! Sor. 8, vol, 3 

(1800). 

Also his Lmmn mr Ion FunnUnuH yHscontinnoH, Paris, 1000. 
t JSiUlelin de la Soci6t6 lyfaihcviatiquo do Fnuiv.o^ vol, Jti (1.0(11), u* 

m 


3. The reader will observe that the theorenivS 1, 350 to 354 
inclusive, are valid not only for limited perfect domains, but also 
for limited complete sets. 

458. 1. IffQx^ ••• is continuous in the limited set 21, and its 
values are hioion at the pomts 23 < 21, then f is Jenoton at all 
j)oints of 23' lying in 2(. 

For let ij, ••• be points of 23, whose limiting point b lies 

ill 21. Then 

lim/(/>„) =fCbf 

2. If f is knoton for a dense set 23 in 21, and is continuous in 21, 
f is knoivn throughout 21. 

. 58' > sr. 

3. If f(x^ ••• Xm) is continuous in the complete set 21, the points 
23 in 21 where f a constant form a complete set. If 21 is an 
interval^ there is a first and a last point ofSQ, 

For/=(? at a;=ai, ••• which = «; we have therefore 
/(a) =lim/(a„) = o. 


459. The points of continuity (S of in 21 lie in a 

deleted enclosure If 21 is complete,, .?? = S. 

For let > ^2 > ••• =0. For each e^, and for each point of 
continuity c in 21, there exists a cube O whose center is c, such that 

Osc/< €rt, in Q. 

Tlius the points of continuity of / lie in an enumerable non- 
overlapping set of complete metric cells, in each of which 
Otie/<.€^. Let he the inner points of this enclosure. Then 
each iioint of the deleted, enclosu7'e 


St=:I>V [QJ 

wdiich lies in 21 is a point of continuity of f For such a point c 
lies within each dn- 

Osof<e, in V,(n}, 

for 3 > 0 sufficiently small and n sufficiently great. 
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460. Let 


Oscillation 

— Osc / Oh ■ • • ■ 


This is a monotone decreasing function of S. lienee if at^ is 
finite, for some S > 0, 


o) = lim 

s=o 


exists. We call w the oscillation oj' j' at x — and write 


0 ) = Osc/. 

X-(t 


Should ws = + 00 , however small S > d '.s taken, wo say w = + co. 
When ft) = 0,/ is continuous at x ~ a, ii a a point in the domain 
of definition of f. Wlien o) > 0, / is diseontimious at tliis point. 
It is a measure of the discontinuity off at x = a; wo write 

(o = Diac/(a;i ••• 

461. 1. Let 

d = Disc /(:ii . ■ • x„) , 6' = Disc ff (x^ ■ • • 

atx = a. Then ^ ^ 

\d- e\< Disc (/ ± (J^ < d ■{- e. 

For in (a), 

I Osc/- Osc //I < ()sc(/±//) < 

2. Iff is oontimious at x = a^ whila Disc^ =: thru 
Disc (/ + y) ^ d. 

.r=rt 

For/boing contiunouvs at a, Disc/ = 0, 

Hence ^ ^ ^ ^ ~ 


3. If 0 is a constant 

.Disc (t/) = I <? I Discs/ , at .r = 

Osc 0/) = I c I Osc/ , in any KsOL)- 

4. When the limits 

/(a;-0) , fix + O) 


OSClLI.ATIOJSr 
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exist and at least one of them is different from /(rr), the ijoint x 
is a discontinuity of the first kind, as we have already said. 
When at least one of the above limits does not exist, the point x 
is a point of discontinuity of the second kind* 

462. 1. The points of infinite discontinuity Q of f defined over 

a limited set 21, form a complete set. 

For let ig “* points of O', having k as limiting point. 
Then in any V(Jz) there are an infinity of the points and hence 
in any V(k), Osc/= + oo. The point k does not of course 
need to lie in 21. 

2. We cannot say, however, that the points of discontinuity of 
a function form a complete set as is shown by the following 

Example. In 2l = (0, 1), let f(x') ==a; when x is irrational, and 
= 0 when x is rational. Then each point of 2t is a point of dis- 
continuity except the point a;== 0. Hence the points of disconti- 
nuity of/ do not form a complete set. 

3. Let f he limited or unlimited in the limited complete set 21. 
The points 5? (/2l at which ()sc/^7c/oto a complete set. 

For let «!, ^2 ••• be points of ^ which = a. However small 
8 >0 is taken, there are an infinity of the lying in Fs(a). But 
at any one of these points, Osc/^/c. Hence Oscf^k in Vs 
and thus a lies in 

4. Letf(x-^ ••• xf) he limited and R-integrahle in the limited set 2t. 
The points at which Osc/_> /c/(9?'m a discrete set. 

For let be a rectangular division of space. Let us suppose 
> some constant <? > 0, however I) is chosen. In each cell 8 
of jD, 

Osc/^/i;. 

Hence the sum of the cells in which tlie oscillation is ^ Ic can- 
not be made small at pleasure, since this sum is But this 

contradicts I, 700, 6. 

5. Let f(xi xf) he limited in the complete set 21. If the points 
® in 2f at which OsQ,f'>k form a discrete sct.^ for each A, then f is 
R-integrahle in 21. 
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For about each point of 2( — St as center, \vc can describe a cube 
£ of varying size, such that Osc/< 2 k in £. Let D be a cubical 
division of space of* norm d. Wo may take d so small that 
^'^=: '2d^ is as small as we please. The points of ?( lie now within 
the cubes £ and the set formed of the culms Hy Horers 

theorem there are a linite number of cubes, say 

such that all tlie points of 31 lie within those t^’s. If we ])rolong 
the faces of these ?? s, we effect a rectangular division such that 
the sum of tliosc cells in whicli tho oscillatiou is > 2 Jc is as small 
as we choose, since this sum is obviously < ftb;. IleiicQ by I, 700, 
5, /is i2-integrable. 

6. Letf(x^ ••• Xjn) ha livvited in 31; let iU poinU of discontinnity 
in 3( he IS). If f is li-integrahle^ IS) is a null seL If 3( is CAmi^dete 
and IS) is a null sel f is HAnteyrahle. 

Let /he .2?-integrable. Tlien 3) is a null sot. For let ^^>^2 
> 0. Let ©rt denote the points at which Osc/> e„. Tlmn 

IS) = {IS)nj. But since/ is .Z2-iutegrablo, each IS)n is discrete by 4. 
Hence IS) is a null set. 

Let 31 be complete and IS) a null set. Tlien each is comjdeto 
by 3. Hence by 365, == ®„. As © == 0, wo see ©nis discrete. 

HeJice by 5, /is jR-integrahlc. 

It 31 is not complete, / does not need to bo /f-integrable wlmn 
IS) is a null sot. 

1, ; m<2”. 

r<3". 

m 
2n 

= 1 in 3(2 . 

Then each point of 31 is a point of discontinnity, and 31 == 

But 3ti, 3 I 2 are null sets, hence 31 is a null set. 


Example, Let 3(i— 

3( “• I— 

Let3l = 5li + Sl2. 

Let /(*) = |; 


and / is not i^>integrable in 91. 


Poiiitioise and Total Discoiitimtify 

463. Let/(.7;^ be defined over 91. If each point of 9t is a 

point of discontinuity, we say /is totally diHcontinuom in 31. 

We say / is pointivlse discontiiiiioiifi in 9(, if / is not continuous 
in 21= Ja}, but Juis in any V{a) a point of continuity. If / is 
continuous or pointwiso discontinuous, we may say it is at most 
poinhoise discontin uous. 

Pxample 1. A function /(a?! ••• having only a finite number 
of points of discontinuitj'' in 21 is poiiitwise discontinuous in 21. 

Example Let 

fQx) = 0 , for irrational x in 21 = (0, 1) 

1 P 

= - , for a; = — 

n n 

= 1 , for ir = 0, 1. 

Obviously/ is continuous at each irrational and discontinuous 
at the other points of 3L Hence / is po bitwise discontinuous 
in 21. 

Example S. Let ® be a Harnack set in the unit interval 
2I = (0, 1). In the associate set of intervals, end points included, 
let/(a:)=l. At the other points of 2t, let /= 0. As ® is 
apaiitactic in 21, /is pointwise discontinuous. 

Example In Ex. 3, let ® = (g + where ® is the set of end 
points of the associate set of intervals. Let/=l/n at the end 
points of these intervals belonging to the stage. L6t/= 0 in 
g. Here / is' defined only over The points fii'e points of 
continuity in Hence /is pointwise discontinuous in 3). 

Example 5, Let/(a;) be Diriclilet’s function, /= 0, for the 
irrational points 3 in 9t = (0, 1), and = 1 for the rational points. 






As each point of ?I is a point of discontinnity,/ is totally discon- 
tinuous iji 2(. Let us remove the rational i)oiats in 21 ; the deleted 
domain is 3. In this domain / is continuous. Thus on removing 
certain points, a discontinuous function becomes a continuous 
function in the remaining point set. 

This is not always the case. For if in Kx. 4 we remove the 
points retaining only the points CS, we get a function which is 
totally discontinuous in (S, whereas before f was only pointwiso 
discontinuous. 


464. 1 . Iff(x^ ••• is totally disconiiimoits in the infinite com- 
plete set then the points b^, toliere 

DisG/><» , 60 > 0, 

form an infinite seU if is taken sufficiently small. 

For suppose were finite however small <y is taken. Let 
=0. Let 2>2’ sequence of superposed 

cubical divisions of space of norms d!^==0. We shall only con- 
sider cells containing points of SI. TJieii if is taken sufficiently 
small, contains a cell containing an infinite number of 
points of St, but no point at which T)isc/>a)j. If is taken 
sufficiently small, I)<^ contains a coll containing ]io point 

at which Disc/ > 0 ) 2 . In this way we get a sequence of cells, 

••• 

which a point p. As St is complete, p lies in St. Ikit/is 
obviously continuous at ji;. Hence / is not totally discontinuous 
ill SI. 


2. If 91 is not complete, b^ does not need to be infinite for 
any o) > 0. 


JExample, Let 91 = 


m , 


1 1, 2, •“ and m odd and <2”. At 


— , lot/= Then each point of St is a point of discontinuity. 
But bw is finite, however small a)>0 is taken. 

3. Wo cannot say /is not pointwise discontinuous in complete 
2t, when b^ is infinite. 



Example. At tlie points let/=:0; at the other 


OLuts of 3I = (0, 1), let/=.l. 

Obviously / is pointwise cliscoiitinoous in 21. But is an 
ifinite set for a)<l, as in this case it is formed of iR, and the 
oint 0. 


Examiilas of JJiscontinuoits Fttnciions 

465. In volume I, 330 seq. and 348 seq.^ we have given ex- 
mples of discontinuous functions. We shall now consider a few 
lore. 


Example 1. EiemamCs Function. 


Let (a;) be the difference between x and the nearest integer; 
nd wlien x has the form ^ 4- let (f) = 0. Obviously Qx') has 
he period 1. 

It can be represented by Fourier’s series thus : 



sin 2 7rrr sin 2 • 2 nrx , sin 3 • 2 ttx 


(1 


Eiemann' 8 function is now 

C2 

1 

?his series is obviously uniformly convergent in 21 = ( — oo, oo). 
Since (a;) has the period 1 and is continuous within ( — J), 

/G see that (nx) has the period — , and is continuous within 

n 

The points of discontinuity of (^nx') are thus 


2 n 2 nj 


@n- 



= 0 , ± 1 , ± 2 , ••• 


Let ($== Then at any x not in S, each term of 2) is a con- 

Luuous function of x. Hence F{x') is continuous at this point. 

On the other hand, F is discontinuous at any point e of (g. For 
^ being uniformly convergent, 

li lira F(x) = S.K lira 

x—e A’ssfi n* 

ilira FCx)=:^LUm 


(3 

(4 


e irreducible. 


Vve show now that 6) has tJie value 


FCe)- 


TT^ 


1() 

and 4) the value 

He a CO 


for e = 


2^+1 
" 2n ^ 




Disc F{x): 


' 8 


To this end let us see wlicu two of the numbers 

1 . r I I s 

h-, and r b' 711^^71 

2 in in 2 n w 

are equal. If equal, we have 

2 ?• -f 1 2 s 4* 1 


(« 

(7 


m 


71 


(8 


Thus if we take 2 s4 1 relatively prime to n, no two of the num- 
bers in (Sn are equal. Let us do this for each n. Then no two of 
the numbers in @ are equal. 

Is 

Let now a; — c = - — I Then (mx) is continuous at this point, 

2 n 71 

unless 8 ) holds 5 ^^c. unless m is a nniltq^le of n, say 9 ?z=: loi. In 
this case, 8 ) gives 

2r + l=?C2s4l). 

Thus I must bo odd ; Z— 1, 3, 5 ••• In this case (pnx') = 0 at c, 
while ./?Tim (mo?) = — When m is not an odd multiple of ?i, 

obviously J 2 lim (nix') = (me). 

.r^c 


Tims when, m = Zn, Z odd, 


,R iiin 


(inx) __ 1 1 _ (m.r) 1 1 


711“ 


2 vi^ 2 


When m is not a multiple of n, 




*■=« 711“ 


m‘ 


1 

P 



l:iJS.AiYirJL»l:.S Ul' I IJN UUUtt FUAUIiUJNb 


Wl 


C 


li litn jP(a:)= FCp.')— -i- 

x=e 2 


1 + L . 
12 ^ 32 






by 218. 


is establishes 5). Similarly we prove 6). Thus i^(re) is 
iitinuous at each point of 6. As 

limited. As the points E form an enumerable set, F is 
egrable in any finite interval. 


>. Example 2, Let/(.'r)=0 at the points of a Cantor sot 

n ' = 0, or a positive or negative integer, and the 

0 or 2. Let /(rr) == 1 elsewhere. Since /(a;) admits the 

d l^fCSnx) admits the period -i* Let Gi be the points of 

o n 


:(0, 1). Let JD^ be the corresponding set of 
( 7^4 where is obtained by putting a 


iich fall in 31 ^ 
vals. Let 0^ 

t in each interval of Let be the intervals oorrespond- 

0 Let (73= Gj H- where Fg is obtained by putting a 0^ 
L each interval of etc. 

e zeros of/(37^2;) are obviously the points of Let 


^ rr 

zeros of F are the points of S = J (J’nj. Since each (7„ is a null 
I is also a null set. Let A = SI — ©. The points A, S are 
pantactic in 31. Obviously F converges uniformly in SI, 
0</(3 na;)<l. Since /„(a:) is continuous at each point a 
F is continuous at a, and 


Fia) = 



1^ 

22 


+ 1 + 
-f ga-f 


... =S. 


40Z 


1 ll'N UWC'kJ 1. C/xi 


VVe show now LliiiL F is disoonLiiuious iit each ])oint of E. For 
let be an end point of one of tho intervals of -Z?m+i but not of 
i)„. Then ^ ^ 

/i((',„)=p , 

./;n+/O=0 , P = l,2- 

Hence = = p+ •" 

As the points A are pantactic in ?I, there exists a sucpience in 
A which = e. For tliis secpiencc F— II- llcnco 

Disc F= H— IT,n = ii-m • 

Similarly, if is not an end point of tho intervals but a 

limiting point of such end points, 

Disc = /i,„ . 

i?w> 

The function jPIh .B-iutegrable in 31 siiico its points of discon- 
tinuity S form a null set. 

467. Let (S — he an enumerable ^et of points Ij/incj in the 

limited or unlimited set 31, 'lohiGh lies in 5){„i. For anp x in 31 and 
a.ny e^ in let x — e^ lie in ®. Let g(x^ ••• he limited in 33 and 
continuous^ except ai a; = 0, loliere 

Disc5^(ir)— b. 

Let converge ahsolntely. Then 

F{x^-^ a;) 

is continuous in ^ = 31 — S, and at x = 6\, 

l)iscJ^Oo)-:0^b, 

For wlien x ranges over 31, x — e^ remains in 35, and g is limited 
in 33. Hence F is uniformly and absolutely convergent in 31. 

Now each g(x-- c^) is continuous in A \ hence F is continuous 
ill A by 147, 2. 


ev li^nd, F is discontinuous at For 


Fi^)^c^gix- nix'), 

be series F after removing the term on the right of 
tioia. has just been shown, is continuous 


pie ®==J^nl denote the rational numbers. 

g^x) = sin - , rr 0 


= 0 , X=:0- 


'^fji 

exoept at the points (S. At e„, 

Disc J’ = — . 

Let ® = 5^nl denote the rational numbers. 
nx 




?i=oo 1 + nx 


=.1 




= 0 , cr = 0, 

3 idei*ed in I, 331. 

-F(a:)= 

except at the rational points, and vit x = 

Disc F(ci)) = -i- • 
m ! 


fox'egoing g(x') is limited. This restriction may be 
my cases, as the reader will see from the following 
i as an example. ^ 

..,^1 be an enumerable apantaotic set in 9L Let (S = 
arht/ X in 21, md any e^ in E, let x — lie ivithin a 
(x^ he continuous in 23 except at :r=0, ivliere 

= 0. Let 56! a positive term convergent series. 



, lit 



Then 




is continuous in yl = ?l — (S. On the other hand, each point of ® is a 
point of infinite disoontinuitjp 

For aiiy givon jJoint rB= a of A lies at a distance >0 Irom (S. 
Mill (:r — of) > 0, 


as X ranges over some 
Hence 


V,fa), and i\ over JE, 
^t)l < 


for X in F^(a), and in J?. Finis F is uuiforinl^^ (ionvin-gont at 
a; = a. As each gQx — efi) is continuous at :?:= a, F Is continuous 
at a. 

Let next a;= e^. Then there exists a sequonco 


x\ »*• ^ (1 

whose points lie in A. Thus the term gQv. — = + oo as x ranges 

over 1). Hence a fortiori .Z?' = + co, Thus each point of F is a 
point of infinite discontinuity. 

Finally any limit point of F is a point of infinite discontinuity, 
by 462, 1. 

1 1 

470. Fxample. Lot gt^x) = -> , = “ , a>\, 

X cv 


a’0^! 


Then 


F(x') = I-(i„fjiiv- a^) 
^ y 1 _ t 

^ fi ! 1 + a”j: 


is a continuous function, except at the points 

0 -1 -1 - ^ ... 


which are ]^foints of infinite discontinuity. 


471. Let us show how to conatruot functions hy limiting 
processes, wliose points of discontinuity are any given comploto 
limited apantactic set 6 in an w-way apace &f„,. 


1. Let ns for siin 2 )licity take m ^ 2, and call the coordinates of 
a point y. 

Let Q denote the square whose center is the origin, and one of 
whose vertices is the point (1, 0). 

The edge of Q is given by the points y satisfying 


Thus 


i + i 3/1 = 1- 


Q(s<^^ y') = 

» = 3D 


1 

l+(kl + 13/1)” 


of the square Hence 


(1 

f on the edge 
jl, inside (2 

1-0, outside 


L{x, y) = 



- lim ■ 

n=x, 1 ^nll — \ x\-- \y\l^ 


I, on the edge, .q 

5, off the edge. 


Thus 


a (a:, Q (x, y') + L (x, y) = 


1, in Q, 

0, without Q. 


2. We next show how to construct a function g which shall = 0 
on one or more of the edges of Q. Let us call these sides 
as we go around the edge of Q beginning with the first quadrant. 
If (? = 0 on let us denote it by (7^ ; if {? 0 on let us 

denote it by etc. We begin by constructing We observe 
that 


1 


_ lim ^^1^1 = 1 1’ loi" * = 0, 

71=00 1 + I t [ 1 0, for t 0. 


Now the equation of a right line I may be given the form 
X cos a d- y sin a = p 
where 0<cd<2 7r, jt?>0. Hence 


ry ^ ^ -( v n\x cos a 4- ?/ sin a — v\ 

Z{x^ y)=i \ — lim ! — ; ^ — = 

L n\x cos a 4- ^ sin a — 'p\ 
If now we make I coincide with we see that 


1, on Z, 
0, off Z. 


Hence 


y) = 22(a:, = IJ’ 

<?. fr, y) - - _E, (a,, 3,) - P- « ““P‘ “ «.• 

10,011 and without Q* 


In tlie same way, 


i 


= 0 - (E, + .7?;), 

^tjV = (? -— (.^t + 

^ 123.1 — ^ — ("^'l + -®2 + -^''s + 


By introducing a constant factor wc can replace Q by a square 
whose sides are in the ratio 6“ : 1 to those of Q. 

^ f^,ontheodgeof ()„, 


Thus 


y) = Ihn j ^ ^ LyJY 


+ 


1, inside, 
U), outside. 


We can replace the square Q by a siinilai' scpiare whose center 
is a, h on replacing \ x\, \y\ hj \ x — a \ y — h\. 

We have thus this result : by a limiting process, we can con- 
struct a function g(x, y) Iniving the value 1 inside Q, and on any 
of its edges, and = 0 outside Q, and on tlio remaining edges. 
Q has any point a, h as center, its edges have any length, and its 
sides are tipped at an angle of 4/5° to the axes. 

We may take them parallel to the axes, if we wish, by replacing 
I a; |, I y I in our fundamental relation 1) by 

\^-y\ 1 l® + y|. 

Finally let us remark tluit wo may pass to m-wa}’’ space, by re- 
placing 1) by 

i®ii + 1 * 2 ! + ••• + 


3. Let now Q = be a border sot of nou-ovorlapping 

squares belonging to the complete apantactic set G, siuili tliat 
Q-j-G=9J the whole plane. Wo mark tlioso H(ivuiroH in the 
piano and note which sides has in common AvitU the i)rocGding 
q’a. W'e tako the function so that it is = 1. in q„, except 

on these sides, and there 0. Then 

G-(x, y) = 'l(u(xy) 


UUCI bUlJ 


has for each point only 
term =/= 0 if it lies in G. 

Hence 

CKxy) = 


1, for each point of O, 
0, for each 2 )()int of G. 


I 



Since G i.s a[)aiiUctic, each polnl, of G ih a point of dLsconti«- 
lity of the 2° kind; each point of Q is a point of continnity* 

4. Let/(.7;y) be a function defined over 21 which contains tlie 
mpleto apaii tactic set G. 


Tlien 


Fixy) = ^f(xy)g^Qr.y') = 


■fixy), 

. 0, in G. 


472. 1. Let2r=(0, 1), 


t]io points in 21. 


'riieii 93„', 93^ have uo points in common. 
Let/„(a;) = 1 in 93„, and = 0 in j5„ = 9t — 5Q„. 
Let93={93„i. Then 


F (^x) 


1, in 58, 

0, ill 5 = 21-58. 


Tlie function F is totally diseontinnous in 58, oscillating be- 
^een 0 and 1. Tlio scries F docs not converge uniformly in 
y subinterval of 21. 

2. Keeping the notation in 1, let 

At each point of 93„, Q--= , while O- = 0 in JB. 

n 

Tlie function G- is discontinuouH at the points of 58, liut con- 
nious at the points 5, The series G converges uniformly in 
yet an infinity of tonus are discontinuous in any interval in 21. 

473. Lot tlie limited set 21 be the union of an eimmorahlo set 
complete sots f2t,^j. We sliow how to construct a function/, 
liicli is discontinuous at the points of 21, but continuous olse- 
hore in an W 2 -way space. 

Let U8 sufpoHe first that 21 consists of but one sot and is com- 
eto. A point all of whoso coordinates arc rational, lot us call 
tional, the otlier points of space wo will call non-rational. If 2t 
-s an inner rational jioiut, lot / 2 = 1 at this point, on the frontier 
21 lot /=s ^ also ; at all other points of space lot /= 0. Then 
ch point a of 21 is a point of discontinuity. For if as is a frou- 


DISCONTINUOUS FUNCTIONS 


m 

tier or an inner rational point of ?(,/(.r) — 1 , while in any VQv') 
there are points where /= 0, If x is not in VI, all tin* points of 
some I>{x) are also not in % At these points /= 0. [ience/ is 
continuous at sucli p(hnts. 

We turn now to the (/eneral case* Wo have 

?[ = 2 + -^1-3 4" * * • 

where A^ = i:)oiuts of VIg not in Vlj, etc. Lct/^ = 1 at the 

rational inner points of and at the frontier points of ; at all 
other points let f\ = 0. Let ^ at tlie rational inner i)()uits of 
-4^, and at the frontier points of A^ ]iot in A ^ ; at all otlier i)oints 
let /2 == similar points of yl^ lot /3 = and elsewhere = 0, 

etc. 

Consider now 

Let a bo a point of ?l. If it is an inner point of some 
it is obviously a point of discontinuity of F* If not, it is a proper 
frontier point of one of the yl\s. Then in any i>(a) there are points 
of space not in SI, or there are points of an inhiiitc number of the 
j4^s. In either case a is a point of discontinuity. Siiuilarly we 
see jPis continuous at a point not in SL 

2 . We can obviously generalize tlui preceding problem by sup- 
posing % to lie in a complete set SJ, sucli that eacli frontier point 
of SI is a liipit point of yl = 58 — Sf. 

For we have only to replace our m-way space by 58* 


Funriion^ of Class 1 

474 . 1 . Bairo has introduced an important elassidcation of 
fuiudions as follows ; 

Let be defined over SI; / and SI limited or unlimited. 
If/ is continuous in SI, wo say its class is 0 in SI, and write 

Class /= 0 , or 01/== 0 , Mod SI. 

n««) 

each/„ being of class 0 in 31, wo say its class is 1 , if / does not lie 
in class 0 , mod SI. 


3,soiias A'(,0 = S/nOO 

?(, clUili lorm/„ being coiitiiiuou.s in 9L Since 

7is:cf) 

)f class 0, or class 1, according as is coiiLinuons, or 
US in 31. A similar remark holds for iiilinito prod- 

(?C^0 = n//„(.r). 

rivatlvos of a fiinclion fXin) give rise to functions ol’ 
For let /(:r) luive a jiuiilaUinil dliTorcutial 'eocni- 
L each point of 31. Both / and 31 may be unliniitcKl. 
(leas, suppose the riglit-luuid (lift'erential coofiicieiit 
Aj >h^> *•* 0, Then 

-f( -'O , ,, + 7,,^ 


ua function of x i)i 91. lint 
2 (.'»)= lim ry„(a:) 

UBS-OO 

I X in 91 by hypothoHia. 

ronnu'k upplicH to the partial dorivativea 

• • c)f __ Of 

dx„, 

/(■.rj — reJ. 

/(:).■)= Iiin/„0rx 

71-00 

' of class 1 in Sf. TJion wo say, Cl/= 2 if /does not 
er class. In this way wo may couLinne, it is of 
uiry to sliow that such functions actually exist. 


«=3Q0 1 -p 


1, for X > 0, 
0, for = 0, 


itioii WEIS considered in I, 881. In any interval 
containing the origin x = 0, Cl,/‘=: 1 ; in any intor- 
» > 0, not coutaiiung the origin, Cl/==: 0. 


Example 2, 
Lot 


jjrrco a 


nx^ 

nx'^ 


0, in 31 = (— 00 , oo). 


The class oif(x) is 0 in 31. Alfcliough each /„ is limited in 31, 
the graphs of /„ have peaks near a; = 0 wliich = co, as n = co. 


Example 3. 


/(■^O 


If we combine the two fimetions in Kx. 1, 2, we 


= lim 

71= CO 


1 + nx J I 


1, for 03 0, 

0, for o: == 0. 


Hence Cl/(o;) = 1 for iiny set 23 enibriiciiig the origin ; = 0 
for any otlier set. 


Example 

Let 

Then 


/(o3) = lim xe " , in 21 = (0, 1). 

71 = 00 

f{x) = 0 , for 03 == 0 

1 

= 036* , for 03 > 0. 


We see thus that / is continnous in (0^, 1.), and has a point of 
inlinite discontinuity at oj = 0, 

Hence Class / (o.-) - L in 21 


Example 6. 
Let 

Then 


= 0, in(0^1). 


f(x) = lim T- in 21= (0, oo). 

:r + i 
n 

fix) = i , L'or o; > 0 

= + 00 , for a; = 0. 


Here lim/„(a-') 

71= CO 

does not exist at *= 0. We cannot therefore speak of the class 
of fix') in 81 since it is not defined at the point a; = 0. It is 
defined in 33 = (0*, oo), and its class is obviously 0, mod 33. 


Example 6, 
Let 




1 


fQv) = sin - , for x ^ 0 

X 

=s= a constant o , for x = 0. 
Wc show that 01/= 1 in ?( = (— 0, oo). For lot 


fnC^) = 6' 1 - 


nx 


nx 

“hw-’T win 


1 H" Vi:r/ 1 -f- '/i:c 
9n{}^) + 


1 


:r + - 
n 


Now by Ex. 1, 


liile 


lini = 

liin A„ (:^0 = 


f 0, for tr > 0, 

. c, for rr = 0 ; 

sin 1, for X > 0, 

X 

0, for X = 0. 


As each /„ is continuous in 21, and 

liiu/,,0r) =-/0r) in 21, 

3 sec its class is <1. As / is discontinuous at cr =; 0, its class 
not 0 in 21. 


Example 7. Let ... 1 .1 

f(x) = Inn - • sin * . 
«=.» n X 


Here the functions /„(rr) under the limit sif^u are not defined 
L* a; = 0. Thus / is not defined at tliis point. We cannot there- 
L’C speak of the class of / witli, respect to any set cmbi-aeiii^ tlio 
int a;=0. For any set ® nob eontaining this point, Cl /=== 0, 
ice /(.a;) t=t 0 in S3. 


Let us set 





for a: ^ 0 


= a constant c , for x = 0. 


g(p) = liin jMx) = liiii 

7i=saCO a 7I~30 


Let 






Here ff is a continuous function in 31= ( — oc, oo). Its class is 
thus 0 in 31. On the other liaiul, the functions are each of 
class 1 in 3(. 


Example 8. 


roo = 


1 

X 


n 

1 



1 +• 


is defined at all tlie points of (— oo, oo) except 0, —1, —2, 
These latter arc points of infinite discontinuity. In its domain 
of definition, T is a continuous function, llonco Cl r(a:) = 0 
witli respect to this domain. 


476. 1. If 31, limited or unlimited, is tlio union of an enumerable 
set of complete sets, we say 31 is hyper complete. 

Example 1. Tlie poijits S‘^ witliin a iniit aphoro a?, forju a 
liypercoinpleto sot, For let 2^ luivo the samo center as fi, and 
radius r<l. Obviously each 2^ is complete, while 52,.| = r 
ranging over < r 2 < •*• 1. 

Example 2. An enumerable set of points ag ••• form a hyper- 
complete sot. For each a^ may bo regarded as a complete set, 
embracing but a single point, 

2, If 3t;i, 3(2 ••• ciTe limited liy per complete (tets^ so is their union 
jStnS - 31. 

For each 31, „ is the union of an enumerable sot of complete sets 
31,^, Thus 31 = ?n, n = 1, 2 ••• i.y liypercoinpleto. 

Let 31 he complete. If 2} is a oomyleie part of 3t, A = SI — SJ is 
hyper complete. 

For let Q= [q^j bo a border sot of 23, as iu 328. The points 
of A in each q,^ are complete, since 3t is eoiuploto.' Thus 
A = and A is hyporcomidote. 

Let 31= {3Ini he hypercomplete., each 3l„ heiny complete. If 23 is 
a complete part of 31, A = 31 — 23 is hypercomplete. 

For let An denote the points of 3I„ not nn 23. Then as above, 
An is hypercomplete. As A = A is also liyporcoinplote. 



477 . 1. (Se 1C tho linuLcd or LiiiliouLod set is the union 

f an enunuirablo set of liniited complete sets, in eaeli oC wliicli 
)sc/<6, we shall say % u an If, liowever small e>0 is 

iken, 31 is an set, we shall say 31 is an (Se «^t, e = (), which wo 
lay also express by 

2. Let x„^) he aoniinuoiis in the Lvmiiad aomjdeie. 8et 31. 

'hen 31 is an (Sc sel^ e = 0. 

For let €>0 ho taken small at pleasure and fixed. Hy I, 
lere exists a cuhitail division of s])iua^ ./), siudi tliat iC 3tn denote 
le points of 31 in one of the cells of jO, Ose/< e in 3l„. As 31,1 is 
)mplete, since 31 is, 31 is an (Se set. 

8. A)i ennmerahle set of points 3(= is an tSc-n set. 

For each may he regarded as a complete set, einhraeing but 
siuf/le point. But in a set embracing but one 2 )()int, ()He/i= 0. 

4. The union of an ennmerahle set of (5^ sets 31 = S3(„ij is an (S^ set 
For each 3L i^s tlio union oC ;ui onuinevable sot of limited sots 

n= 1, 2, ... aiul ()se/<€ in each 

Tima ?t = S9LJ , r«, - 1, 2, ... 

But an onumorablo set of enumerable sets is an enumerable set. 
*enco 31 is an’ (S„ set. 

5. Let f(ie ^ ... :r„^) he eonUnnons in the complete set 31, v.xoe2^t at the 

oints ® , ^.^2 ■ ' * * Lhen 3t is a7h (St^o set. 

For lot e>0 be taken small at ])leM,sure and lixed. About each 
nut of ® we desin’ibo a spliore of radius p. Led 3tp denote the 
nuts of 31 Jiot loithm one of those sifiiores. Obviomsly 31/^ is eom- 
eto. Lot p range over n^>n 2 > =0. If we set 31 = A -j-®, 

)viously A=:f31^jJ. As / is continuous in 3^,^, it is an (S^ sot. 
eneo Sf, being the union of A and ®, is an (S^ sot. 

478 . 1. Let 31 he art (S, set. The })oints ® of % common to the 
mited comjolete set ^form an set, 

J^)r 31 is tlie union of tlie o()m])lcte sots 31,11 in eacli of which- 
sc/<e. But tlio iioints (d* 3L in. 23 form a (jomplote set A„, and 
: course Osc/<€ in A„. As ® = J A,tj, it is an (S^ set. 


2. Let 21 he a limited set. Let S& be a complete part of 2(. 
Then = 21 — S3 ^a an 

For 21 is the union of the complete sets 2ln, iu each of which 
Osc /<e. The points of 2l„ not iu S3 form a set such that 
Osc/<e in also. But A = and each being hypcr- 
complete, is an @e set. 

3. Let/(.Ti xf) be defined over 21, either / or 21 being limited 
or unlimited. Tlie points of 2f at whicli 

(1 

may be denoted by 

(^5t</</3). (2 

If in 1) one of the equality signs is missing, it will of course be 
dropped in 2). 

479. 1. Letf-^ ,/ 2 , ••• ie continuous in the limited complete set 21. 
If at each point of 21, Umf^, exists,, 21 is an Ee=o 

n=(» 

complete 53 < 21. 

For let liin /« ••• Lot effect a 

Jl=00 

division of norm e/2 of the interval ( — oo, oo) by inteiqoolating 
the points ^ 

Let 21, = (m, <f<n\^f), then 21 = \ 2IJ . 

®n, p= ( m, + - </, < . 

q:>p ( 71 71} 

= 2... (1 

For lot a be a point of 21, , and say /(a) = «. Then 

<a< . 

But « — € <f,j(a) < a + e , q> some jt?, 

and we may take e and n so that 

n 71 

Hence a is in . 

Conversely, let a be a point of Then a lies in some 

Hence, 

+ i < /j (a) < ?W.+2 - - 

n n 


Next let 
Then 


(i>p> 


[kit as/„(a) =/(a), wo have 

1 / («) -/«(«) 1 < « ' 9> P'- 

[ienoo if e is sufficiently small, 

</(«) 

I thus a is ill SL • 

riuis 1) is established. But ®„p is a divisor of complete sets, 
1 is therefore complete. Thus 31 is the union of an enmncrahle 
of complete sets in each of wliieli ()sc/<e, e small at 

lasure. 

Let now S3 be any complete part of 31. Jjct C[,~Dv S$l, S34- 
leu 0 i is complete, and 0 hc/< 6, in a,- Moreover, 33 = Jnd- 
Hence S3 is an ®c=o «et. 

2. If Class / < 1 in limited complete 31,/ limited or rmlimited, 
is an (Sj set. 

Tliis is an obvious result from 1. 

3. Let f (.-Cl • • • o'm) he a totally discontinuous function in the non- 
imerable set 3(. Then Class /is not 0 or 1 in St, b = Disc/ at 
ih point is < Ic > 0. 

For in any subset S3 of 31 containing the point x, Csc / > Jc. 
mce Osc/ is not <e, in any part of 3t, it e < h. Thus 31 cannot 
an set. 

4. j/‘ Class /(.Tj ••• .r„l)< l in the limited complete set 31, the set 
= (a<f< h) is a hypercomplete set, a, h being arbitrary numbers. 
For wo have only to take a = b ~ 1n,.^.,y I’hon S3 = Stn wliieh, 
in 1, is hypercomplete. 

480. ( Lebesgue.') Let the limited or unlimited f%unctionf(o\ ••• 
defined over the, limited set St. IJ' 3t may be regarded as an 
tfl set with respect to f, the class of f is < 1 . 

For lot ft)^> Wa > ••• =0- hypothesis 3t is the union of a 
puence of complete sots 

Wn ’ ^^12 ’ 3 ^ 18 - (<^1 

each of which Osc /< Wr St is also the union of a soqueiuio 
complete acta 




in each of which Oso/< If we superpose the division 1) of 
21 on the division each 2h« will fall into an enumerable set 
of complete sets, and togetlier tliey will form an enumerable 
sequence 

in each of wliieli Osc/< cog* Continuing in this way we see that 
21 is the union of the complete sets 

such that in each set of Osc/< and such that each sot lies 
in some set of the preceding sequence 

With each 21^,^ we associate a constant 6^.,, such tluit 

|/(rr)- , in2U, (2 

and call tlio corresponding constant. 

We show now how to define a sequence of continuous functions 
/ 11/2 “• which =^/. To this end wo effect a sequence of super- 
imposed divisions of space Dj, 2?2 ■*' norms 0. Tlio vertices 
of the cubes of I>„ we call the lattice points L^, The cells of 
containing a given lattice point I of form a cube O. Let 2li^ 
be the first set of containing a point of Q. Let be the first 
set of containing a point of Q lying in 21^. Continuing in 
this way we get 

>2^. 

To 2(ni belongs the field constant this we associate with 
tlie lattice point I and call it the corresponding lattice constants 
Let now S be a cell of containing a point of 21. It has 2" 
vertices or lattice points. Lot denote any product of s differ- 
ent factors Wo consider the polynomial 

<!> = AP^ + + S 

the summation in each case extending over all tlio distinct 
products of that type. Tlie number of terms in ^ is, by I, 96, 



We can thus determine the 2” coefficients of ^ so that the values 
of at the lattice points of G are the corresponding lattice con- 
stants. Thus ^ is a continuous function in G, whose greatest and 
least values are the greatest and least lattice constants belonging 
to G. Each cube G containing a point of 21 has associated with it 
a (f> function. 

We now define fn(^i ^m) stating that its value in an}' 
cube G of Drt, containing a point of 21, is that of the correspond- 
ing cjf) function. Since (j) is linear in each variable, two <f>'s belong- 
ing to adjacent cubes have the same values along their common 
points. 

We show now that/„(a:) z=f(x) at any point x of 21, or that 

e > 0, P, \f (.r) -fnC^') \ < e , ?i> p. (3 

Let < e/S* Let 2liij be the first set in Si containing the point 
2 I 21 , the first set of So lying in 2lii^ and containing x. Continuing 
we get ^ ^ ^ 

Let be the union of the sets in A preceding 2f ; of the sets in 
S^ preceding and lying in 2 rit^, and so on, finally the sets of 
Sg preceding 21ei^, and lying in Their number being 

finite, 8 =Dist (2I«^, ^e) obviousl}" > 0 . We may therefore 
take p > e so large that cubes of about the point x lie wholly 
in 77 < S. 

Consider now/,i(a;), n> and let us suppose first that x is not 
a lattice point of i>„. Let it lie within the cell G of Then 

is a mean of the values of 

where I is any one of the 2 " vertices of G, and is the corre- 
sponding lattice constant, which we know is associated with the 
set . 

We observe now that each of the 

(4 

For each set in Sn a part of some set in any of the preceding 
sequences. Now 2l„j^ cannot be a part of 21ifc, A; < ij, for none of 


these points lie in Drj(x). Hence is a part of 31^^. 

same reason it is a part of (3te., which establislies 4). ^ 

Let now x' be a point of . Tlieii 

i C'„,. - 1 < 1 6\,„ -f(x’) I + 1/(:.')- I . 

< ( 0 „ H- a)„ < ^ , by 2). 

•i i 

From this follows, since is a mean of these that 

But now 

1/ I < I./' (a:) - a>„ I + I c;,,. I . < 

As X lies ill 

1/ c^) - I < !./■ (,t0 - c:, I + 1 I ' 

^ 2 ’ < 
by 2), e5). From G), 8) wo have 8) for the present case. 

The case that x is a lattice point for some division and hoi-x< 
for all following, has really been established by the foregoin 
reasoning. 

481 . 1. Letf he defined over the limited »ei 9 (. If for arhitr^cc 9 
a, i, the sets S3 == (a </< h) are hypercomplete^ then Class /< ! 

For let us effect a division of norm e/2 of (— oo, oo) as j 
479,1. Then wlioro as before 91^ == (m, </< 

But as Osc/<e ill 9C, and as each 91, is hypercorapleto 1: 
hypothesis, our theorem is a eorollary of 480, 

2. For f(x-y ••• to he of class <1 in the limited complete « 
31, it is necessary and sufficient that the sets {a <f < &) are hyp>ti\ 
complete^ a, h heing arhitrary. 

This follows from 1 and 479, 2. 

3 . Let limited 91 he the union of an enumerable set of oompleU 

such that Cl/< 1 in each 91,0 1 21. 


For by 479, 1, 21^ is the union of an ennmoraI)le set of complete 
;ts in each of whicli Osc/< e. Thus 2(*is also such a set, i.e. uu 
, set. We now apply 480, 1. 

4. J/ Class/ <1. in the limited complete set % its class is<l^ 
any complete part 33 of ?I. 

This follows frojn 479, 1 and 480, 1. 

482 . 1 . Letf(xj^ ••• x,,,) he defined over the complete set ?l, and 
ive 07 ily ail emnmerahle set (£ of points of disoonthvidty in 2t. 
hen Class/ = 1 in 21. 

For the points E of 21 at wliicli Osc/>e/2 form a complete 
,rt of 21, by 462, 3. But being a part of S, is enuniorablo 
d is hence an set by 477, 3 , Let us turn to 33 == 21 — B. For 
ch of its points there exists a 5 > 0, sucii that Osc/< e in 
e set h of 2 :)oiiits of 33 lying in As 21 is complete, so is t. 

3 E is com^dete, there is an enumerable sot of those t), call them 
, such that 33 == [tsi- As 21 == 33 -1- it is the union of 

. enumerable set of com^Dlete sets, in oacb of wliich Osc/ < e. 
lis is time however small €> 0 is taken. Wo ap^dy now 480, i. 

2, We can now construct functious of class 2. 

Example. Let /„(.T j “• 1 at tlie rational 2 :)oints in the 

lit cube O, whose coordinates have denominators < ?i. Else- 
lere let/^ = 0. Since /„ iias only a finite number of discontinu- 
es in Q, Cl/„ = 1 in Q. Let now 

••• = 

At a non-rational 2 )oint, each /„ = 0, /=0. At a rational 

int, /„ = ! for all n>Homo s. Hence at such a point /=!. 
ms each ]Joint of O is a ])oint of discoiitiimity and ]3isci/=l. 
mce Cl/ is not 1. As / is the limit of functions of class 1, its 
tss is 2. 

483 . Let f(xi ••• x^f) he continuous with respect to each jUi, at each 
int of a limited set 2(, each of xvhose points is an inner point. 
ien Class /<!. 


Foi\let SI lie within a cube O. Thou ^ = Q — SI is complete. 
We may therefore regard 31 as a border set of A ; that is, a set of 
non-overlapping cubes We show now that Cl/<1 in any 

one of these cubes as q. To this end we show that the p)oints 33^ 
of q at which 

m ‘ m 

form a complete set. For let &2 *’* points of which = /3. 
We wish to show that /3 lies in Suppojje first that 

have all their coordinates except one, say x, the same as the coordi- 
nates of /3. Since 

« + -</(?W)<S --t 

7?i m 

therefore i ^ 

a + - <lim/(5,^.j,)<<^; 

7U 3;=oo 711 

As/ is continuous in rUj, and as only the coordinate varies in 
K+p, we have 

a + -</(/3)<i--- 

771 771 

Hence /3 lies in 

We supiDose next that 6^, ••• have all their coordinates the 

same as j3 except two, say 

We may place each at the center of an interval t of length S, 
parallel to the x-^ axis, such that 

a + --£</(.'«)< + 

771 m 

since /is uniformly continuous in x^^ by I, 8r)2. These intervals 
cut an ordinate in the ojg piano through y3, in a set of points 
^B+p which == /3. Then as before, 

a + i - e </(/3) < 5 — + e. 

771 ^ 771 

As € is small at pleasure, yS lies in 33, In this way we may 
continue. 

As Cl/< 1 in eacli q„, it is in 31, by 481, S. 


4:84. (Volterra,) he at moHt potntwise dhcontlymous 

in the limited complete Het 3[. Then there existB a point of ?( at 
tchich all thefn are continuous. 

For if 31 contains an isolated point, tlie theorem is obviously 
true, since every function is continuous at an isolated point. Let 
us therefore suj^pose that 3f is perfect. 

Let €j>e 2 > ••• 0 . Let be a point of continuity of /j. 

Then Osc/j < e , in some 

In 3(i there is a point h of continuity oi fy Hence Osc/j <62 
in some 1^(5), and we may take h so tliat But in 

Vrf(h') there is a point at which /2 is continuous. Hence 

Osc/j < , Osc /2 <61 , in some Slg = Vs^a^), 

and we may take such that 3(2 < . Similarly there exists a 

point ag in SIg, such that 

Osc/i < €3 , Osc /2 < 62 , Osc/g < , in some 313 = 

and we may take so that SIg < • 

In this way we may continue. As the sets are obviously 
complete, Dv\%n\ contains at least one point a of 31. But at this 
23 oint each /,,1 is continuous. 

485. 1. Let 31 = 33 + 5 he. complete.^ let 33, 5 he pantactic with 
reference to 3t. Then there exists no pair of functions f g defined 
over 3(, such that if 33 are the points of discontinuity of f in 31, then 
S3 shall he the points of continuity of g in 31. 

This is a corollary of Volterra’s theorem. For in any Vfa') of 
a point of 31, there are points of 33 and of S. Hence there are 
X^oints of continuity of /and g. Hence/, g are at m'ost pointwise 
discontinuous in 31. Then by 484, there is a point in 31 where/ 
and g are both continuous, which contradicts the hypothesis. 

2 . Let 31= 33 +5 he complete., and let 33, E each he pantactic with 
reference to //* 33 is liypereomplete^ 5 is 7h0t. 

For if i 8 , (S were the union of an enumerable set of complete 
sets, 473 shows that there exists a function / defined over 31 
which has 33 as its points of discontinuity ; and also a function g 
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which has @ as its points of discontinuity. But no sucl\ pair of 
functions can exist by 1. 

3. The non-rational ‘pointB 3 in any cube O cayinot he hyper- 
complete. 

For the rational points in Q are hypercomplcte. 

4. As an application of 2 we can state : 

The limited function tuhioh is < 0 at the irrational 

points of a cube Q, and > 0 the other points 3 <y‘’ Q, cannot be 
of class 0 or 1 wi Q. 

For if Gif < 1, the points of O where / > 0 must form a hyper- 
complete set, by 479, 4 . But these are the points 3 '. 

486 . 1. (JSairo.) If the class of f xf) is 1 in the com- 
plete set SI, it is at most pointioise discontinuous in any complete 
«<Sl, 

If Cl/= 1 in St, it is <1 in any complete S3 < St by 481, 4,; we 
may therefore take S3 = St- Let a be any point of 31. We shall 
show that in any V = V^Qd) there is a point o of continuity of / 
Let > ^2 ^ *** ~ Using the notation of 479, l, we saw that 
the sets % — are hypercomplete. By 473, we can 

construct a function ••• defined over the m-way space 

which is discontinuous at tlie points SC, and continuous else- 
where in These functions 02 most point- 

wise discontinuous in F. For then, by 484, there exists in V a 
point of continuity J, common to all the 0’s. Tliis point h must 
lie in some SC, whose points are i)oints of discontinuity of 0^. 

Let us therefore suppose that 0y is not at most pointwisc dis- 
continuous in V. Then there exists a point in F, and an 7;^ 
such that F£= FjiG'i) contains 210 point of continuity of 0y. 
Thus Fi:<3C. But in 3C and hence in F^, Osc /<ej^. Tlie 

same reasoning shows that in F^ there exists a F 2 — F?a(^ 2 )» 
that Osc/< in As 31 is complete, F^ > F 2 > defines a 
point c in F at which /is continuous. 

2. If the class of f(xx*** x^') is 1 in the complete set 3C its points 
of discontinuity ®/m?^ a set of the first category. 
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For by 462, 3, the points D„ of 2) at whioli Osc /> ^ form a 

implete sot. Each On is apautactic, since f is at most puintwisc 
scontiuiious, and On is complete, lienee 35= jOn( is the union 
an enumerable set of apantactio sets, and is therefore of the 1° 
tegoiy. 

487 . 1 . Let f he defined .over the lindted complete net ?(. If 
ass / is not < 7, there exists a perfect set 3) in ?(, such that f is 
)ally discontinuous hi 3). 

For if Cl/ is not <1 there exists, by 480, an e siudi that for 
is e, 21 is not an set. Let now c be a point of 21 such that 
6 points a of 21 which lie within st)iue cube q, whovSe center is c, 
rm an (Se set. Let 23= Jcij, S= 

Then 58 = E. For obviously (S<58, since each o is in some 
On the other hand, 58< S. For any ])oint h of 58 lies within 
me q. Thus h is the center of a cube q' within q. Obviously 
e points of 21 within q' form an (Sa sot. 

By Borel’s theorem, each point o lies within an enumerable set 
cubes such that eacli c lies within some q. Thus tlie 
ints On of 2t in c^, form an (S« sot. As S = JOnN K is an ($« set. 
Let ® = 21 — If 35 wore 0, 21 = (S and 21 would he an set 
ntrary to hypothesis. Tims 35 >0, 

35 is complete. For if I were a limiting point of 35 in (S, I must 
in some c. But every point of 21 in c is a point of (S us w(i saw. 
lus I cannot lie in (5. 

We show finally tliat at any i)oint d of 35, 

Osc/>e, with respect to 35. 

If not, Osc/<e with respect to the ])oints b of 35 within 
me cube q whose center is c?. Then b is an (Sc set. Also the 
ints e of (S in q form an (Sa sot. Thus the })oiuts b + fbat is, 
0 points of 21 in q form an (Se sot. Ilenocj d belongs to (S, and 
't to 35. As 08c/>€ at each point of 35, oacli ])oint of 35 is a 
lint of discontinuity with respect to 35. Tlius/is totally discon- 
mons in 35. 

This shows that 35 can contain no isolated points. Ilonco 35 is 
rfcct. 


2. Let f he defined over the limited complete iict ?I. Tf f is at 
most p>ointwise disconiimious in any perfect 33 < 91, its class is < 1 
in 21. 

This is a corollary of 1. For if Class / were not 0, or 1, there 
exists a perfect set S) such tliat/ is totally discontinuous in !I). 

488. Tf the class off g < 1 in the limited complete set 91, the class 
of their sum^ difference^ or product is <1. Tf f>^ in 21, the class 
o/ (/) = 1// is < 1. 

For example, let us consider the product h ^f(j^ If Cl 7i is not 
< 1, there exists a perfect set 3) in 21, as we saw in 487, i, such 
that h is totall}^ discontinuous in S). But/, g being of class *< 1, 
are at most pointwise discontinuous in 3) 486, Then by 484, 

there exists a point of 3) at whicli/, g are both continuous. Then 
h is continuous at this point, and is therefore not totally discon- 
tinous in 3). 

Let us consider noio the quotient 0. Tf Cl <ji> is not < 1, is 
totally discontinuous in some perfect set 3) in 21. Butsince/> 0 
in 3),/ must also be totally discontinuous in 3), This contradicts 
486. 


489. 1. Let i^= ••• converge uniformly in the com- 

plete set 21. Let the class of each termf^ be < 1, then Class F <1 
in 21. 

For setting as usual [117], 

(1 

there exists for each e > 0, a fixed rectangular cell such that 

1 1 < €, as a; ranges over 21. (2 

As the class of each term in is < 1, Cl J? ^ ^ 1 hr 2f. Hence 
21 is an (Sa set with respect to F^^ 

From 1), 2) it follows that 21 is an set with respect to F* 

2. Let F = o'f) converge uniformly in the complete 

set 2t. If the class of eachf, is < 1, then Cl F <1 in 21. 
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485 


Smiiconiiniious Fanctiom 

490. Lot /(.Tj be defined over 31. IE a in a point of 31, 

ix/iu finite or infinite, and may be regarded as a 

action of S. When finite, it is a inonoUme decreasing function 
S. 44ius its limit as 8 0 exists, finite or infinite. We call 

.8 limit the maximum off at x = a, and we denote it by 

Max /. 

Similar remarks apply to tlio minimum of, fin T^ii(a), Its limit, 
ite or infinite, as S = 0, we call the minimum of f at x = «, and 
denote it by 

Min/. 

X^-tl 

V 

rhe maximum and minimum of /in Vs(a) may bo denoted by 



Max/ , 

Mill /. 


ily 5 

«, fi 

3bviously,. 

Max(-/) 

X=(t 




= - Max/. 

t91. Exam/plo 1. 


— 1, 1) , Jor x^O 


= 0 , 

for a; =: 0. 

rhen 

Max/=: -Poo 

, ]Miii/=5 — 00, 

* 


.T=0 


?jxam.ple 

/(;«) = Hin 

in ( — 1, 1 ) , for 


= 0 , 

for X = 0. 

dien 

Max/= 1 , 

Min/=: — L 




^xampU S. 

f(x) = 1 in 1 

(•~1, 1) , for 

'hen 

= 2 , 

Max/=: 2 , 

for X = 0. 

’ Min/=1. 

X {) 


We obsei‘ve that in Exs, J and 2, 


while in Ex. 8, 
Also 


lini/= Max/ , lim/ — Min/; 

^•=0 .i‘=ro r.-=() ^.•=0 

Um/=== 1 , and hence Max/ > liin/. 

lni^i/= Min/. 

^—0 ‘i-O 


Example If, 


f{x) = ip? + 1) ‘"’hi “ in (— 1, 1) 
X 


for 


Here 

\ 


= — 2 , for X = 0. 

Max/“1 , Min/= —2, 

a ;=0 ^“0 

ITm/— 1 , lm/= — 1. 


Example 5. 

Hero 


/(a;) = X , for rational x in (0, 1) 

s=l , for irrational x, 

Max/= 1 , Min/=0, 

.r=o ^0 

lim/= 1. 

.T=0 


492. 1. For M to he the maximum of f at a, it is necessary 
and sxi(Jicie7it that 

e > 0, 8 > 0, f(x) < AT 4- €, for any x in F*6(a) ; 

2° there exists for each e > 0, and in any a point a siioh 

that 

Ai"— e <f(a). 


Those conditions arc necessary. For M is the limit of Max/ 
ill Fs(a), as 8 0. Hoiico 


e > 0, o > 0, Max/ < Af 4 e. 

flf. 5 

But for any x in Vs(a)^ 

/(a;) < Max/. 

' ft, s 



Hence ^ ^ j,, 

lich is condition 1^. 

As to 2°, wo reiinirk tluit for each € > 0, and in any VsCci)^ 
ere is a point ot, sucli that 


But 


— e + Max/ </(«). 
If, s 

M< Max/ 

u, 6 


— 6 + ill </ («), 


Hence 
lich is 2°. 

lese conditions arc sufficient. For from 1° we luivo 


d hence letting S = 0, 


Max/< ilf-H 6, 
Max/ < i!/ 


(I 


ice € > 0 is small at pleasure. 

From 2^ we have 

Max/ > ilf — e, 

u, 5 

d hence letting S = 0, 

Max/ > M. (2 

x—a 

From 1), 2) we have Max/. 

x~n 

2. For m to he the nimimitm of f at it is neco.ssary and 

ifcient that 

1° e > 0, 5 > 0, m — e </(:r), for any x in Vi,{a ) ; 

2° that there exists for each e > 0, and in any (a), a point a 
eh that 

/(«) < m -I- 6, 


493. When Max/ = /(a), wo say / is supracontinuoxis at x = a. 

x=!a 

hen Min/=/(a), we say / is infraoontinnons at a. When/ is 

x=a 

pra (infra) continuous at each point of SI, we say / is supra 
iifra) continuous in 31. When /'is either supra or infi’acontinu- 
s at a and wo do not care to specify which, wo say it is seyni- 
Yitinuous at a. 


The function whicli is equal to Max/ at each point x of 31 we 
call the maximal function of/, and denote it by a dash above, 
fix'). Similarly tlio minimal function /(ri;) is defined as the value 
of Min / at each point of 21. 

Obviously Qg(,y_ Max/ — Min /= Disc/. 


AV e call 4 .* / \ \ 

the oscillatory function. 

We have at once the theorem : 

For f to he continuous at x — it is necessary and sufficient that 
/(«)=/(«) = ./(«)• 


For 


Min /</(«) < Max/. 

a, 5 5 


Passing to the limit x = a, we have 


Min /</(«) < Max/, 

/(a)</(a)5/(«). 

But for / to be continuous at a; = «, it is necessary and suffi- 
cient that 

Cl) (a) = Osc/ = 0. 

.T=fl 


494. 1. For f to he supracontinuous at x = a, it is necessary and 
sufficient that for eacf/i e > 0, there eonsts a S > 0, such that 

/(^O < /(^) + ^ ^ (1 

Similarly the condition for infracontinuity is 

f(ci) - e < f(x) , for any x in V&{a'). (2 

Let us prove 1). It is necessary. For when / is supracontinu- 
ous at a, 

/(a) = Max/Coj), 

Then by 492, l, 

e>0 , S>0 , /(a?) </(^^J + e , for any a; in FfiCa), 

which is 1). 


It is s'ufficient, Foi* 1) is condition 1° of 492, l. The condition 
2° is satisfied, since for a we may take the point a, 

2. The maxhnal function f(^x^ u* sitpracontinuoua ; the muiimal 
function f (in') is infraaontinuous^ in 

To prove that /is snpracontinuous we use 1, .shovsdng that 
/(a?) <f{ct) + e , for any x in some l^s(a). 

Now by 492, i, . 

e' > 0, S > 0 , f(.r.) < f(a) -f e' , for any x in 


Thus if e' < e 

_ _ g 

/(^) < fOO -H € , for any x in V,j (a) , ?? = - . 

3. The sum of two supra (f.nfra^ eontimious functions in 91 is a 
supra {infra') continuo^ts function in 2t. 

For let/, g be supracontinuous in 9t ; let/ + ^ = A. Then by 1, 


5^(a^)<^(a) + |, 

for any x in some T'^s(a) ; hence 

h(x)<ih{a^ + e. 

This, by 1, shows that Ji is supracontinuous at a. 

4. Tf f{x) is S’wpra (infra) continuous at x^a^ =— /(•*'’) 

is infra (sup>ra) continuous^ 

Let us suppose that/ is supracontinuous. Tlien by 1, 
/(rc)</(a)4- 6 , for any x in some Vt(a)* 


Hence 


-/(«) - e < 


g(a) — e < g(x) , for any x in V^(a). 
Thus by 1, g is infracontinuous at a. 


or 



495. -// •i'm) Bupraoontimious in the limited comple 
^et 21 , the points^ 33 of 21 at tohich f> c an arbitrary constant form 
complete set. 

For let/> 6' at />2 i ; we wish to show that i li 

in S3. 

Since/ is supracontinuous, by 494, l, 

/(.t;)</(J)+ 6 , for any rr in some V^(h')= K. 

But c<f(J)f)y by hypothesis ; and lies in K, for n> some r 
Hence 

c<fih;)<f(h-)^e, 

0-€<f(J)'). 

As €>0 is small at pleasure, 

f (}')>«■, 

and h lies in 33. 

496. 1, The oscillatory function <o{x) is supracontinuous, 

^ Max/— Min/ 

= Max/ 4- Alax (— /). 

But these two maximal functions are supracontinuous by 494, 
Hence by 494, 3, their sura w is supracontinuous. 

2. The oscillatory function tw is not necessarily infracoi 
tinuous, as is shown by tlie following 

Example, /=! in (---1, 1), except for a: = 0, where /= i 
Then 6)(a;) = 0, except at x = 0, where (w = 1. Thus 

Min = 0 , while ft)(0) = 1. 

.■ r =:0 

Hence to (a;) is not infracontinuous at a; = 0. 

3. Let e»(a;) he the oscillatory function of f{x^ ••• x^^ in 21. Ec 
f to he at 77io8t 20 omtwise discontmtwus in 21 , it is necessa^^y the 
Min o) = 0 ai each pomt of 21 . Tf 21 is coiiijilete^ this condition ^ 
sufficient. 


I 



It is necessary. For let a be a point of 21. As / is at in 
pointwise discontinuous, there exists a point of continuity in a 
Hence Min a)(rr) = 0, in Hence Min <i)(a-) = 0. 

It is sufficient. For let €j>e 2 > ••• == 0. Since Min = 

there exists in any Vs(a) a point such that ^ 

Flence <6^ in some ^ exists a po 

^2 such that J^oine F 5 a(a) < etc. Since 21 is cc 

lolete and since we may let 0, 

Vs, >Vs^> ••• = a point a of 21, 

at which / is obviously continuous. Thus in each F6(a)is a pc 
of Gontiniuty of/. Hence /is at most pointwise discoutinuou; 


497. 1. At each point x of 2(, 

(t> = Mill If^x) — fix) \ , and yjr = Min \fix) — fix) J 
a7'e hoik = 0. 

Let us show that ^ = 0 at an arbitrary point a of 2h By ^ 
ffix) is supracontinuous ; lienee by 494, l, . . 

fix) <fia) + e , for any x in some Vsia) = V. 

Also there exists a point a m such that 

-e+fOt) </(«). 

Also by definition 

/(«) </(«)• 

If in 1) we replace x by a we ^et 

/(«) </(«) + 

From 2), 3), 4) we have 

— 6 +/(«)</(«)</(«)<, /(a) 4- e, 
or 

0 </(»)—/(«)< 2 e- 

As e > 0 is small at pleasure, this gives 


2. Iffis semieontvmous in the complete set it u at most point* 
loise discontinuous in 

coCx-) =7(.r) -fix} 

= [/C^O -/(.-O] + [/(-''O (1 

= <^(••’0 + 

To fix the ideas let f be siipraconLinuous. Then (/> = 0 in il. 
Hence 1) gives 

Min w(.t) = Mim^(a0 = 0, by 1. 

Thus by 496, 8, /is at most pointwdse discontinuous in 3(. 



CI-IAPTEll XV 


DERIVATES, EXTREMES, VARIATION 

Derivates 

498. Suppose we have given a one-valued continuous function 
f{x) spread over an interval ?l== (a<6). We can state various 
properties which it enjoys. For example, it is limited, it takes 
on its extreme values, it is integrable. On the other hand, we 
do not know 1° how it oscillates in 2[, or 2° if it has a differ- 
ential coefficient at each point of 31. In this chapter we wish to 
study the behavior of continuous functions with reference to these 
last two properties. In Chapters VIII and XI of volume I this 
subject was touched U 2 Don ; we wish here to develo2D it farther. 

499. In I, 363, 364, we have defined the terms difference quo- 
tient, differential coefficient, derivative, right- and left-hand dif- 
ferential coefficients and derivatives, unilateral differential coeffi- 
cients and derivatives. The corresponding symbols are 

^ , /'(«) , fi^) > ^/(«) , 

i\x 

Lf\a) , lif(x) , Lfix). 

The unilateral differential coefficient and derivative may be de- 
noted by 

Wio.') . (1 

When . . 

lim^ 

/i=o Air 

does not exist, finite or infinite, we may introduce its upper and 
lower limits. Thus 

/Ta) = lim'^ , /''(a)=lini^ (2 

Ax - -j^Ax 

always exist, finite or infinite. We call them the upper and lower 
differential coefficients at the 2 )oint a; = a. The aggregate of values 
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that 2) take on dehne the up2)er and lower derivatives of as 
in I5 3b3. 

In a similar manner we introduce the a2)per and lower right- 
and left-hand differential coefficients and derivatives, 

Mf , Rf . Lf , Lf. (S 

Thus, for exam^de, 

h 

finite or infinite. Cf. T, 33G seq. 

If /(a?) is defined only in = (ot < yS), the points a + h must 
lie in 51. Thus there is no upper or lower right-hand differential 
coefficient at = /S ; also no U2)per or lower left-hand differential 
coefficient at a;= a. This fact must be borne in mind. We call 
the functions 8) derivates to distinguish them from the deriva- 
tives Rf, Lf. When RfCa^^^Xf), finite or infinite, 
Rf(jx) exists also finite or infinite, and has the same value. A 
similar remark a2>plies to the left-hand differential coefficient. 

To avoid such repetition as just made, it is convenient to in- 
troduce the terms u^^per and lower unilateral differential coeffi- 
cients and derivatives, which may be denoted by 

tJf , Uf. (4 

The symbol U should of course refer to the same side, if it is 
used more than once in an investigation. 

When no ambiguity can arise, we may abbreviate the symbols 
3), 4) thus: 

R , R , L , L , U , U. 

The value of one of these derivates as R at a i^oint x = a may 

similarly be denoted by _ 

i2(a). 

The difference quotient 

-fCb') 

a — h 


luay be denoted by 


A(^2, i). 



Example 1. 


f(x)=ix^iYi ■ , in (— 1, 1) 

'X 


= 0 


a; = 0. 


Here for x 
Heiiee 


= 0 , 


Example 2. 

Here for 
Hence 


Example 3. 


. 1 . 

^/'(0) = + l , i?/'(0)=-l, 
X/'(0)= + l , i/'(0)=-l, 
/'(0)^+l , /'C0)=-1. 

/(.r) = sin - , a: #= 0 in ( — 1, 1) 

X 


0 


:=0 


a: = 0. 

. 1 

A a' T 

A/ /i 


i/'(0) = 

7'C0)= 


Aa: /jf 

+ CO , Bf'(0)= — ca, 

+ O0 , i/'(0)=-(», 

+ <» » /'(0)= — CO. 

, for 0 < X < 1 

1 


. 1 

: X Sin — 
X 


= x^ sni ■ 


for — 1 < X 0 


Here 


= 0 , for = 0. 

/(0)= + ^ , /^(0)=. 


1, 


500. 1. Before taking up the general theory it will be well 
for tiie reader to have a few examples in mind to show him how 
complicated matters may get. In I, 367 seq.^ we have exhibited 
functions which oscillate infinitely often about the points of a set 


of the 1° species, and which may or may not have differential co- 
ellicients at these points. 

The following theorem enables us to construct functions which 
do not possess a differential coefficient at the points of an enumer- 
able set. 

2. Let (g = he an enumerable set lying in the interval $t. For 
each X in and in S, let x — lie in an interval 5Q containing 
the origin. Let g{po) he continuous in 53. Let g'(^x') exist and he 
numerically < ikT in 53, except a,t x == 0, 'where the difference quotients 
are numerically < M, Let A = converge absolutely. Then 

Fix')^ l>a^g(x-e^) 

is a continuous function in 31, having a derivative in S = 21 — 

At the foints of (S, the difference quotient of F behaves essentially as 
that of g at the origin. 

For g(x) being continuous in S3, it is numerically < some con- 
stant in 21. Thus F converges uniformly in 21. As each term 
g(x — ef) is continuous in 21, F is continuous in 21. 

Let us consider its differeirtial coefficient at a point x of 6, 
Since ff(x— ef) exists and is numerically < iJ/i 

Ffx)^l.a,g\x-e;) , by 15G, 2. 

Let now a; = a point of (g, 

F(x') = a,^g{x - + ^^a,,g(x - ef) 

= a,,,g(x - + &(£). 

The summation in 2^ extends over ixWn^m. Hence by what 
has just been shown, Gh has a differential coefficient at x^e^. 

/\Jp ^^(7 

Thus — ^ behaves at x= e,„, essentially as — at a; = 0. Hence 
Aa: Aa; 

p' (e,„) = (0) + a' CeJ . (1 


501. Example 1. Let 

g(x)^ ax , x> 0 

— hx , a: < 0, 


S < 0 < a. 



Then 


aoiitinuoua iu any interval 2(, and has a derivative 

the points of 3( not in At tlie point 

JiF'CM')^a^a+ - <‘nh 

— y 

LF'(x)=aJ+ X* 

Let (£ denote the rational points in 21. Tlic graph of Jb\x) is a 
itinuous curve having tangents at a pantactic sot of points ; 
:l at another pantactic sot, viz- thoset (S, angular points (J, SGG). 
A simple example of a/; function is 

g(x-) = I :c I = +• 

Example^. Lot sin « , x^O 

X 

= 0 , rK=:0. 

rhis function lias a derivative 

= 2a; sin— — TT cos— , aj=?t0 

X X 

= 0 , a; = 0. 

rims if is an absolntoly convorgont series, and (g = bj,J an 
amerablo set in the interval 2t = (0, 1), 

F (.-c) = - c„) 

i continuous function 'wUosc dorlvativc in St is 
F'(x-)='Lc^g'(x~e,y 

Thus F lias a derivative whicli is continuous in 31 — ®, and at 
) point X = 

Disc F' = 2 c^Tr, 

Disc g'Cx) = 2 TT. 

A ‘=*0 


ce 


If @ is the set of rational pt)iuts in the graph of F{x) is a 
contiiiLions curve having at each point of 21 a tangent which does 
not turn continuously as the point of contact ranges over the 
curve; indeed the points of abrupt cliange in the dij’ection of the 
tangent are pan tactic in 21. 

Example S. Let yix) = x sin log , x -=^0 
= 0 , a; = 0. 

Then .(/■ (^) = sdi log -p 2 cos log 

At ri; = 0, ^ = sin log 

Lx 

which oscillates infinitely often between ± 1, as h ^ Lx ^ 0. Let 
(S = \e^\ denote the rational ^Joints in an interval 21. The series 

F=^V\(x- 6 J sin log (x - e„)2 

satisfies the condition of our theorem. Hence F(x') is a continu- 
ous function in 21 which has a derivative in 21 At x= 

, UF' (.^) = - + a' (.,,0 . 

Thus the grapli of jP is a continuous curve whicli has tangents at 
a paiitactio set of points in 21, and at another pantactic set it has 
neither right- nor left-hand tangents. 

502. Weierstrass^ Function, For a long time mathematicians 
thought that a continuous function of x must have a derivative, at 
least after removing certain points. Tlie examples just given 
show that these exceptional points may bo paiitactic. Weierstrass 
called attention to a continuous function which has at no point a 
differential coefficient. This celebrated function is defined by the 
series 

F (x) = S a" cos h'^TTX = cos tto? -f- a cos hirx + cos V^irx -(-••• (1 

u 

wliere 0 < a < 1 ; 5 is an odd integer so chosen that 

a& > 1 + I TT. 


(2 


The series F converges absolutely and uniformly in any interval 
21, since l^n fjn^^ I < 

Hence F is a continuous function in 21. Let us now consider 
the series obtained by differentiating 1) termwise, 

0(^x') = — sin 

If < 1, this series also converges absolutely and uniformly, 
F'Cx-) = acx}, 

by 155, 1. In this case the function has a finite derivative in 21. 
Let us sujipose, however, that the condition 2) holds. We have 


Ar^; 

Now 


— Q = — Jcosi”7r(a; -f- 7i) — cos b^7rx\ = + Q„ 

0 

771-1 «n 

7” ^ i”7r(2: 4“ 7i) — COS 

0 

7rt— 1 / /77)'\n /^x+?i 

= — TT ^ ^ j J sin h^TTudu. 


(3 


"Tra; 


Since 


X.r+7i ^ 1 

sin h^Tricdii < Jj 


d.u 


= |A|, 


«. I < (<.6 >■ = ’T 


Consider now 


^ nn 

= X "T* [ Z)”7r(a; + 7i) — cos I^ttxI. 

^ h 


Up to the present Ave have taken h arbitrary. Let us now 
take it as follows ; the reason for this choice will be evident in a 
moment. 

where is the nearest integer to h”'x. Thus 

— j< 

h”'(x + 7t) = lm + ^m+ = ‘m + Vm- 


Then 


VVe clioose li so that 


Then 


'nm = L -h is ±1, at pleasure, 
/i = ^ 0, as m=^ CO ; 

Im 


moreover ^ ^ L I < i- 

This establislied, we note tliat 

cos l)^7r(x + /i) = cos • h^^(x -f- lb) = cos + '^?m)7r 


Also 


= cos (ihn'^Vm)'^ 1 since h is odd 

= , since is odd. 

cos h'’^'rrx = cos d- ^m)'^ 


Thus 


= ( “ 1 cos 

Qm = + COS i""’'‘f,„7rj, 

m h 

where ^ i\, 

Now each S } S ^ ii^ particular the first is > 0. Thus 


and 


sgn Q,, = sgn^ = sgn 

7w bm 


Thus if 2) holds, | <?„, | > | (?,„ |. Hence from 8), 
sgii Q = sgii ft,. = sgn 


and 


Let now m=^ cjo. Since ??„v= ±1 at pleasure, we can make 
(^ = d-QOj or bo — ' 00 , or oscillate between ± oo, witliout becoming 
definitely infinite. Thus F Qx) lias at no point a finite, or infinite 
differential coefficient This does not say that the graph of F does 
not have tangents; hut when they exists they miist be cuspidal tangents- 



603- 1. Volterras Function. 

Ill the interval = (0, 1), let be a Ilarnack set of 

measure 0<A<1. Let A = be the associate set of black 
intervals* In each of the intervals 8 „=r(a</ 9), ^vc define an 
auxiliary function/^ as follows : 

/n(^’) = (•'*=- ’ ill («*, 7)» (1 

Qy C£ 


where 7 is the largest value of x corresponding to a maximum of 
tlie function on the right of T), sucli tliat 7 lies to tl)e left of the 
middle point /a of If the value of /„(a:) at 7 is we now 


Filially /^(«)= 0. This defineH/n(a;) for one half of the inter- 
val S^. We defiiie./„(a;) for tlic other half of by saying that if 
x<cc^ are two points of at equal distances from the middle 

point then 

With Volterra we now define a function/(a;) in SI as follows : 
/('.'») = /„(!») , ill S„ , n = l, 2, ••• 

= 0 , in 

Obviously /(rr) is continuous in 31. 

At a point X of St noC in behaves as 

0*1 1 
2 X sin cos 

X X 

as is seen from 1), Thus as x converges in toward one of its 
end points «, /3, we see that /'(a;) oscillates infinitely often be- 
tween limits wliicli = ± 1. Thus 


Blirnfax)^ + 1 , 72 lini/(ir)= - 1 ; 

similar limits exist for the points /3. 

Let us now consider the differential coefficient at a point tj of 
We have 

A/ ^ f(v -k /Q - f(v) ^ f(v 4- 70 
Aa:; k h 


since /(7?)= 0. 



If ?; 4- 7c is a point of $,/(>? H- 70 ~ If ’? + 7c lies in some 
interval S^. J^et x^e be the end point of nearest ?; 4- 7c. 
Then 


AT* 


Ax 


\v + ?c- 


|/.| 


• <i;cl = o 


as Jc = 0. 


Thus /'(»?)= 0. Hence Volterra’s function /(as) has a differen- 
tial coelhcient at each point of 21; moreover /'(.r) is limited in 21. 
Each point tj of $ is a point of discontinuity of /'(a*), and 

DisG/'(a:)>2. 

X—rj 


Hence f'(x) is not .S-integrable, as § = 7i>0. 

We have seen, in I, 549, that not every limited iJ-integrable 
function has a primitive. Voiterra’s function illustrates con- 
versely the remarkable fact that JVbt every limited derivative is 
M-integrable. 

2. It is easy to show, however, that The derivative of Volterra^s 
function is L-integrahle, 

For let 21;^ denote the points of 2f at whicli Then 
when X>l/m, m = l, 2, 31;^ consists of an enumerable set of 

intervals. Hence in this case is measurable. Hence 3t;^, X>0, 
is measurable. Now 21 , X>0, differs from tlie foregoing by add- 
ing the points Sn ^^^h 8^ at which/' (a;) = 0, and the points 
But each 3n is enumerable, and hence a null set, and § is measur- 
able, as it is perfect. Thus 31;^, A.>0, is measurable. In the 
same way we see 3f;^ is measurable when X is negative. Thus 31;^ 
is measurable for any A., and hence X-integrable. 


504. 1, We turn now to general considerations and begin by 
consideri7ig the upper and lower limits of the sum, difference, prod- 
uct, and quotient of two functions at a point x := a. 

Let us note first the following theorem : 

Letf(x^ xf) he limited or not in 31 which has a as a limitmg 
point. Let $5 = Max/, (j>^^M.\nf in Vs^(a). Then 

lim / = lim 05 , lim / = lim ^>5 . 

x=^(i ^ ^0 x=(L S==0 

This follows at once from I, 338. 



2. Le.tf{x^ ... ».•„), f/(;cj ... x„) be limited or not in 21 which has 
X — a «s Limiting point. 

lim/=a , liin^=/3 

liin f= A , lim g = B 

as X = a. Then., these limits being fmite, 

a + ^ <\^if + g)<A+ B, (1 

it — B<\hu{f-g')<A-^. (2 

For in any 

Min / + Min g < Min (/ + y) < Max (/ + y) < Max/ + Max 

Letting 8=0, we get 1). 

Also in Fs*(^a), 

Mill / — Max g < Min if — g)< Max (/ — g) < Max /— Min 
Letting 8=0, we get 2). 

/(rr)>0 , K^-)>0, 

< lim .;/v 7 < AB. (^3 

/(.'r)>0 , /3<0<.B, 

A/3 < liin/^ < A5. (4 

f(.30>0 , </(*)> /oo. 


3. // 

4. If 


If 




(5 


(6 


« < 0 < JL , ^(o;) > /c> 0, 

— < lini — • 

/3 — 9 /3 

The relations 3), 4), 5“), 6) may be prDvecl as in 2. For exam 
pie, to prove 6), we observe that in F 5 *(a), 

< Min f < Max l< 

Max^r g g Min ^ 


2 . Let f(x') he continuous in the interval % — Then 

[ff\x) cannot he constantly -f- oc, or constantly — oo in 21 . 

For consider 

0 — a 


wliicli is continuous, and vanishes for x == a, x = 6 . We observe 
that differs from f(x^ oriiy by a linear function. If now 

= + constantly, obviously = + oo also. Thus cfy 

is a univariant function in 21. This is not possible, since cf) ]ias 
the same value at a and 6 . 

3. Let f(x) be continuous in 2f = (a< 5), and have a derivative^ 
finite or infinite^ in 21— (a^, J}. Then 

Min f (x) < Rf^a) < Max/^ (x^ , in 21. 

For the Law of the Mean holds, hence 


/(a+70-/C«^ =/' (a) 


a<a<a-\'h. 


Letting now A 0, we get tlie theorem. 

Remarh. This theorem answers the question : Can a continu- 
ous curve have a vertical tangent at a j)oint a^ if the deriva- 
tives reinain < ilf in T^*(a)? The answer is, No. 


4. Let f(x) be continuous in 2t = (a < 5), and have a derivative^ 
finite or infinite, in = i). Lff^Qa') exists, finite or infinite, 

there exists a sequence > «2 > * * * ^ a> in such that 


For 


/'(a)=lim/'(o!„). 

/ (a-h A) — ffa) ^ ^ , 7 

Ji ’ a<ai,<a + h 


(1 

(2 


Let now h range over 7q > ^3 > ... = 0 . If we set , the 

relation 1 ) follows at once from • 2 ), since /'(a) exists by 
hypothesis. 


510 . 1 . A right-hand derivate of a continuous function fCx) 

cannot have a discontinuity of the 1 ° kind on the right. A similar 
statement holds for the other derivates. 



For let ECx) be one of the riglit-luind derivates. It it has a 
discontinuity of the I"’ kind on tlie right at a; = a, there exists a 
number I such that 

^ ~ 6 (rr) <l-^e , in some (a < a + S) . 

Then by 50G, 3, 

+ + , , o<;.<s. 

Hence 72(a) = 2, 

and 72(a;) is continuous on tlie right at x = a, which is contrary 
to hypothesis. 

2. It can, liowover, have a discontinuity of the 1° kind on the 
left, as is shown by the following 

Example. Let/(a;)= | rr | = -f , in 1, 1). 

Here R(^x) = + 1 , for a; > 0 in 21 

= — 1 , for X <Q, 


Thus at It is continuous on the right, but has a discon- 

tinuity of tlie 1° kind on the left. 

3. Letf(p:) he oontimwiis in 2t = (a, li), and have a derivative^ 
finite or infinite, in 2P Then the disoontimdties off'(x') 

in 21, if any exist,. 7nust he of the second kind. 

Tliis follows from 1, 


Example. 


Then 


/(:e) = a;2sin “ , for a: =jt 0 in 21 = (0, 1) 

X 

= 0 , for re = 0. 

f (jc) = 2 rr sin ^ — cos - , x^O 

X X 

= 0 , x= 0. 


The discontinuity of ffx') at rc = 0, is in fact of the 2° kind. 

4, Let /(rr) he continuons in 21 =(a<5), except at a, which 
is a point of discontimiity of the 2^ kind. Let f (x) exist, finite or 
infinite, in (a*, h'). Then x^a is a point of infinite discontinuity 
offfx). 



(2 


We introduce the auxiliary function 


wl'ei’e 0<c<fl = c + S. 


'Phen 


Hence 


^(/3) - i)(a) ^ /C/3)-./(k) ^(M + /;)=S. 
/3 — a /3 — a 

^(/ 3 ) - cp(cc) =S(^-a)=7). 


Consider now the equation 


<^(/3) - = ■>)• 

It is satisfied for a. If it is satisfied for any other x in the 
interval («/3), there is a last point, say x = % wliero it is satisfied, 
by 458, 3 . 

Thus for a; > 7, ^(a:) is ></,(«). 

Hence ii</>'(7)>0. (3 

Now from 2) we have 

>3L 

Hence 31 is not the niaxinuuu of 21. Similarly the 

other half of 1) is established. The case that in or 31 is infinite 
is obviously true. 


2, Letf(x) ha defined over St == < h). Let a^<a^< ••• < lie 

in St. Let on and M denote the minimnm and inaxiinnm of the dif- 
ference qnotienU 


TO<A(ni, O 

. For let us first take throe points a < ^ < 7 in 21. W o have iden- 
tically o R rj 

AC«, 7)=“---^.A(«, /3)+ hLr_'y.A(A 7)- 

ct — 7 a — 7 


Now the coefficients of A on the right lie between 0 and 1. 
Hence 1) is true in this case. The general case is now obvious. 



507. 1. Let fQ:) he cordimionB in 2( == (a < h). The four derv 
vates of f have the Bume extremes in 21. 

To tix the ideas let 

iMin L='^i > ^Ihi It — /jl^ in 21. 

We wish to show that m = ^. To this end we first show that 

IM < m. (1 

For there exists an a in 21, such that 


i(a) < w + e. 

There exists therefore a y3< a in 2f, such that 


Now by 50G, i, 


/!.= Min iJ< 2'- 


Hence 

as €>0 is small at pleavsure. 

We show now that ^ 

7n<}i. 

For there exists an a in 21, such that 

E(a') <;t + e. 


(2 


There exists therefore a /3>u in 21, such that 




a— /3 


< /^ -f e', 0<e>'e. 


Thus by 506, 1, 

m = Min L<q, 

Hence as before m<ii. From 1), 2) we have m= fi. 


2, In 499, we emphasized the fact that the left-hand derivates 
are not defined at the left-hand end point of an interval, and the 
right-hand derivates at the right-luind end point of an interval 
for which we are considering tlie values of a function. The fol- 
lowing example shows that our theorems may be at fault if this 
fact is overlooked. 



Example- Le t / (x) =^\x\- 

If we restrict x to lie in 21 = (0, 1), tlie four derivates = 1 when 
they are defined. Thus the theorem 1 holds in this case. If, 
however, wo regarded the left-hand derivates as defined at a; = 0, 
and to have the value 

i/'(0) = - 1, 

as they would have if we considered values of / to the left of % 
the theorem 1 would no longer be true. 

For then Min L = —1 , Min ^ -f- 1, 

and the four derivates do not liave the same minimum in 21. 


3, Let f(x) he continuow ahoitt the point o- If one of iu 
four derivates is continuous at x=^ all the derivates defined at this 
point are continuous^ and all are equal. 

For their extremes in any are the same. IE now It is 

continuous at a: = 

7i(c) — *f e, 

for any x in some Fi(c). 

4. Let f(x) be continuous, about the point x^c. If one of its 
four derivates is continuous at x = c^ the derivative exists at this 
point- 

This follows at once from 3. 

Remarh- We must guard against supposing that the derivative 
is continuous at ir = (?, or oven exists in the vicinity of this point. 


Example - 


Let 

Then 


Let E(x') be as in 601, Ex, 1. Let 


z= (0, 1) and ® = 



ff (x) ^ x^F(x)- 
RHfsf} = 2 xFi^x) + xmFfxf 


Lllfx) = 2 xFix) + x^LFfx')- 


Obvioiisly both RIF and LII^ are continuous at x = 0 and 
7/'(0) ^ 0. But jff' does not exist at the points of and hence 



does not exist in luiy vicinity ( 0 , S) of the origin, liowever sinall 
S > 0 is taken. 

5. If one of the derivates of the continuous function f(x) is 
continuous in an hiterval the derivative ff-x) exists^ and is con- 
tinuous in 31. 

This follows from 3. 

6 . If one of the four derivates of the continuous function f (x) is 
= 0 in an interval 31, f X.x) = const in 31. 

This follows from 3. 

508. 1 . If one of the derivates of the continuous function fQv) is 
> 0 in 31 = (a < ft), f(jc) is monotone increasmg in 31. 

For then m = Min > 0, in (a < x), TIuis by 606, i, 

2 . If one of the derivates of the contimious function fix) is ^ 0 
in SI, fQo) monotone decreasing^ 

3 . If one of the derivates of the contimious function f {x) is ^0 
in 31, loitliout being constantly 0 in any little interval of SI, fix) is 
an increasing function in 31. Similarly f is a decreasing function 
in 31, if one of the derivates is j< 0 , without being constantly 0 in any 
little interval of S{. 

The proof is analogous to I, 408. 

509. 1. Let fix) he co7itinuou8 in the interval 3(, and have a deriv- 
ative^ finite or infinite^ zvithin 31. Then the points where the deriva- 
tive is finite form a pantactic set in 31. 

For let a < /3 be two points of 31. Then by the Law of the 
Mean, 

/(ry) , a<rf<j3. 

As the right side has a definite value, the left side must have. 
Thus in any interval (ct, y 8 ) in 31, there is a point 7 where the 
differential coelficient is finite. 



For if 


2^ = 21 liin/(a’) , q — JR, 

.r=rt 

there exists a sequence of points > «2 
f{a„)=^ 2 ^; and anotlier sequence /Sj > ^2 ^ *** "^ ^’ 
/C/3n) == ?• We may suppose 

«n>/3n ^ Ol‘a„</3„ , ?^=l, 2, ••. 


Then the Law of the Mean gives 


Qn = 




«n- 


where 7 „ lies between a^, jSn- Now the numerator ^ ^ while 

the denominator =0. Hence ()„= + 00 , or — 00 , as we choose. 

5. Let f (x) have a finite unilateral differential coefficient U at 
each 'point of the interval 21. Then U is at most pointtvise discon^ 
tinuous in 21. 


For by 474, 3, [7 is a function of class 1. Hence, by 486, 1, it is 
at most pointwise discontinuous in 21. 

511. Let f (x) he continuous in the interval (a < 5). Let .R(x) 
denote one of the right-hand derivates of f(x). If JR is not con- 
tinuous on the right at then 


lohere 


l<ltCa')<m, (1 

Z = i? lim jB(rr) , wi = lim JJ(a;) , x = a. 

To fix the ideas let M be the upper right-hand derivate. Let us 
suppose that were >?7j. Let us choose and <? such 

that 

m + n<c<a. (2 

We introduce the auxiliary function 

4>(.^')= cx-fCx). 

R^'{x) = c-Rf{x) , R4'(x') = c- Rf’(x'). (3 

Now if S > 0 is sufficiently small, 

4- r) , for any x in 21"^ a -f S). 


Then 



Thus 2), 3), show that 

_/t!c/)'(:r) > cr , cr>0. 

Hence is an increasing function in But, on the other 
4/“' (a) = _??/'(«), 

since « > m. Hence 

(a) c -- lif^ (u) = 6* — « < 0, 

Hence (/> is a decreasing function at x = a. Tliis is impossible 
since </> is continuous at a. Thus 
Similarly we may show that I < a. 


512. 1. Let f{x) he continuous in 21— (a<h'), and have a 
derivative^ finite or infinite. jr/’«=/^(a), /3 =//(&), then f\x) 
takes on all values between a, /3, as x ranges over 21. 

For let a < 7 < y8, and let 

= + , ;.>o. 

We can take h so small that 


Now 

Hence 


Q(a, /i) < 7 1 m'ld Q(h, — 7i) > 7. 

Q(b, - h) = QCh ~ K 70. 

Q(b - 7i, 70 > 7. 


If now we fix 7i, Q (re, 70 is a continuous function of x. As Q 
is < 7, for a; = a, and > 7, for a; = 5 — 7i, it takes on the value 7 
for some a;, say for a; ==; ^, between a, b — L Thus 


Q(fi, 70 = 7- 


But by the Law of the Moan, 


where 


a < ^ < 7} <: ^ + h <b. 


Thirs/' (a?) = 7 , at x == 7 ; in 21. 

2, Let f(xy he continuous in the interval 21, and admit a deriva- 
tive., finite ^ or infinite. If ffx) == 0 in 21, except possibly at an 
enumerable set (S, then /' — 0 also in 


For if /'(«) = 0, and /'(iS) = h^0, then /'(x) ranges over all 
values in (0, 5), as x passes from a to /3, But this set of values 
lias the cardinal number c. Hence there is a set of values in 
/3) whose cardinal number is c, where 0, This is 

contrar}' to the hypothesis. 

3. Let fCx\ gQx) he contmuom and have derivatives^ finite or 
infinite^ in the interval 2(. If in 3( there is an a for which 


and a ^ for ivhich 


/(«) 


then there is a y for which 


p.o«d.d 

has a derivative^ finite or infinite. 

For by hypothesis 

8^((^)>0 , 8 ' C ^)< 0 . 

Hence by 1 there is a point where S' = 0. 


513 . 1 . If one of the four derivates of the continuous function 
fix) is limited in the interval 21, all four are^ and they have the 
same upper and lower Rdntegrals. 

The first part of the theorem is obvious from 507, 1. Let us 
effect a division of 31 of norm d. Then 


I = lim 'Llfd, , M, = Max R, in d^,. 

But the maximum of the three other derivates in d, is also by 
507, 1. Hence the last part of the theorem. 

2^ Let f he continuous and have a limited unilateral derivate 
as R in (a <b). Then 

r Rdx':^f(h')—fia)< f Rdx. (1 

For let a< < ^2 < ••• <h determine a division of 91, of norm d. 



hen by 506, 1, 

Mia M< < Max /7, 

I 1 

tlie interval (a,„, rt„,.,.i) = <4- 
Hence _ 

Id,,, Min Ii<f(l>') -f(a) < ld„, Max Ti. 

Letting d = 0, we get 1). 

3. If f{x) is continuous, and Uf is limited and, R-intcgrablc in 
= (a < i)i 

£uf =f(lO ~f(a). 

514. 1, Leif{x) ha limited in ?l = (« < n'iui 
F(x) =: Cfdx , ct<^<h, 

X=^U 

r any u within 21. 

To fix tile ideas let us take a right-luind dorivato at Then 

1h Min f<i fdx < Ih Max f , in (it u + h), h > 0, 


Til us 


Min/<^-^<Max/. 
- A* " 


Letting 7t = 0, we got 

JiF' (w) < n li in /, 

,T=U 

nch is 1) for this case. 

2. Let f(x) he limited in the interval 2( = (a<h'). df f(x -f- 0) 
\8t8^ 

R derivative \ fdx = /(:r + 0\ ; 

^ iff(^ — 0) exists, a<x<h 

(^dx^f(x — 0). 


L derivative 


3. Let f{x) ha limited and R4ntegrahle in ?l =(«</>). The 
points ivhere 

F(x) = ^ fdx , ^ ^ 

does not have a differential coefficient in ^lfo7'm a nnll set. 

Fix) =fix) by I, 637, i, 

when / is continuous at x. But by 462, 0, the points where / is 
not continuous form a null set. 


615 . In I, 400, we proved the tlieorem ; 

Let /(a;) be continuous in 2l=(a<S), and lot its derivative 
= 0 Avithin 2t. Tlien/is a constant in SI. This theorem we have 
extended in 507, 0, to a derivato oif(x). It can be extended still 
farther as follows : 


1. (Z. Schaefer). If is continuous in SI = (a< J), and if 
one of its derivates = 0 in SI except possibly at the points of an 
enumerable set (5, then f ^ constant in St. 

If/ is a constant, the tiieorein is of course true. We show that 
the contrary case leads to an absurdity, by showing that Card (g 
would = c, the cardinal number of an interval. 

For if / is not a constant, tliore is a poijit c in 31 where 
= /((?) — /(a) is ^75=0. To fix the ideas let p>0; also let us 
suppose the given derivate is 11 — lifQo), 

g(x, t)=fix)-fia)-tix-a) , t > 0. 

Obviously 1 1 is the distance / is above or below the secant line, 
y=tix-a) +fia). 


Thus in particular for any 

gia,t)=0 , gic, t') = p-tio- a). 

Let 5 > 0 bo an arbitrary but fixed numhor < p. Then 
■ gic, t)~q = p -q-tio-a) 


= (p~q) 


1-t- 


p-q 


> 0 , 


0 — a 


if t < T., where 



Hence 


(j(c, t) > q 

any t in the interval 2: = (t, T)^ 0 < r < T, Wo note that 
Card Z = c. 


5ince for any t in X, g(^a^ 0= 0 > q-, hit :r = ho 

1 maximum of the points < o whore //(j;, 0= Thou e < 

I for any h such that e h lies in (e, 6*), 

0 < + r.//( (i) _ 

h li 


Hence 


7^/(0 > 0 . 


rhus for any t in X, lies in ®. As t ranges over SC, lot Ot 
ge over (S^ < (S. To each point e of corresponds but one 
nt t of SC. For 


lonce 


0=^(e, = 

, as c > «. 


ihus 

Lch is absurd. 


Card SC = Card (Sj < Card ®, 


I. Letf(x) he continuous in 3l = (a<S). Let G the 

nts of 31 where one of the derivates has one sign. If G exists, 

Qard G — c, the cardinal numher of the continuum. 

?he proof is entirely similar to that in 1. For lot c bo a point 
i. Then there exists a d > o such that 

/(^)-/(«)=iJ > 0. 

Ve now introduce the function 

g(x, t') =f(x) ~f (c) - t(x -o) , ^ > 0, 

reason on this as we did on tho coiTosponding g in 1, using 
5 the interval (c, d') instead of (a, J). We got 

Card @1 = Card 2: = c. 

• (aj)) g((d) he oontinuor(£ in the interval 31. Let a pair of 

esponding derivates as Bf, Ug' he finite, and equal, eo-cept pos- 
/ at an enumerable set Then f=g + O, in ?[, where Q is a 
\tant. 


For let 
Then in 


Mcj>^ > lif-Rg^ = 0 , rty^^>0. 

But if B(t>^ < 0 at o)ie point in 21, it is < 0 Jit n sot of points SB 
whose cardinal number is c. But SB lies in (S. HoiuJO Ticf) is 
never < 0, in 3(. The same holds for Hoiico, by hOH, ^ and 
^jr are both monotone increasing, TJiis is impossible unless 
(jf> = a constant. 

516. The preceding theorem states that the continuous function 
f(x) in the interval 21 is known in 21, aside from a (;onstaut, when 
f' (x^ is finite and known in 21, aside from an enumerable sot. 

Thus f(^x) is known in 2t when /' is iinite and known at oacli 
irrational point of 21. 

This is not the case when // is finite and known at eacli rational 
point only in 21. 

For the rational points in 2t being enumerable, let them be 

>*8 ••• (1 

bo a positive term series whose sum I is < Let us place 
within an interval of length < Zj , Let 7\ bo the first number 
in 1) not m Let us place it within a non“OVGrlai)piug interval 
Sg of length < , etc. 

We now define a fanction/(rc) in 21 such tliat the value of /at 
any x is the length of all tlm intervals and part of an interval 
lying to the left of x> Obviously /(rr) is a continuous function of 
X in 21. At each rational point /' (a;) = 1. But f(x) is not de- 
termined aside from a constant. For 2S„ < L Thorefore when 
Z is small enough we may vary the position and lengtlis of the 
S-intervals, so that the resulting /’s do not differ from each otlior 
only by a constant. 

517. 1. Xe//(cK) he continuo^is in 21 = (a < 5) and have a finite 
derivat^ sag Rf\ at each point of 21. Ztct (S de^iote the points of 2( 
where R has one sign^ say > 0. If £ exists^ it cannot be a null set. 



For let G be a point of S, tlion there exists a point d > o sueli 

fCd)-f(o')^p>0. (1 

Lot (Sn denote the points of £ where 

n-1 <Tlf < n. (2 

Then (5 = (S^ 4- ®2 + Let 0 < r/ < jtn W(3 take tlie positive 
nstants ^2 *’* sncli that 

Qi 4 2^2 + ^ (?3 + •" - ?• 

If now S is a mill set, each is also. I lenco tlio points of 
n be inclosed within a set of intervals such, that 

n 

;t now intervals and parts of intervals 

72, = 1, 2 which lie in the interval {a < l^et 

Q{x) = 

m 

Obviously is a nionotone incroaBing* function, and 

0 < QC^O < ?• (S 

Oonsider now 

We have at a point of $[ — £, 

, Arc>0. 

A.^ Ax Air Air 
Hence at such a point 

lU^! < Bf < 0 . 

But at a point x of (S, JtP^ < 0 also. For x must lie in some 
, and hence within sonic Thus incroasos by at least 

when X is increased to a; + Air. nonce viq„X^')i and thus 
ic) is increased at least mAir. "Jlius 

A(? ^ 

Arr 

RP' < Tif ^ m < 0, by 2), 


Ihus 


since x lies in Thus liP' < 0 at any point of 21. Thus P is 
a monotone decreasing function in 21, by 508, 2. Hence 


Hence 


P(o)~ P(d)>0. 
f{o) - fid) -{Qia)- Q id) J > 0, 


or using 1), 3) 
rvhich is not so, as ^ is > q. 


P - (I 


2. iLehesffue.) Let fix), gix) he continuous in the interval 21, 
and have a pair of corresponding derivates as Pf, Mg' 'which are 
finite at each point of 21, and also equal, the equality holding except 
possibly at a null set. Then f ix) — gix) = constant vn 21. 

Tlie proof is entirely similar to that of 515, 3 , the enumerable 
set ® being here replaced by a null set. We tlien make use of 1. 


518. Let fix) he continuous in some interval A = (u ~ S, ^ -p S). 
Let fix) exist, finite or infinite, in A, hut he finite at the point x = u 
Then 

f iu) = lim Qf, (1 

j /'=0 ^ 

wfiere 


Qfiu) - 2/Gt) ^ 


Let us first suppose tliat/" (rt) = 0. We have for 0<h<y<S, 




(fiji + A) -fju) fju - h) -/(m) 1 
L h -fi - 


= 1 u<x'<u + h , u~h<x"<u 

= -rO[/"(M) + 6'1 - ix"~u)\f'iu)+e'"i), 

where |€^|, | e"| are < e/2 for oj sufficiently small. 

Now 


x' — u I a;" — w ( 


>< 1 , 


< 1 , 


h h 

, by hypothesis. 

Hence | <?/| < € , for 0 < h< 7 ), 

and 1) holds in this case. 


MAAiMA Ai\ii iViliMAlA 




Suppose noiv that = a 0. Let 

gix) =/(:£:; - q{x) , wheve q{x) = ^ + bx + c*. 

Since (?"00 = ^ ^ y'OO == 

Thus we are in the j) receding case, and lim (?,(/ = 0, 

But Qff-Qf—Qq- 

Hence lim (?/= a. 


Maxima and Minima 


519. 1. In I, 466 and 476, we have deiinod the terms /(.r) as 
maximum or a minimum at a point. Lot ns extend tliese terms 
follows. Let / bo deiinod over ?I, and let a; = a be an 

laer j^oint of 21. 

We say f has amaximum at .^’= a if l^/(a) — /(^r) j>0, for any 
.11 some F*(^), and 2°, /(<^^) — / (;?;) > 0 for some x in any V(a), 
the sign > can be reiDlaced by > in we will say / lias a 
oper maximum at a, when we wish to emphasize tliis fact ; and 
len > cannot be replaced by >, we will say / has an improper 
bximuin. A similar extension of the old definition holds for 
3 minimum. A common term for maximum and minimum is 
\reme» 

2. If/(a;) is a constant in some segment 93, lying in the intor- 
L 21, 93 is called a segment of moariability^ or a constant segment 
f in 9(. 

'Example, Lot/(.r) bo continuous in 3l = (0, 1*). 

fjet .,4 

X = • • • • (1 


> expression of a point of 21 in the normal form in the dyadic 

ni. Let y, y^r% 

1= • (2 


expressed in the triadic system, where oc„=:=a„, when a„ = 0, 
:1 =: 2 wlien Tlio points form a Cantor sot, 

272. Let bo the adjoint sot of intervals. Wo associate 


now the point 1) witli the point 2), which we indicate as usual by 
We define now a function (/(^a:') as follows : 

? wlien 


This defines ff for all the points of (S. In the interval let g 
have a constant value. Obviously g is continuous, and has a 
pantactic set of intervals in eacli of which g is constant. 

3. We have given criteria for inaxima and minima in I, 4G8 
seq., to which we may add the following ; 

Let f{x') he contimmiB in («— 3, a + S). If a 7 ul 

Lf\a)< 0, finite or infinite^ f(x^ has a ^nmimum at x = a. 

If ii/'(a)< 0 and Lf(jx) > 0, finite or infinite^ f{x) has a maxi- 
mum at cc = a. 


For on the 1° hypothesis, let us take a such that ii — «>0. 
Then there exists a S' >0 such that 


f{a + h)~f(a) 
h 


> 7?. — oc > 0 


0<7i<S'. 


Hence 


f(a + h) >f(a) , a 4* A in (a^, a + S') . 


Similarly if /3 is chosen so that X + /3 < 0 , there exists a 3" > 0, 

such that n. V 

f(a-h)-fCa) I 

— h 


Hence 


/(a — A) >f(d) , a + h in (a — 3", a*). 


520 , Example 1, Let/(.r) oscillate between the a;-axis and tlie 
two lines y = x and ?/==-“ ^‘, similar to 

, TT 

y ^ X sin — • 

X 

In any interval about the origin, y oscillates infinitely often, hav- 
ing an infinite number of proper maxima and minima. At the 
point 0,/ has an improper minimum. 

Example 2, Lot us take two parabolas Pj, Pg defined by «/ = 
y = 2.7;?, Through the points let us erect ordi- 

nates, and join the points of intersection with P^, P^, alternately 
by straight linos, getting a broken line oscillating between the 








I’abolas 2\ , vosnlting graph dofuies a continuous ruuc- 

m f^x) which Jias proper cxtrunias at the poijits | ±-j* 

Dwever, unlike Ex. 1, the limit point 0 of these extremes is 
;o a point at which /(aO has a proper extreme. 

Example S. Let {B\ be a set of intervals which (letciunino a 
irnack set § lying in SI = (0, 1). Over eacli interval 8 — («, /3) 
longing to the stage, let us cret^t a curve, like a segment of 
sine curve, of height 0, as n co, and having horizontal 
agents at «, /3, and at 7, tlic middle point of the interval 8, At 
3 points of 21 not in any interval 3, let/(.r) = 0. Tlie fuac- 
m/ is now defined in 21 and is obviously continnons. At tlie 
ints ^ proper maximum; at jioints of the typo a, yS, 

/“has an improper minimum. Those latter points form the set 
whose cardinal number is c. The function is increasing in each 
;erval (a, 7), and decreasing in each (7, /3). It oscillates in- 
itely often in the vicinity of any point of 

Wo note that while the points where f lias a proper extreme 
mi an enumerable sot, the points of improper extreme may form 
let whose cardinal number is c. 

Example Jf. Wc use the same sot of intervals but change 
3 curve over S, so tliat it has a constant segment tj = (X, /x) in its 
ddle portion. As before /= 0, at the points ^ not in tho 
iervals 8. 

The function /(a;) has now no proper extromos. At the points 
/ has an iin2)roi)or minimum ; at tho points of tho typo X, /a, it 
3 an improper maximum. 

Example 5. Weieratrass' Eiinotion. Lot E denote tho points in 
interval 21 of tlie tyjie 

a; = ~ , r, s, positive ijitogors. 

r such an x wc Inive, using tlie notation of /)02, 
h^x = 

= 0 , for on >8, 


Hence 

riius 


Hence 


A W 

sgn — = sgii Q = sgii 
Aa; 

sgn 72/'(a;) == 4 * 1 > sgu Lf\x) ^ 1 , 

if r is even, and reversed if r is odd. Tims at the points ®, the 
curve has a vertical cusp. By t519, F lias a maximum at the 
points S, when r is odd, and a minimum when r is oven. The 
points 6 are pantactic in 21 . 

Weierstrass’ function has no constant segment S, for then 
f^(x') = 0 in 8 . But F^ docs not exist at any point. 

521. 1. Let f(x-^ "• he aontinuoxis in the limited or xmlimited 
set $1. Let ® denote the points of 21 lohere f has a proper extreme. 
Then @ is enumerable. 

Let us first suppose that 21 is limited. Let 8 > 0 be a fixed 
positive number. There can be but a hnito number of points a in 
21 such that 

/(«) >/(^) 1 (1 

For if there wove an infinity of such points, let /3 bo a limiting 
point and r) Then in T^(^) there exist points a', such 

that F 5 (a^), overlap. Thus in one case 

/(«') >/(«"). 

and in the other 

Aa!) </(«")> 

which contradicts the first. 

Let now 8 ^ > 82 > ••• 0. Tlioro are but a finite number of 

points a for wliicli 1 ) liolds for 8 = 8 j, only a finite number for 
8 = 8 jj, etc. Hence (S is enumerable. The case that 2t is unlim- 
ited follows now easily. 

2 . ' Wo have seen that Weierstrass’ function has a pantactic set 
of proper extremes. However, according to 1, they must be 
enumerable. In Ex. 3, the function has a minimum at each point 
of the non-enumorable set but tlieso minima arc improper. On 
the otlier liand, the function 1 ms a proper maximum at the points 
but these form an enumerable set. 



522. 1. Let f (a') be oontinuoiis in the interval ?[. Letf have a 
roper maximum at x ~ and x = /S in ?I. Then there u a jwint 7 
tween /3 where f has a mini'tnum^ which need not hoioever he a 
^•oper minimum. 

For say a< In tlio vicinity of «, f(x) is </(«) ; also in 
.e vicinity of yS, /O^O Thus there arc points SQ in 

/?) where / is < eit]icr/(a) or/(/9). .Let fjb be the luiniiniuu 
the values of /(:«:), as x ranges over 33 . There is a least value 
X ill («, yS) for wliicli /(. 7 i)=ya. We may take this as the 
)mt in question. Obvioinsly 7 is ncitlior a nor /9. 

2. That at the point 7, / does not need to have a pruiier mini- 
um is illustrated hy Exs. 1, or 3. 

3. In $1= (a, b) let /^(x) exists finite or infinite. The points 
Ithin 21 at which f has an extreme proper or improper,, lie among 
e zeros of f (x ) . 

This follows from the proof used in I, 4()8, 2 , if we replace there 
0 , by < 0 , and > 0 , by > 0 . 

4. Letf'(x) he continno%is in the interval ?(, and let f(x^ have 
) constant segments in 31. The points (£ of 2( where f has an ex- 
tme,,form an apantactio set in 3b Let ^ denote the zeros of f^ fii) 

21 . If 93= Sbni border set of intervals lying in 31 corre- 

ending to c 3>/(**0 univariant vi each 

For by 3, the points (S lie in 3* As /'(.r) is continuous, ^ is 
mplete and determines the border sot 33. WitJdu eaeli 
(x) has one sign. Hence /(.^r) is nnivariant in bn- 

5. LetfQx) be a continuous ftmetion having no constant segment 
’ the interval 31- If the points (S vliere f has an extreme form a 
mtactic set in 31, then the points 33 where f fx) does not exist or is 
scontinuous,, form also a pantaotic set in 31. 

For if 33 is not pantactic in 21, tliorc is an interval G in 2( 
mtaining no point of 33. Tims ffx) is continnous in 6 . But 
e points of (S in G form an apantaotic sot in G by 4. This, 
wever, contradicts our liypothesis. 

Example, Weierstrass’ function satisfios the condition of the 
eorem 5. Hence the points where Ffx') docs not exist or is 


discontinuous form a pantactic set. This is indeed tvuo, since 
exists at no point, 

6. Let f(p) he continuous and have no constant sef/ment in the 
interval §1. Let f (x) exist, finite or infinite. The jwints where 
f\x^ is finite and is form a pantactio set in 2(. 

For \et a < /B be any two points in 31 If /(«) =/ (/3), there is 
a point a < 7 < /3 such that /(oc) ^/(7), since / luus no constant 
segment in 31. Then tlie Law of the Mean gives 

a— 7 ^ 

Thus in tlie arbitrary interval (a, yS) there is a point whore 
exists and is=?^ 0. 

7. Let ffx) he continuous in the interval 31. Theoi any interval 
33 in 31 which is not a constant segment contains a segment (S in tohich 
f is univariant. 

For since f is not constant in 33, there are two points a, h in 33 
at which / has different values. Then by the Law of the Mean 

/(») - /(^) = (« - ^)/'(c) , 0 in 95. 

Hence /'(<?)=?£: 0. Asf^(x') is continuous, it keeps its sign in 
some interval (c — 8, c 4- 8), and / is therefore uni variant. 

523. Let f (of) he continuous in the interval SI, and have in any in- 
terval in 31 a constant segment or a point at which f has an extreme. 
If /' (pf exists, finite or infinite, it is discontinuous infinitely often in 
any interval in 31, not a constant segment. At a point of continuity 
of the derivative, f^ (x) = 0. 

For if //a;) were continuous in an interval S3, not a constant 
segment// would be univariant in some interval Sj<33, by 522, 7. 
But this contradicts the hypothesis, which requires that any inter- 
val as @ has a constant segment. Hence f'(x) is discontinuous 
in any interval, however small. 

Let now a? = c be a point of continuity. Then if c lies in a con- 
stant segment, /' (c) = 0 obviously. If not, there is a sequence of 
points fig ••• ^ such ih^tf(x') has an extreme at e^. But then 

/^C^n) = 05 by 622,8. As//ic) is continuous at a; = (?,/'((?)= 0 
also. 



524. (Kd'nii/.') Let fix') he. auntiwunis in ?l and have a pantaatie 
set of cuspidal points (5. Then for ani/ inter ual 58 »/'?(, there exists 
a ^ such that fis')=l^ at an infinite, set of points in 50. Moreover, 
there is a pantactic set of points \^\ in 50, such that k being taken at 

Pl>^asure, f(:x)<k<f{:x). ■ (1 

For among the points E thoro in an iiirinitc paiitaotio set c of 
proper maxima, or of proi)ov minima, 'i'o ILx the ideas, suppose 
tlie former. Let = 6’ bo one of these points within iJJ. Then 
there exists an interval containing 6’, such tJiat 


Let 


/(O >/C‘«) ^ 1)- 

/A = Miu/(^^;), in 0. ^ 

Then there is a point x wlioro / takes on tins minimum value. 
The point c divides the interval b into two intervals. Let t be 
that one of these intervals wliich contains iS, the other interval we 
denote by Witliin m let us take a point of c. TJion in f 
there is a point c[ such that 

The point dotorminos an interval , just as c determined b. 
Obviously bj, j< in, and bj falls into two segments as before 

b did. Within n^ wo take a point of c. 'i'iion in t thore is a 
point and in a point that 

In this way wo may contiinio indefinitely. Lot 


be the points obtained in this way wliieli fall in f. Let c' be a 
limit point of this set. .Lot 






be tlio points obtained above wliicli fall in and lot bo a limit 
point of this set. Continuing in this way wo got a socxueiice of 
limiting points ^ ^ ... (2 

lying respectively in I, Ij, ••• 



Since /is continuous, 

/(c')=/(6'")=/(0=- (3 

Thus if we set /(c^)= jS we see that /(^) takes on the value /3 at 
tlie infinite set of points 2), which lie in 23. 

Let 72 *•* be a set of points in 2) wliich = 7. 

/C^/(7i) __/( 7)-/Cy.) ^ = 0. (4 

7 — 7i 7 •“ 72 

Thus if/'(r?;) exists at a; = 7, the equations 3) show that / (7) 
= 0. If / does not exist at 7, they show that 

/< , at :^;=7• 

Let now Ic be taken at pleasure. Then 


is constituted as/, and 
This gives 1). 




525. 1. Lineo- Oscillating Functions. The oscillations of a con- 
tinuous function fall into two widely different classes, accord- 
ing as fQo) becomes monotone on adding a linear function 
l(x) = ax + 6, or does not. 

The former are called lineo-oscillating functions. A continu- 
ous function Avhich does not oscillate in 31, or if it does is lineo- 
oscillating, we say is at most a lineo-oscillating function. 


Example 1. Let 
If we set 


fQv) = sin X , Z(rr) == x. 


and plot the graph, we see at once that y is an increasing function. 
At the point ri; = tt, the slope of the tangent to f{x)^s\\\x is 
greatest negatively, ^.c. sin a; is decreasing here fastest. But the 
angle that the tangent to sin a; makes at this point is — 45°, while 
the slope of the line l(x) is constantly 46°. Thus at rr = 7r, y has 
a point of inflection with horizontal tangent. 

If we take l{x) = aa:, a > 1, is an increasing function, increas- 
ing still faster than before. 



dl this can be veriHed by analysis. For sotting 
y = sina3+ ct'^ i a>l, 
y' = a + cos 


dius y is a lineo-oscillating function in any interval. 
iixamph f (.'^O “ ^ 1 ^ 0 

iV 

= 0 , X=:i), 


Mien 


l(x') =:^ ax -\-h , y ==,/’('0 *^0 » 


y == 2 cc sin -- — cos - + a 

X X 

= a , a; = 0. 


X ^ 0 


lenco, if > 1 + 2 TT, 2/ is an iucreasing function in 31 = ( — tt, tt). 
1 function /oscillates infinitely often in 31, but is a lineo-oscil- 
ng function. 


Example S. /("aO = sin 1 , 

X 

=: 0 , a; = 0. 

Kx) = ax -I- 1) , y =/(,<.■) + iCx) . 

fere ^ ^ 

y' = sin - coa - + « , x =/=(). 

X X X 

‘or oj = 0, doQB not exist, finitely or infinitely. 

)bviously, however great a is taken, y has an infinity of oscilla- 
IS in any interval about a;= 0. lloiico/is not a lineo-oscillat- 
function in such an interval. 


. If one of the four darivateB of the eonthmouH function f(x) in 
ted in the interval 31, /(.'^O u at most lineo»osaillating in 3(. 

‘or say Bf > «- a in SI. Let 0 < « < /3, 

^(») =/(;r) + ^x. 


Then 


^(x) = IB +f'(x) > 0. 

Hence g is monotone increasing by 508, l. 

3. Let fix) he at most Uneo-oscillating in the interval 21. If Uf 
does not exist finitely at a point x in 21, it is defmitely infinite at the 
point. Moreover^ the sign of the qo is the same throughout 2t. 


For if f is monotone in 21, the theorem is obviously true. If 


not, let 

be monotone. Then 


g{x')=f(x')+ax 

TJf = W - 


and this case is reduced to the preceding. 

Remarlc. This shows that no continuous function whose graph 
has a vertical cus^d can be lineo-oscillating. All its vertical tan- 
gents correspond to points of inflection, as in 


y = 

Variation 

526 . 1 . Let fix) he continuoits in the interval 21, and have limited 
variation. Let L he a division of 21 of norm d. Then using the no- 
tation of 443, 

Ihn Vj,f^Vf , limP^/==P/ , \imNj,f^Nf (1 
For tliere exists a division A such that 

where for brevity we have dropped f after the symbol V. Let 
now A divide 21 into v segments whose minimum length call X. 
Let i) be a division of 21 of norm dKd^KX. Then not more 
than one point of A, say can lie in any interval as of 

i?. Let = jD + A, the division obtained by sniDerposing A on D. 
Then /x denoting some integer < v, 

Vj)= 2 ! lf(aj -fia ,') I + |/(«,+i) | - |/(«.+i) -/(«J 1 1 . 

JC=1 


■f now is taken siifneicutly small, Ose/ in any interval of D 
.s small as wc choose, say <,/-. Tlien 

u V 

I V — V ! < <r ^ 

I'a'- '/;|<2-<^- 

Jut since JE is got by su2)orposi]3g A on i>, 

v^<r^<v. 

lence for any D of norm < 

\V^-V\<e, 

'cli proves the first relation in 1, TIio otlicr two follow at 
e now from 448. 

27. If fix) is contimious and has limited variation in the in- 
^al (a K h) , then 

P(x) , N(x) , V(x) 

also continnous functions of x in 3 (. 

<et us show that V^x) is continuous; the rest of the theorem 
ows at once by 443. 

\y 52G, there exists a such that for any division I) of norm 
<^ 0 ’ F(J)-W)+e' , 0 <e'<£/B. 

'hen afo7'tio7n^ for aii}^ r?;< h iji 2[, 

V(x) = Vj^Qx) + ej , 0 < < e/ 8 . (1 

ii tlie division i?, we may take x as one of the end points of an 
rval, and h as tlic other end point. Tlion 

’’(x + Ji) = Fi(.'c) -h 1/(3; + 7/.) -/(a;) | + €3 , 0 < 63 < e/3, (2 

•n tho other luiiul, if in talcon suilicioiitly siniill, 


|/(^+A)-/OOI<g . forO<A<8. 
rora 1), 2), 3) wo Iiave 

0 ^ 4* h) — Vix) < e , for any 0 < A < 5. 


(S 


(4 


But in the division .Z), x is the right-hand end point of some in- 
terval as (it* — /c, x'). The same reasoning shows that 

\V(x — ki)--V(ic^\<e , for any 0<A<S. (6 

From 4), 5) we sec V(x) is continuous. 


528. 1. If one of the derivates of the contimeous fimation f is 
numerically ^ M in the interval 31, the variation V off is < M% 

For by definition 

with respect to all divisions I— \ d^\ of 21. Here 


Now by 506, i, 

or 

Hence 


F^^SI/CaO-ZC^.-HOl. 

_ M< / (^0 < M, 

Vjy < M2d, < Mjl 


2. Letf(x^ he limited and R4ntecjrahle in 21 == (a< J). Then 

J? (x‘) = f fdx , ct^x<h 
has limited variation in 21. 

For let i> bo a division of 21 into the intervals d, = (a^, 

V,y F= S 1 - J-CaO 1 = 2 I ffdx 1 

< 2 I / dx < ilf 2 C'^'^dx - M^d. - ifH. 

Thus 


Max Vjy*F< M% 
and F has limited variation. 


629. 1. If f (aj) has limited variation in the interval 21, the 
points it where Ose/> /c, are finite in number. 

For suppose they were not. Then however large Gh is taken, 
we may take n so large that nh > Q-. There exists a division F 


)f St, such that there arc at least n intervals, ca(jh containin^^ a 
)C)int of if within it. Thus for the division i>, 

2 Osc/> nk > Q-. 

riius the variation of / is large at pleasure, and therefore is not 
imited. 

2, Iff has limited variation in the interval 9(, its points of dis- 
vntinnity form an enumerable set* 

Tliis follows at once from 1. 

530. 1. Let i >2 "* ^ sequence of superposed divisions, of 

wrms = 0, of the interval 9t. Let 12 he the sum of the oscilla- 
ions of f in the mtervals of If Max Ihjj,, is finite.^ 

imited variation in 91. ” 

For suppose f does not have limited variation in 91. Then 
here exists a sequence of divisions sueli that if X2;;^^ is 

he sum of the oscillations of/ in the intervals of tlien 

^ = “f" oo. (^1 

Let us take v so largo that no interval of B^ contains more than 
no interval of or at most parts of two E^ intervals, l^ot 
jF„ + B^* Tlien an interval B of B„ is split up into at most 
wo intervals S', S" in E^* Let cd, co', w" denote tlio oscillation of 
^iu S, S', S". Then the term cd in 7)^, goes over into 

ct)' -H co" < 2 ft) 

a Hence if Max = il.f, 

diich contradicts 1). 

2. Let = 2 |/(rti) — /(a,.,..^) I , tlio summation extended 
ver the intervals of the division If Max is 

n 

inite with respect to a sequence of superposed divisions we 

annot say that/ has limited variation. 

Example* For lot / (a?) =0, at the rational points in the inter- 
al 91 = (0, 1), and = 1, at the irrational points. Lob B^ ho 
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obtaijied by interpolating the points - Then / =0 

at tliG end points of tlie intervahs of Ileiice Vjj^ == 0. 

On the otlier hand, fQr) has not limited variation in 21 as is 
obvious. 


531. Let == lim/(rc, Oi finite, or infinite^ for x in the 

interval 21. Let Vai'/(.i;, V) for each t near r. 

Then Fijf) has limited variation in 2[. 

To fix the ideas let t be finite. Let 


Then for a division J) of 2t, 

Vj,F< VJ^ Vj,g. 

But 

VnU = 2 I (■/ (a„) - g |, 

where are the intervals of 2). 

But for some t ^ near r, eaoli 

g(a., ) 50 <^- 

where s is the number of intervals in the division D, 
Thus 


Hence 

and F has limited variation. 


Vj,g<v^ 

Vj,F<M-^7), 


632. Let f(x)^ //(^O limited variation in the interval 2l, then 
their snm^ difference^ and product have limited variation. 

If also 1 5^ I ^ 7 > ^ 9 ill St 

thenf/g has limited variation. 

Let us show, for example; that h^fg has limited variation. 
For let Min/=m , Min ^ 

Osc/= (o , Osc g — r 


in the interval d^. 



Then 


/ = 4- UCO , (/ = 71 -f. /3 t , 

0<a<-[ , 0.</^<l. 

f(j = 7;m + 


in 


Thus 
Now 

I m I r — | ) co — cor < < inn + | | r -|- \ n\(s7 -h wt. 

Hence 


But 

Thus 


77 = Osc 2 jr I m 1 + o) | | H- corj. 

1 7?z 1 , 1 7i I , T _< some /r. 

< some <?, 

id h has limited variation. 

533. 1. Let us sco wliat chanf^o will ho introduced if we 
iplaoe tlie finito divisions D omployod up to the i)rosout hy 
.visions JEi whicli divide the interval St = < V) into an iuJlnite 

mmerahle set of intervals 

TiOt ^ 

Ws = S I ./•' - / («„,,i) i , (1 

the class of finito or infinite onumorablo divisions { f^- 
Obviously 

mce if Ti^is funto, so is F. 

We show tliat if V is finitii, so is W. For suppose W were 
finite. Then for any {?• > 0, there exists a division JE, and an 
such that the sum of the (irst n terms in 1) is > 6?, or 

Wjc„,>a. (2 

ot now D 1)0 the (Inito division dotormined by the points , 
••• iijin w’liich figure iji 2). 

Vs > a-, 

mce F= CO, which is contrary to our hypothesis. 






We sliow now that V and W are ecjiml, when finite. Fox* let 
H be so chosen that 


IF-1<TFa*< W. 


Now 


+ , 1 6' I <6/2 

if n is sufficiently large. 

Let D correspond to the points ••• in Then 

Vn> 

Ffl + e'> F,,„ + e' =TF^.. 

W~ Vj, < e. 


and hence 
Hence 


We may therefore state the theorem : 

2. Iff has limited variation in the interval 21 loith respect to the 
class of finite divisions i>, it has with respect to the class of enumer- 
able divisions and conversely. Moreover 

Max Vq = Max 


534. Let us show that Weierstrass'* function -F, considered in 
502, does not have limited variation in any interval 21 = (« < /3) 
%ohen ah '>1. Since F is periodic, we may suppose a > 0. Let 

A "h 1 h-\- (X 


be the fractions of denominator which lie in 21 
These points effect a division I>^ of 21, and 


Vn = 


.•/=0 


Ivi j \ 1)7,1 


+ 


F(i/3-)-F 


p/ 7c -I- fi 


If I is the minimum of the terms Fj under the 2 sign, 

Now laic a , ^+ii±l>/3. 

i < , fi > - 2. 

Jm 


(1 


Hence 


(2 


I 


)ii the other haiul, using the notation and results of 502, 


h^\-C = = 




also 

F(:r. + JO - F( x) 


k 




TT 


3 a6 - 1, 

^et us now take 

=0, = -|- 1 , = /C ^ , 


i'lien 


== ^!l±J 

Jm 


1 




lence from 3), ^ ^ ,72 _ tt 


, byl),2). 

lS a < 1, and ah > 1, we sec that 

+ GO, as m = 00 . 


(3 


Non-intidtioiial Gtenes 

35. 1. Let/(rc) bo continuous in the interval SI. The graph 
■is a contiiiuons curve O. If f has only a linito number of os- 
xtions in SI, and lias a tangent at each point, wo would call Q an 
inary or intuitional curve. It might ovou have a linito num- 
of angle points, i.e. points whore the right-hand tangent is 
erent from the left-lvand one [of. I, 3G()]. But if there wore 
infinity of such points, or an infinity of points in the vicinity 
lach of which f oscillates inlinitely often, tlie curve grows less 
. less clear to tlio intuition as tliese singularities increase in 
Liber and complexity. Just where the dividing point lies be- 
en curves whose peculiarities can be clearly soon by the intui- 
i, and those which cannot, is hard to say. Probably different 
sons would set this point at different jJaces. 

'or example, one might ask : Is it possible for a continuous 
ve to Iiavo tangents at a pantactic sot of points, and no tangent 
mother pantactio set? If o]io wore asked to picture such a 
ve to the imagination, it would probably prove an impossibility. 



I 


Yet such curves exist, as Ex. 8 in 501 shows. Such curves might 
properly be called non-intidtionciL 

Again we might ask of our iiiLuilion : Is it possible for a con- 
tinuous curve to have a tangent at every point of an interval 2t, 
which moreover turns abruptly at a pantactic sot of points ? Again 
the answer would not bo forthcoming. Such curves exist, how- 
ever, as was shown in Ex. 2 in 501. 

We wish now to give other examples of non-intuitional curves. 
Since their singularity depends on their derivatives or tlie nature 
of tlieir oscillations, they may be considered in this chapter. 

Let us first show lunv to define curves, wliich, like Weierstrass’ 
curve, have a pantactic set of cusps. To effect this we will extend 
the theorem of 500, 2, so as to allow i/(x) to have a cusp at 0. 


536. Let denote the rational points in the interval 

3l=(— a, a). Let fi(x^ he continuous in 33= ( — 2 a, 2 a), and 
— 0, ai a; — 0. Let 3}"^ denote the interval 33 after removing the 
point rr = 0. Jjet // have a derivative in 33^, such that 


I y (•«)!< 


M 


a > 0. 


(1 


Then 


^ (•'») = X ~ - C„) , /3 > 


^F 


is a continuous f unction in 31, and --- behaves at essentially 

Aa; 

as ^ does at the onV/m.* 

Arr 


To simplify matters, let us suppose that @ does not contain the 
origin. Having establisliod this case, it is easy to dispose of tlio 
general case. We begin by ordering the as in 233. Then 
obviously if 

= ^ , q>Q , jt? positive or negative, 


we have 
Lot 




n > q. 
•e.. If 




> 1. > J_ 


qs 


mn 


^ Cf. Theorie der Functionen^ e^c., p. 102 seq. Leipzig, 1892. 
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/et JE(x') l)c the jf\scrios afU*r dolctino* Uic toriiK 'Then 


V^c show that E has a didhrontial coefliciciit at x = ohLaiiicid 
liffereiitiatiug’.®^ Lonuwi.so. To this end wo sliow that as k = 0, 


«m') 

A 


7>(A)= , m^n 

verges to Q = 'in,,,/ ie„,J , 

'liat is, wo show 

e > 0 , 7 ; > 0 , 1 i>(A) - 1 < 6 , 0 < I A I < 7 ;. (f. 


(=i 

c-i 


ret US break up the sums 3), 4) wliieh ilguro in 6), into tiireu 

bS « ?■ .9 CO 

:£ = s + S -I- S. (G 

1 1 C-K »M 

'bus 


1 1 c-K »M 

\j)~a\<\ J),- a, I + I a,,,\ + | a - g-, \ (7 

< A + JJ+ a. 


iuec //(<!,„„) exists, the lii'st term may bo made as small as wo 
oso for an arbitrary but lixed ?• ; thus 


^< 1 - 


jct us now turn to B. W o have 


Ji < I A» I + I G„ I , 

(K<^,nn + fO-i;( <-,.n) ^ ^ | A' | < | A | 

vidod //(x) exists in the interval (c,,,,,, c.,,,,, -|- A), 
lut by 2), 

e„.n + I > I I " I 1 ^ 2 ^ * 


V < 



daus by 1), 


(8 


ilfj a constant. 


04U 


UJliiU V A1 iliG, J. AAiVLAiS, V AALA XiUlN 


Hence a fortiori^ 
Now the sum 


l^^'CCmn) 1 < 

11= X ^ 


(9 


7^1+/^ 


converges if ^ > 0. Hence IIj,^ q and may be made as small as 
we choose, by taking p sufficiently large. Let us note that by 91, 

(10 


Thus if /W =s: Min («, /9), 


fip^ 


_jL W n a fi 

for a sufficiently large r. 

We consider finally O. Wo Jiave 

o<\B,\ + \a,\ 

- (7i ^ 

I I s-n 

< -f (72 -1- (73 . 

From 9) we see that _ 

(73 < M,II, < i, 

for 8 sufficiently large. Since gCx) is continuous in SB, 


S 1 d" ^0 ! d“ | / i ^ | d" j s 

n «+i 


Hence 


/7 1 

O. and u < —n* 2j -vrra rrr 

^ Ui xTt /i 1 + ot 


1 


I Jt-M 


+ Cd-|-/3 8l+«'+^ 


1 4- a + /3 


if ^sing 10). 

1 A| 

Taking 8 still larger if necessary, we can make 

C'l, (^2 < |- 


^<i- 


Thus 



.4. 1 .1. 1. \ ij V i'jo 




a reader now sees wliy wo broke tlie sum (!) into three j)iirts. 
= 0, the middle term eoutaius an iuereasiug' mnnber of terms, 
diatover given value h has, s has a Ihiito value, 
as as A, B, 0 are each < e/S, the relation 5) is established, 
aco B has a differential coeflicient at x = and as 

,, A(0) ^ MiJ 

iGorem is estiiblislicd. 


, Example 1. Let 

<f(x) = i/x^. 

m for 0, (p) == f Wove a = 

V X 


X = 0 , 


Rgf (a;) = + O) , Lg^ {x) - oo. 

, ,3>o 


ntinuous funotiou, and at the rational points e„, in the in- 

St, 

UF' (.-r) = + 00 , LF' = - 00. 


CO the graph of F lias a pantaetic sot of ouspidal tangents 
Tlio curve is not monotone in any iiitorvad of 2f, however 


Lot ^ 

^(o;) = a; sill i , .r =56 0 

X 

= 0 , a; 0. 

^ . 1 1 I 

g^Qx') = sin e.oH «•' , 0, 

X X X 

I a == 1. For X = 0, 
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Thou 


Fix') = 2) Jfg ix - e„) si 


Sin 


X — 


, /S>0 


is a continuous function in 2f, and at the rational point e^^-, 

1 


= 


,,3-h^ 


+ (O^ 


where E is the series obtained from F by deleting the term. 


538. Pompevu, Qurven:^ Let us now sliow the existence of 
curves which have a tangent at each point, and a pan tactic set of 
vertical inflectional tangents. 

We first prove the theorem (BoreV)\ 


Let 


B (r; 


(^) = = 2“ 
— a., 


«n > 


where @ = [e^^] is an enumerable set in the interval 21, and 

A = 2V^ 


is convergent. Then B converges absolutely and uniformly in a set 
23 < 21, a7id S is as near 21 as we choose. 


The points 33 where adjoint B is divergent form a 7 iull set. 

For let us enclose eacli point e^ in an interval S„ of length 
with e„ as center. 

The sum of these intervals is 


k ’ 


-A— 

for A > 0 sufficiently large. Let now k be fixed. A point x of 21 
will not lie in any if * 


= 1 ^ • 

Then at such a point, 


> 


k 


Adjoint B < == = kA, 

vetn 


* Math, Annalen^ v. 03 (1007), p. 320. 


S > ^ — e, Llu! points 2) wli«i-e B does not eoiivort^'c ab- 
>Iy form a null set. 

» !♦ We now consider the function 

J'(rc) = S rt,.(a; - = S./;(*) (1 

1 (S = le^l is an onuincra))le pantactio sot in an interval 31, and 

A = (2 

mvergent positive term scries. 

)n F is a coniinnom fiuiation of x in 31. For | x — ji is < 
Mu\%, 

us note that eaeli is an inercasiug function and the 

corresponding to it Inis a vortical iiillootional tangcjit at the 

next show that F(^ai) is an inaremmg fimaiion in S{. h^or lot 
Then 

./n(*') <./;(vo- 

’ .F(:iO < FQv"). 

Lot us now con.sid(n’ tluj c*onverg(nioo of 

cd by difFort)ntiati]ig F toiunwiso at tlio 2 )oints of 31 — ®. 
denote tlio points in 3f whore 

foa. Wo liavo soon © ia ii null sot if 

SVTi^ 


(6 
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is convergent. Let SI = 35 + E. Let ic be a point of E, i/e. a 
point where 4) is convergent. We break 3) into two parts 

D = , 

such that ill each < 1. Then J)^ is obviously convergent, 
since each of its terms 


^<a^, where I a:-e„l, 

and the series 2) is convergent. 

The series is also convergent. For as 1, the term 


and the series 4) converges by hypothesis, at a point x in E. 
Hence D(x') is convergent at any point in E, and S = 31 when 6) is 
convergent, 

3. Let O denote the points in 31 where 3) converges. Let 

31= C-h A. 

We next show that F^(x') = jD(a;), for x in O, For taking x at 
pleasure in O but fixed, 

g(70 M ^ s ~ (6 

Ao: A 


We now apply 156, 2, showing that Q is uniformly convergent 
in (0*, ??). By direct multiplication we find that 


(g + ^1 

^ (a H- J) ^ + a^{a + 

Thus 6) gives 

OOh) = V ^ 

^ (x^h-e^)^+(x + h- e„)^(x - e^)i + (rr - 


Let us set 

Then 

<?W = 


A„ = 


' ■r + 7i — 

. x-e„ J 


S 1 + K+ 


(rr - 



a 



for 0 < I I ^7?^ 7? sullioiently small. As the series on the right is 
independent of h, Q converges uniformly in (O'*', t?). Thus 
by 156, 2 

^ D , for any x in (7. 

4. Let noio x he a point of A, not in At sncli a point we show 
that 

+ 00 , (8 

and thus the curve F has a vertical inflectional tangent. For as 
I) is divergent at a;, there exists for each M an m, such that 


But the middle term in 7) shows that for \ h\ < some ??' each 
term in Q,n is > \ the corresponding term in Thus 

Q^Qi)>M , 0<|A|<V. 

Since each term of ^ is >0, as 7) shows, 

^(70 > M. 

Hence 8) is established. 


5. Let us finally consider the points x—e^. If <Ij denotes the 
series obtained from F by deleting the term, we have 


^F ^ ^ Atp 

Aa; if Ax 


for 33 = . 


As F is increasing, the last term is >0. 
Hence F'(x)=+co , in®. 


As a result loe see the curve F has at each point a tangent. At an 
enumerable pantactic set FJ it has points of inflection loitli vertical 
tangents. 

7. Let us now consider the inverse of the function F^ which we 
denote by 

x^a(f), (9 

As X in 1) ranges over the interval 31, t^F(x) will range over 
an interval 33, and by I, 381, the inverse function 9) is a one- 
valued continuous function of in 33 which has a tangent at each 



point of 33. If TTare the points in S3 whicli correspond to 
points V in SI, then the tangent is parallel to the ^-axis at tHc 
points W, or <?'(0 = 0, at these points. The points W are pain- 
tactic ill S3. 

Let Z denote the points of S3 at wliicli Gr'(t^ =0. We show 
that Z is of the 2° category, and therefore 

Card^=c. 

For being of class <1 in SB, its points of discontinuity ^ 

form a set of tiie 1° category, by 486, 2. On tlie other liaiid. 
points of continnity of Gf' form precisely the set Z^ since tli<: 
points W are pantactic in 33 and — 0 in TT. In passing let xx^ 
note that the points ^ in 33 correspond 1-1 to a set of points 3 
which the series 3) diverges. For at these points the tangent Lc 
vertical. But at any point of convergence of 3), we saw 
2 that the tangent is not vertical. 

Finally we observe that 3) shows that 


Hence 


3 fl# 

Max (?'(«) <M! 

Sa„ 


Summing up, we have this result ; 


in 31. 


8. Let the positive term aeries converge. Let = hi 

an enumerctUe pantactic set in the interval 21. The Pompeiu eur'or^i 
defined hy 

F (x) = Sa„(a: - e„)* 

have a tangent at each point in 31, whose slope is given ly 






when this series is convergent^ i.e. for all x in 21 except a null SB't 
At a point set 3 of the 2° category which embraces S, the tangervti 
are vertical. The ordinates of the curve F increase with x. 


540 . 1. Faber Curves.^ Let be continuous in the intervn, 
21= (0, 1), Its graph we denote by F. For simplicity lo 


* Math. Annalcn^ v. 06 (1908), p. 81. 



(0) = 0, i?^(l) = ZQ. We proceed to construct a sequciico of 
‘oken lines or polygons, 

-^ 0 ’ -^19 -^2 *** (1 

iiicli converge to the curve F as follows : 


As first line Lq we take the segment joining the end points of 
Let us now divide SI into equal intervals 

^11^ *** ^1, n, 

length 


d having 


^ 'W- 


^ 11 ’ ^13 


(s 


end points. As second line we take the broken line or 
lygon joining the points on whose ahscissfc are the points B).- 
e now divide each of the intervals 2) into equal intervals, 
tting the n-^n^ intervals 

^21 ’ ^22 1 ^28 ‘ 

lejigth 
d having 


8,= 


1 


n-iU, 




O/n 


'21 1 ^ 22 *' ^23 ■“ 


(r) 


end i^oints. In this way we proceed on indefinitely. Lot us 
11 the points 

-4= ■ 

'minal pointB, The number of intervals in the division is 


v,. = • ng n,.. 


If L,^(x) denote the one-valued continuous function in SI whose 
lue is the ordinate of a point on we liavo 

F = ^mC^mn') » (h 

ice tlie vertices of lie on the curve F» 

2. For each x in SI, 

lim ^F(x). (7 

For if a; is a terminal point, 7) is true by 6). 


If CO is not a terminal point, it lies in a sequence of intervals 

^ ^2 ^ “ * 

belonging to the 1°, 2° ••• division of 21. 

Let ^ ^ -v 

Since jP{x) is continuous, there exists an s, such that 

■ l-f'C'B) <|. 

for any x in As Lrn,(x') is monotone in 

I j ^ I •^ 7 / iC ^^ 77 i , I 

< I 77171 3 - , 71+i3 1 


Thus 


Hence from 8), 9), 


<1 , %8). 
Z; 

I ^irXS^fnr^ 1^2* 


m > 5 


Avhich is 7). 

3. We can write 7) as a telescopic series* For 
il = ifl + (-^1 ■” -^o) 

— (£-2 — ij) = Xq + (X^ — Xq ) + (Xg — X^) 

etc. Hence 

X(®) = lim X„(*) = Xo(a;) + S j X„(.r) - i • 


If we set 


we have 
and 


/oC^) “ -^o(^0 ’ — X„_,(:t;), 


FXx)=\ax) = Z^(x). 

0 


(8 


(9 


(10 

(11 

(12 


The function /„ (a;), as 10} shows, is the diffei’ence between the 
ordinates of two suceessive polygons X„_i, X„ at the point x. It 
may be positive or negative. In any case its graph is a polygon 


^ WillL/li liao ti- vvii. uiAvj inj ui. utivjii 

iterval S^.j. Let Ina l>e the value of /n(-^0 J^t the point 

liat is, at a ^joint eorreBi)()nding to one of the vertiees of /„. We 

all the vertex differences of the polygon X,,, 


Let 

Pn l^io [ ?)ifl j , !/n IMax 1 ^,ig 1 * 

A‘ .f 


Then 

l/n(*^’)l<y« . bl ?L 

(13 


In the foregoing we have vsupposed .F(x') given, Obvionsly it 
lie vertex dirtcrenoes were given, tlie polygons I) conld be eon- 
Lruefced successively. 


We now show : 

If 

) convergenU 




Fix') = s/;or) 


(14 


j uniformly convergent in ?b is a contirmous function in 3(. 

For by 13), 14), F converges uniformly in 9t, As each/„(,r) 
i continuous, F is continuous in ?t. 

TJie fimctioiis so dclined may bo called Faher ffinctions. 


541. 1. We now investigate tlie derivatives of Faher's functions^ 
nd begin by proving tlio theorenn : 

If ••• :S7V7« (1 

X 

mverge^ the unilateral derivatives of Fix') exist in ?l (0, 1 ) . More- 
oer they are equals exee 2 }t ].)ossihly at the ter)niual yoints yl = 

For let X lie a point not in A. Let xJ^ lie in F= F^ix) ; 
)t x' —‘X = If 

Let <? = ) -Z W _ Z(»"> - Z W. 

11 h" 

Then Ffx) exists at rr, if 

^ > 0 ^ > 0 , I ^ 1 < 6 , for any rrb a;' ' in V. (2 


UU\J 


Y JX4. JUjOj JL V ^l.\l A XXVJX> 


Now 

^1 < 


F^jx’) - F^x-) _ F^^-F^ 
h' h" 


F^Cx') - FJa:') 


h' _ 
F^^Cx") - F^Ccoy 
h" 


^ + $2 ^3’ 

liut 


L(.^') -/.Cap 


9 /y 

< rL^», 

— s. 


Hence 


s=m+l A 


m vsufficiently large. 


Similarly 


<?8< |- 


Finally, if 77 is taken sulScieiitly small, a?, will correspoxnd 

to the side of the polygon . Hence using 540, 12), wo soe 
that 0. Thus 2) holds, and F^Qc) exists at x* 

If a? is a terminal iDoint and the two points x\ are tt^ken 
on the same side of the same reasoning shows that tho uni- 
lateral derivatives exist at . They may, however, be diffei'ent. 

2. Let Tij = 722= differential coefficient (jtT} to 

exist at the terminal point x, it is necessary that 

lim2«2'„<Qo. (3 

lim 2^p)n = 00 ? 0 

the points lohere the differential coefficient does not exist form a 
pantactic set in SI. 

Let us first 23rove 3), Let J< a< c be terminal j)oints. TJxon 
they belong to every division after a certain stage. W e will 
therefore suppose that 5, c are consecutive points in tlio -72^“ 
division, and a is a point of the nH-k*- division falling in tlio 
interval S^= (J, c). If a differential coefficient is to exist at a, 


F(a')-‘F(b) Ffaf-Ffp) 
a—b a—c- 


(6 


must he numerically less than some M, as 72 = co, and hence tlieir 
sum Q remains numerically < 2 ikT. 



Now 

J-Cdt) =X„+i(a) , == L„(b) , Fi<0 = L,(o), 


|a_J| = |«_e| = S„ = 

Thus Q = 2"+i S 2 - [-Z^nC?') + i,. ((-•)] S 

= 2 . AiO:] 

i- . I <? I = -i • 2"Z„, , , supposing « = «„.. 

TIenco ‘2"r;„<7lf, 

liich establishes 3). 

Let us now consider 4). By hypothesis there exists a sequence 
i<n^<C, =^ 00 , such that 

^ ^ ^ 

r being large at pleasure. Hence at least one of the differouce 
Qotients 5) belonging to this sequence of divisions is nijniorically 
u'ge at pleasure. 

X = (1 

f absolutely convergent^ the functions F ex') have limited variation in 


Forf^fx) is monotone in each interval Ilonco in 

Vai f^^i = j l^J^^ a.|.l I ^ j I -j- I a.|4 j * 

Hence in S(, 

Hence 


VarA(.iO<2:SZ, 


Var F^ix) <22 2Z„,, = 2 X , in ?I. 


m~-l s 


We apply now 631. 


542. Falm* Fundioio^ without Finitu or Tujhiite -Derivatives 


To sini[jliiy nuUtoivs Icit; us consider tlic folio 
Tlio uuilhod ouiploycd adinils easy ^uuioralizatioji 
and gives a olass of fiuictions of this type. Wo 
uso tho iiotalLou of tho 2)recc)diug sections. 

Let /o (;0 hav(^ as graph Kig. 1. Wii next 
divide ?[ = (0, 1) into 2^' cn^nal ]iar(s 5 ^^ 
take 0^0 as in Fig. 2 . W{'. now divide % into 

22* etpial parts 822^ §231 and takt\/-2(:r) ua 

in Fig. 3. T\iO height of tho })euks is 
In tho division ?l falls into 2"^* c({ual parts 

^»nl 1 ^7«2 ’ * * 


wing example. 



Fro. 1 



^12 

Fio. 2 


one of which may bo denoted by 

Its length may ho dtnioUul by tho same lottoi\ 

"I 

Omi ' 


thus 


In Fig. 4, is an interval of the m — 
division. 

The maximaiu ordinate of l,n^ 


I 0^'^ 



J-'rO. 3 


A AA/- 

i5tn 



Fia, 4 

1 


The 


])art of the curvo whoso jioints have au ordinato < J have been 
marked more heavily. The x {)f sue.h points, form class 1. The 
other make up c.luss 2. With (uudi x in ediiss 1, we associate 
the points «,„ < /9„i (*.()rres|)ondingdo the ]H!aks of adjacent to x. 
TJuus Aa* If hi chiss 2, the points are tho 

adjacent valhiy points, wlim'e/y, = I). 

Let now x he a point of class 1. Tho nuinoratoi’s in 


,/ m( f^tn ) J ( ) ,/ vd J C 

- X 

have like sipfus, while tlieir donomimiiors are of opposite sign. 
Tims tlie signs of the qnotionts 1) are differcuit. Similarly if x 
belongs to class 2, Uie signs of 1) are opposite. Tlence for any x^ 


c signs of 1) are opposite. It will be coiivcniont to let r,,, denote 
iher«„or/3„. We have 

I ^ - ('m I < Kn 

In- 

Hence 


X — (‘,n 


> 


1 


On the other liaiid, for any in S„ 


x' — X 


< 


^ 1 


Hence settiiig xJ — and lotliijg n > w, 

l/mCfin) --/m(:«) 1 < 1 e„ - •'(; 1 < 


2”^’ 1 2”“'^* 


< 


li)” 

_1 1I__ 

10" ’ 10’"’ 


(2 

(B 


(4 


For if logj a be tbe logarithm of a with the base 2, 


n — 1 ! > 


logg 10 , for Qi Hnllieiently largo. 


Hence 

Tlm.s 


n—1 

(?i — 1 ) ! (?t — 1 ) > logj 1 d”. 


Oni Ok- (I *1 

2r:-ln>10" ’ - 


2nl 


cl this establishes 4), 

Let tia now extend the definition of the functions by giv- 
^ them tlie period 1. The eorrosponding FabciV function F(:r) 
fined by 640, 12) will admit 1 as period. We luive now 

FCe,-)-FO^) = S/„(0 -Ux)l -I- 

+ i-Pn.,-lOn) - = 'J\ + 'A + 'l\- 

From 2) we have 7 ' i 7 

1 '2 • 


As to 5^2, we have, using 4) and taking n sulliciently large, 


in 


< -L’ 

lO”' 


m=-'i 


ji_ 

, 10” 


^ 10 


CO . 

. 2 : 


1 

10”' 


1 J_ 

i) ■ 10" 


Similarly 


ini< 


0 

00 m 

2 |/„,(0 1 < 2 +/«(*) I 

m=n‘\'\ wi==?i+l 


< 


2 2L 




1 _1_ 

9 ' 10^ 


< 2 / 
2:1 l) s* 


Thus filially 


As 


Thus 


\FCoJ-FCx-)\>Ul-l-l) 

> iV • 

ini>ini+ini 

ggn = agn 

e„ — ® <’•„ — X 


i'(0-.yoo 


> 


l^n 
18 S„ 


1 


As < 3 ^ may be at ploasuro «„ or yS^, and as the signs of 1) are 
opposite, vve see that 

, :F'(a;)=— oo; 

and .F(^x) has neither a finite nor an infinite differential coefficient 
at any yoinL 


CHAPTER XVI 


SUB- AND INFRA-UNIFORM CONVERGENCE 

Contmaity 

643 . In many places in the preceding pages we have Ksoen liow 
nportant the notion of uniform convorgenco is when dealing 
ith iterated limits. We wish in this chapter to treat a kind of 
inform convergence first introduced by Arzeld^ and which we 
ill call suhuniform* By its aid wo sliall bo able to give condi- 
ons for integrating and differentiating series termwise luncli 
ore general than those in Chapter V. 

We refer the reader to ArzehWs two papers, Sidle Serie di 
'unzioni^^^ H* Acead. di Bolocpia^ ser, V, vol. 8 (1899), Also 
) a fundamental paper by Osgood^ Am* Journ* of Math ^ vol. 19 
1897), and to another by iZbisen, Froc* Lond* Math ser. 2, 
dL 1 (1904). 

544 , 1. Let/(jrj ••• 0 ^ function of two 

its of variables. Let xf) range over X in an m-way 

)ace, and tf) range over £ in an w-way space. As x 

mges over and t over 2^, the point (r^’i ••• tj «••)=; (a:, f) will 
i-nge over a sot 31 lying in a space jy — m + 

Let T, finite or infinite, bo a limiting point of SC. 

lim/(a;i ... ■■■ if„) = <AC'»i •" »m) X- 

isWT 

Let the point x range over wliilo t remains fixed, tlion 

e point (rr, t) will range over a layer of ordinate if, which wo 
ill denote by 8^. Wo say x belongs to or is associated with this 
yer. 

We say now that/=^ </>, mhuniformly in when for each e>0, 
> 0 : 
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1° Then) exists a finite number of layers whose ordinates t 
lie ill 

2° Each point a; oE X is associated with one or more of these 
layers. Moreover if x = a belongs to the layer all tlio points 
x in some Vs(a) also belong to 

3° I 0 --</>(») l<e 

while (.r, t) ranges over any one of the layers When m = l 
that is when there is but a single variable x whicli ranges over an 
interval, the layers reduce to segments. For tins reason Arzela 
calls the convergence miiform in He(jvumts, 

2. In case tliat subiiniform convergence is applied to the series 

^ 0^1 ••• •'«».)= S4(a-i ••• 3;„) 

convcvgGnt in SI, wo may state the defhution as follows : 

F coiivergos suhuiiiformly in 31 Avlien 

1° For eacli e>0, and for each v tJiero exists a finite set of 
layers of ordinates > v, call them 

Sj, ^2 ••• (2 

sucli that each point x of 31 belongs to one or more of them, and if 
x = a belongs to 8,„, then all tlm points of 31 near a also belong 

to 

2° l/7„Oh-^^n)l<e 

as tho point (x, n) ranges over any ono of tlio layers 2). 


545. Example. Let 

roo=|{i ” 


f n — 1 

+ r+(,r- i)v 


Here 




_ ■)IX 
1 + Ol^X^ 


in 3t = (-l, 1). 
E(x) = 0. 


Tho series converges nniformly in 31, except at x — 0. Tho 
couvorgouco is therefore not uniform in 31; it is, however, sub- 
uniform. For 


\F 


1 + 



Hence taking tki at pleasure aiicl iixed, 

!j„l<€ , in «!==(- 8, a), 
sufficiently small. Ou the other hand, 

-iS) + Q8,l)=S2 + S3- 

Thus for n sufficiently large, 

Hence we need only three seg’ineiits Sj, Sa, Sg to get subuniforin 
nvergence. 

546. 1. Zeil /(a-’i ••• O ••• 'hJ f = 

%itc OT iiijhtvitii. Tjct F) ha coiitiuitavs t'li 111 ,fo7* cadi t ^metv t . 

or '4> to he contimioiis at the 'point :r = a in X, it ns •oxeces.mry that 
ir each €> 0 , there earists an ??>(>, a dt for each t in H/(t) 
,ch that 

|/(.r, t)-(^(r)|<e (1 

)r each t in and for awy :r m Tf/faf 

It is sufficient if there exists a smyle ^=/3 in V*(t) forivhich 
,e inequality 1) holds for a-oi.y a: in some VsCa)- 
It is necessary. For since (jo is continuon.s at x = a, 

I cj)(:e) — (jo(a') | < 7 , for any x in some F^(a). 

o 

Also since /= (/), 

\f(a, t') — (^(rt) 1 < ;- , for any t in some H/Ct). 

Finally, since /is eontinnous in x for any t near t , 

\f(x, t) —fCa, 01 < ^ 1 ® T\(_a). 

Adding these tliree inoqualitic'S wc get 1), on talcing 


d,<8, S,. 


Jt u efficient. For by liypotJiesis 

1/(9;, /3) — q!)(a:) | > | , for any x in some P's, (a); 

and hence in particular. 

!/(«> /3)-<^>(«)| <|- 

Also since /(:r, /S) is continuous in 

\f(x, /3)-/(a, /3)| <1 5 for any x in some r6,,(a). 

Thus if S< 8', 8'', these unoqualities hold simultaneously. Add- 
ing them wo get 

I (f)(x')’-^Qa)\ < € , for any x in Vs(a), 

and tlius </> is continuous at x = a. 

2. As a corollary wo get : 

Zet 

converge in 21, each term being coniinno'iis in 21. For F(x) to he con- 
tinuou8 at the point x ^ a in 21, it is necessary that for each e > 0, 
and for any cell > some there e:\ists a 8^ such that 

I e » M -r in J\(a). 

It is sufficient if there exists an R^ and a 8 > 0 such that 

1 ^ ^ 

647. 1. Let Urn f(x-^ ••• t^ ••• if) = xf) in 3£, r finite 

.T=‘-T 

or infinite^ Letf(x^ f) he continuous in ^for each t near t. 

1° Zff^ suhuniformly in X, ^ is contimmis in 3£. 

2® If 3: is GompleiiU and (jJ> is continuous in suhuniformly 

in X. 

To prove 1°. Lot rc== a ho a point of X. Let e > 0 be taken at 
pleasure and fixed. Thou there is a layer 8^ to which the point 
a belongs and such that 

|/(a;, t')-^<l>(x)\<€, 


(1 


hen (ii;, 0 ranges over the points of 2^. But thcii 1) lioJds for 

= /3 and x in sonic Ffi(a). Thus the condition of 540, 1 is satia- 

jd. 

To prove 2°. Since ^ is continuous at x = a^ the relation ]) 
)lds by 546, i, for each t in and for any x in 

Ttli the point a let us associate a cube lying in and 

iving a as center. Then each point of 9E lies witliin a cube, 
ence by Borel’s theorem there exists a (iuite number of these 
ibes (7, such that each point of 3£ lies within one of thorn, say 

t'’'.,, , C;,,- (2 

ut tlie cubes 2) determine a set of layers 

8 ^ , (3 

ich tliat 1) holds as (fv, f) ranges over tlie points of 21 in each 
yer of 3). Thus the convergence of/ to <j!) is suhunifonn in 

2. As a corollary we have the theorem : 

merge in X, eaaJt / being oontinuoua in 3f. If F converges sub- 
liforvily in X, F is continuous in hi. If hi is complete and F is 
ntinuous in hi, F converges subuniformly in hi. 


548 . 1 . Let 

merge in 21. 


F(x) = V,,..,,X^,-xf) 


Let the convergence be uniform in 21 except possibly for the points 
■ a complete discrete set 93 = /)}. For each b, let there exist a X.^ 
le/t that for any X > Xq, 


liin = 0. 

Then F conveTijei^ siihiniformly in 2f. 

For lot I) he a cubical division of norm d of l4io space iji 

liich 21 lies. We may take d so small that SQjy is small at 
easure. Let Bj) denote the cells of D containing points of 21 
it none of SJ. Then by hypothesis jF converges uniformly in B/j. 
hus there exists a such that for any /a > /x^, 

1 QF) 1 < e ? ^'ov any x of 21 in B^^. 


At a point h of S3, there exists by hypothesis a Vs(b) and a 
such that for eacli X > Xq 

\F^(x')\<e , for any x in Ffi(i). 

Let he a cube lying in I>^(b'), luiving h as ceiitcr. Since S3 
is complete there exists a finite number of these cubes 


such that each point of i8 lies within one of them. 

Moreover , ^ x ■ 

I < 6, 


for any a; of 31 lying in the cube of 1). 

As £j) embraces but a finite number of cubes, and as the same 
is true of 1), there is a finite set of layers 8 such that 

\F;,(x')\<€ , in each 8. 

The convergence is thus subuniform, as X, fi are arbitrarily largo. 

2. The reasoning of the jii’eceding section gives us also the 
theorem : 

lim f(x^ •••<„) = (/) (.-Bj •• • «,„) 

t^T 

in X, r finite or infinite. Let the convergence ’he uniform in except 
'possibly for the points of a complete discrete set © = \e\. For each 
2 '>oint let there exist an t] such that setting t') (a?), 

lim e(a3j i) = 0 , for any t in 

x=e 

Then / = ^ subunifovmly in 3£. 

3. As a special case of 1 we have the theorem : 

= A (A) +fii^')+ 

converge in 31, and converge uniformly in 31, except at x= x~a^. 
At X let there exist a such that 

limJ;^(a;)^0 , n,> v. 

Then F converges subuniformly in 31. 


t = 1, 2 ••• s. 



4. When 


1 till /(;)•■, t) = (pix) 

/ = T 

e will often sot 

f(x, 0 = + e(:u, t), 

id call € the residual function. 


549. Example 1. 

f(x^ 0 (.r) = 0 , for n oo in 2t = (0 < a), 

a, X ^ 0 , > t). 

The convergence is subuniform in 9t. h\)r x = 0 is the only 
wsible point of non-uniform convergence, and for any w, 


Example /(a^, n) = 0 (riO == 0 


as n = oo, 


a; in 21 = (0 < (^) , «, /3, X, /^ > 0 , /i > X , > 0. 

The convergence is uniform in 33 = {e < a), where > 0. For 
I I < • , in 58 


< e 


for n > some 


Thus the convergence is uniform in 21, except possibly at .t= 0. 
iie convergence is subuniform in 21. For obviously for a given n 

lim/(:r, n') = 0. 


550. 1. Let lim/(.'Cj ••• O ^ 4^{'h *’* finite 

i—T 

infinite. 

Let the convergence he uniform hi X except at the points 


Si;ji- AND INFllA-L'NIFORM COM VKRGKMCJ-: 


For the convergence to he mh-imiform in 36, it is necessary that for 
each h in i8, and for each e > 0, there exists a t — ^ near t, such that 

^ I e(;f, f) I > e. n 


For if the convergence is subuniform, fcliore exists for each e 
and r] > 0 a finite set of layers Sj, t in Vn*(T') such that 

I e(x, 0 i < ® ’ a; ill Sj. 

Now the point x=h lies in one of these layers, say in 
Then 

I e(a;, I < e , for all x in some V*(h'). 

But thou 1) holds. 

2. FxampU. Lot JP(a:) = ia;»(l _ a:). 

0 

This is tlio series considered in 140, Kx. 2. 

F converges uniformly in 2( = (“ 1, 1), except at 1. 


we see that 


lU(.r) = - 
\imF„Xx')^ -1. 


Hence F is not submiifornily convergent in 2t. 


Inter/raldUiy 

551. 1. Ivfra-xmiform Qonvertjenca. It often l\a])pons that 

fi^'i ••• '•* O ^ ^->(.'^1 ••• xd) 

sub uniformly in X except possibly ut certain jioints (5=: \e\ form- 
ing a discrete sot. To bo more s])eeilic, lot A bo a cuhicial divi- 
sion of 9?^ in Avliicli 36 lies, of uoriu S, Let denote those cells 
containing poinla of but nojio of (S. Since (S is diHcrelo, 
.^^=^36. Suppose no\vf=^^ sulmniformly in any wo sliall 
say the convergonco is infra-imiform in 36. When tluu’o arc no 
exceptional points, infra-uniform eoiivorgenco goon over into sub- 
uniform coilvergeiico. 




This kind of convergence Arzela calls uniform convergence by 
jgments, in general. 

2. We can make the above definition independent of the set (S, 
id this is desirable at times. 

Let $ = (X, y) be an unniixed division of J such that y may be 
iken small at pleasure. If /==(/) subuniformly in each X, wo 
ly the convergence is infra-uniform in 9£. 

3. Then to each e, ?; >0, and a given X, there exists a set of 

yers Ij, ••• , t in such that tlie residual function e(x, 

numerically < e for each of these layers. As the projections of 
lose layei's I do not in general embrace all the points of X, wo 
ill them deleted layers. 

4. The points y we shall call the residital points. 

5. 

This series was studied in 160. Wo saw that it converges tnii- 
trmly in Sl = (0, 1), except at 0. 

As _ 1 

1 -1- nx 



id as tins = 1 as a; = 0 for an arbitrary but fixed n, F does not 
mverge subuniformly in % by 560. The series converges iufra- 
liformly in obviously. 


6. JExample . 


F = S.7;”(l — a;). 
0 


This series was considered in 650, 2. Altliougli it does not 
mverge subuniformly in an interval containing the point a; = 1, 
le convergence is obviously infra-uniforju. 


552, 1. Let lim / (x^ • • • • • • ^n) = Imited in X, 

.“Cot 

-finite or infinite. For each t near t, let f he limited and R-intojjrahle 
- X. For (f) to he R-integrahle in % it is sufficient thatfj^ 0 infra- 
liformly in X. IfH is complete^ this condition is necessary. 


SUB- AND INFRA-UNIFOUM CONVERGENCE 


f)G4 

It u mfficie-nt. We show that for each e, co> 0 there exists a 
division JD of Sfn, such that the cells in which 

Osc 

have a volume < a-. For setting as usual 

/=^+€, 

we have in any point set, 

Osc (f> < Otiof -h Osc e. 

Using the notation of 661, 

K-'g 01<t 

in the finite set of deleted layers fj, (3 ••• corresponding to 
tg ... For each of these ordinates t,) is intcgrable 

in X. There exists, therefore, a rectangular division D of 3{^, 
such that those cells in which 

Osc/ (a;, O >1 

have a content < whichever ordinate t, is used. Let .5^ be a 
A 

division of 8 ?^ such that the cells containing points of the residual 
set ^ have a content < o'/ 2 . .Let F ^ JD E, Then those cells 
of F in which 

Osc/(fl?, tj) >|, or Osc I e(x, | > ^ 

t — l, 2 ••• have a content < cr. Hence those colls iji whicli 1) 
holds have a content <o'. 

It i8 necesBary^ 36 is complete, F or let 

, ^^2 • * * T * 

Since ^ and/(n 5 , arc integrable, the points of diBcontiniiity of 

4>(x) and of /(a;, are null sets by 4G2, 0 . Honco if (S, denote 
the points of continuity of and/(ri;, €) in X, 

/At /fi^ 

e = = 

since X is measurable, as it is complete. 


Let 

©= Qdv jE,j, 


then 

@ = X 


by 410, 6. 

Let 

2) = i)y(e, ®), 


then 

:S = x, 

(1 

as we proceed to show. 

For if a = 



(S = Dv{(E, ®) -h (?■) = ® + DvC^S., Q-). 


But O- is a null set. Hence Mens i)y((S, 0-) — 0, and tlius 
e = | = ®, whicliisl). 

Let now ^ be a point oC 5D, let it lie in £(,, S,, ••• whore tj, ••• 
form a monotone sequence = t. Tlien since 

/(^, O = </>(?)> 

there is an m such that 

I e(^, i„) 1 < I , « >’™- 

But I lying in it lies in E and . 

Thus I </>(a;) ~<^)(^) 1 <|, 

!/(*, ■0-/(^>01<|. 

for any tr in F6(0‘ Hence 

1 eiix, t„) - eCl, <„) 1 < ^ , a; in nQ). (8 

Now 

e(rr, O = — e(^, /-„) + e(^, O- 

Hence from 2), 3), 

1 e(:r, O 1 ^ ^ 

Thus associated with the ])oint there is a cube T lying in DsC?), 
having ^ as center. As D = 31 — ^ is o. null set, each of its points 
can be enclosed within cubes (7, such that the resulting enclosure 


(S has a measuro < cr, snuill at ploasxiro. Thus each point of X lies 
within a cube, i^y BoroPs tliooroiii there exists a finite set of 
these cubes 

V r ... V • n , n 

such that each point of X lies within one of tliem. But corre- 

sponding to the r’s, are layers 

such that in each of them 

I eOr, 0 1 <e- 

Tims / = 0 subunifonuly in X (F^, r 2 -‘* F^). Let j bo tlie 
residual sot. Obviously y < a*. Thus the eouvergeuee is iiifra- 
iiuifonn. 

2. As a corollary we have ; 

Let JPio)) = 2/;, ... . a; J 

converge in 31. Let F he limited^ and eaohf, he limited and R-in- 
tegrahle in 3[. For F to he It-integrahle in 3t, it is sitffioient that F 
converges inifra-nn'i^ormly m 31. 

Xf 31 is complete^ this condition is necessary. 


553. Infinite Peahs. 1. Lot •*’ ■” 

/ss-.r 

T finite or infinite. Althougli /(a:, t} is limited in ^ for eacli t 
near r, and although <^(a;) is also limited iu 36, wo cannot say that 

I /(a;, t) I < some M (1 


for any x in 36 and any t near r, as is shown by tlio following 


tx • 

Example. Lot/(a;, t) = — == 0^ co for x in 

c 

00, OO), 

It is easy to sec that the peak of f becoinos infinitely liigli as 

W = OO. 

In fact, for x = -^^ fr=z Thus the peak is at least as high 
as which = oo , 



The origin is thus a point in whose vicinity the peaks of the 
amily of curves /(a:, t) are iiiiinitely high. In general, if the 

n the vicinity of a; = ^ become infinitely high as ^ t, however 
mall S is taken, we say ^ is a point ivith infinite peaks. 

On the other hand, if tlie relation 1) Jiolds fur all x and t i]i- 
'olved, we shall say /(a*, t) is uniformly limited. 

2. If Ynw ••• Q = re,,,), and if f{x, t) is 

i~T 

miformly limited in 3c, then cf) is limited in 3c. 

For X being taken at jdeasure in X and fixed, is a limit 
foint of the points /(.r, t') as ^ = But all these pouits lie in 
□me interval Gr^ (?) indet)endent of x. Hence 0 lies in this 
liter val. 

3. If^i is complete., the points in 3£ ivith infinite peaks also form 
complete set. If these points iS are enumerable., they are discrete. 

That ^ is complete is obvious. But then if = = 0, as is 

numerable. 


554 , 1 . Let lim/(a;^ ••• '^i *** O = '** ^«i) metric or 

i^r 

omplete. Let 0 be uniformly limited in % and Itrinteyrahla 
or each t near r. For the relation 


lini 

t^r 




} hold., it is sufficient thatf^4> infra-uniformly in H. 
ir each t complete., this condition is necessary. 


If 1 is 


For by 552, ^ is i2-integrablG if 0 iufra'-unifonnly, and Avhon 
is complete, this condition is necessary. By 424, 4 , each f(x^ ty 
[ measurable. Thus we may apply 381, 2 and 413, 2. 


2. As a corollary we have the tlieorem : 

./oji • • • a;,„) 

mverge in the complete or metric field 31. Let the partial sums F^ be 
niformly limited in 31* Let each termf,^ be limited and lUntegrable 
I 31. Then for the relation 



to hold it is sufficient that F is infra -uniformly conwryvnt in St. If 
SI is complete, this condition is necessary. 

555. .Example 1. Lot us vooonsidov tl\o example of 150, 

00 


^ (1 + nx^)(l + {n + 1).'):'0 

Wo saw tliat wo may intograto tonnwiso iu St == (0, 1), al- 
thougli F tloos not oonvergo uniformly in SI. Tlio only point of 
non-uniform convorgouoo is x ■= 0. In 551, 5 , wo saw tluit it con- 
verges, liowevor, infra-uniformly in SI. As 

1 F„(x) 1 < 1 , for any x iu St, and for every n, 

all the conditions of 554 aro satisfied and wo can integrate the 
series termwise, in accordanoo with tho I’esult already ohtained 
in 150. 


Example 2. Lot F(x') = X 


ux 


(n— 1 ) X 




= 0 . 


Then 


J-nC®) = 


nx 


e. 


na:’ 


We considered tliis series in 152, i. Wo saw there that this 
series cannot be integrated tonnwiso iu St = (0 < a). It is, how- 
ovor, subuniformly convergent in St as wo saw iu 541), Ex. 1. We 
cannot apply 55L iiowover, as is not uniformly limited. In 
fact Ave saw in 152, i, tliat x = 0 is a point with an infinite peak. 


Example S. 


F(_x) =Sa'"(l - x). 


Wo saw in 551, fi, that .F converges infra-uniformly in St = (0, 1). 

I = 1 1 - a:” |< somo ilf, 

for any x in St = (0 <n), «< 1, and any n. Thus tho F^ are 
uniformly limited in St. 

We may therefore integrate termwise by 554, 2. We may 
verify this at once. E or 

F(x)=l , 0<a;<l 


(1 


Hence J^^F(x)dx = u. 

On the other hand, 

ri 

MnCCX = 'Ll 

^0 

From 1), 2) we have 

00 

Gf(M) = «= ^ 


'll : ^ as n == oo, 

n^l 


(2 


U‘ 


«-i'i 


/n-i-2 


-|“ 1 “f- 2 


556. 1. Ifl°f(:\\ ••• =^= ••• infra-uniformhj 

the metric or complete field i*, as ^ = r, t finite or infinite ; 

2"^ /(jr, 1 ^) ^s uniformly limited in X aucZ Jt4nte[frahle for each t 
ar t; 


Then 



viformly with respect to the set of measurable fields ?[ in S'- 

If dc is complete^ condition 1° may be replaced by 8° is 

dntegrable in X. 

For by 662, 1, when 3® holds, P holds ; and Avhen 1° holds, ^ 

72 -integrable in 

Now the points where 


I^C^r, >e 

e such that ^ 

lim =s 0 , by 412. 

t=.r 

Let^e = + Xj. Then 


TeCr, it)=r t) + f e(x, t), 

oi-ffi, oLx, 


But 

lich establishes the theorem. 


Jim ($( = 0, 


2. As a corollary we have : 

If 1° == oonveryes inframniformly,, and 

ch of its terms f is Jlintegrahle in the metric or complete field 31; 


2° is uniformly limited in 21 ; 

and the series on the right converges uniformly xoith respect to all 
meastirahle 33 2t. 

3. If 1® liin/(a;, t^-*- ^«) = </>(‘0 JUntegrahle in the interval 

t~T ‘ 

21 = (« < infinite ; 

2^ /(;?;, t') is xiniformly limited^ and ll-intcgr able for each t near r; 
lim CfQx, t)dx = r(ty(ix)dx = cl)(a;), 

i=^r 

uniformly in 21, and ^^(a;) is eontiimous in 21. 

4. //r i’(.r) = 2/.,.,..„(.'>0 

and also each termf are ll4ntegrahle in the interval 21 = («< S); 

2° Fk(x) is uniformly limited in 21; 

a(x) = % Tf.ix^dx , xin%l 

is continuous. 

For & is a uniformly convergont series in 21, cacli of Avliose terms 
is a continuous function of x. 


Diffcrentiahility 

557. 1. If 1° ••• t,i) = (jy(x) in 21 = (a < i), r finite or 

infinite ; 

‘1° f!fx^ 0 lldntegrahle for each t near r, and uniformly limited 
in 21; ' 

3° flfx^ '\jr(^x) infra-uniformly in 2f, as t r; 

Then at a point x of coiitinuity of in 21 

(l)fx)='\lr(x), (1 

or what is the same 

d 1* /./* .N I* ^ 


d 



(3 


For by 554, 

liiu r tyix = ( 

/~T 

= liiii [/(;)•, / )-/(«! 0 ] 1 by I, 538 

i—T 

= <^>(.r)-c/.(a) , byl°. 

Now by I, 537, at a point of oontimuty of yjr, 

A r>(rr)c?r«=tOO- 0^ 

dx^a 

From 3), 4), wo Irave 1), or wluit is tlio same 2). 

2, In the interval 31, if 

r F(x')=='2y^...,X^;') convcrqos ; (1 

2® UaohfKx) is liviiied and Hinier/raUe ; 

3® FI (pf) is nniformly limited ; 

4^ G(x')= 2// is infra-%tniforonhj convergent ; 

Then at a point of aontinnity of C?(:r) in 3t, loe may differentiate 
\e series 1) termoise<, or F^Qv')= 


3. In the interval 3t, if 

1° f(x, ••• O = ^ T finite or infinite; 

2^ f(x^ t') is nniformly limited^ and a continuous fnnetion of x; 
3° •\}r(x):=lh\\fi(X'i 0 oontinuons ; 

i=^T 

Then 

what is the same 


^'Qx) — ^(ix), 


(1 


liin / (;r, t) = lim ff(T; t). 
dx i^T i-r dx 


(2 


For by 547, l, condition 3° roquiros tlmt .snbunifornily 

1 31. But then tho conditions of 1 arc satisfied and 4) and 2) 
old. 


4. In the interval 31 let us sup^wse that . 
1° F (x) = converges ; 


(1 


2° Each termf, Ib {mtiinuow; 

3 ° Eliay) is unifomily Ihnited ; 

4:° Gr(x)= is ooniinuons ; • 

Then we may differentiate 1) iermtoise, or jF'(a;)= GrQjd).. 


558. Example i. Wo saw in <555, Ex. 3 that 




Ml 




4* 1 n-\-2 


, in 2t = (0, 1). 


Tlic series got )>y differentiating torinwiso is 


GO 

0-(^x) = Sa;"(l — ®) = 1 

(I 

= 0 


0 < a; < 1 

X = 0 . 


Thus by 557, 4, 1) = 31*. 

The relation 8) does not hold for x = 0. 


(1 

(2 

(3 


Example 2. 

j I _ yctg »^ »+T j ^ j, 




1 


1 


Here 


V. >. “f" 1 "f* 

E(x) = arutg rr, lor any x. 


s/'C-r). 


(1 

(2 


0 , .-c = 0. 


lloiico QCx) is contiuuoiis in any interval SI, not containing 
X = 0. Thus wo sliould have by 557, 4, 

F(x)==G-(x), a: in St. (3 

This relation is verified by 1), 2). Tlio relation 3) does not 
hold for a; = 0, since 


jf’'(0)=l, , t?(0) = 0. 


Example S. 


=2/;(-^') 

K®) = I^/nC-l^) = ( -£■- ,^^2 - 1 j J V 

= 1^72 ’ f— y- 


(1 

(2 


n any interval ?(, all the conditions of 557, <i, hold. 

fence F^(x)=: 0-(x') , for any a; in 31. (3 

n case we did not kiiow the valno of the snins 1), 2) we could 
L assert that 3) holds. For by 545, Q- is subuniformly con- 
gent in 21, and hence is continuous. 


Hxaonple 4- 

1 

lere 


1 + nx _ 1 4- Qi + 

(pi + 


Ff(x)^ 


X 


1 -|- X 


(1 

(2 


?he series obtained by differentiuting F tonnwiso is 


. hence 




(n 1 )x 

^jOi'hDx 






X nx 

gx ^ gnx * 


(3 


?ho peaks of the residual function 


e(xs n)== 


nx 


of height = l/6^ Tlie convergence of O' is not uniform at 
0. The conditions of 557, 4, are satisfied and wo can diffor- 
iate 1) termwise. This is verified by 2), 3). 


559. 1 . Jf I'' lini/(.r, I'j = c/)(.r) t« liriute.d and li-intat/rahle 
in the. interval H = (a < h) 

2° /(:>•; t) is limited, and R-integrahle. in for each t near t; 
3° = liiu / /(;c, t)= lim^(a;, t) 

i:=ir t^T 


u a coniiniiouB fmidion in ?t; 

4 ° The })oinU in in whoBe viainity the peaks of f(x^ t) as 
t^T are infiniteUj ld<ih fonn an enuvierahle set; 

6/(;j;) = ( \/}(:r) = liiii t)dcB = fCx), (1 


or 


Ihu f f{x, f.)d.r= f t)dx, 


and the set (S is ooniple.te and discrete. 

For (£ is (liHcroto by -‘b 

Lot a bo a point of yt = ?(— (S. Tliun in an interval a about a, 
|/(cr, t) I < Homo M , x in a, any t noar t. (2 

Now by 66 G, 8 , taking e>0 Hnmll at jyloaHvirc, thero exists an 
7 ; > 0 such that 

jy(,x,t)+e' , le'l<e 


for any x in a, and t in If wo set 0 ;== a + we have 

^ t)dx + 5 '. (3 

Ax h fi 

Also by 550, 8, wo havo 

J f(x^ t')dx = J (j)(x')dx + e" , | e'' | < e 

for any x in a, and t in Tims 

I f /(., (1 

hJa ^ /i h 

From 3), 4) wo have 


A'y^r ^ 

Aa; /i Au; 4 ’ 


le' 1, ien<6. 


Now € may be made small at j^leasure, and that independent of 
h. Thus the last relation gives 

Af A(9 ... 

= - — tor 2; in A. 

Ax Ax 


As this holds however snaall ^ = Aa; is taken, we have 

Hence by 515, 3, 


d'^lr dd . • 4 


y^(x) = 9(cc^ -f const , in % 
For X = a, == ^ 5 


and thus 


^y(^x) — 9(x') , in §l» 


2. As a corollary we have : 

If Fix)^ limited and R integrahle in the inter- 

val SI = (a< 5); 

2° is limited and each termf^ is R-integrable; 

xf is continuous; 


4° The points ® in 21 in whose vicinity the peaks of 1a(*) «« in- 
finitely hiyhform an enumerable set; 

Then /-* _ />* 

or toe may integrate the F series termwise. 


560. 1. If 1° lim/(a?, ■■■ tf) = 0(a;) in 21 = (« < 5), r finite or 

<=T 

infinite; 

2^ fx(x^ f) is limited and Jt-integrahle for each t near t; 

3° The points @ of 21 in whose vicinity flips, () has infinite peaks 
as t^ r form an emmerable set,\ 

4° is continuous at the points 

5° 1^(3;) = Vimflix, 0 is limited and B-integrable in 21; 



(1 


Then at a point of continuity of ^jrQx) in $l 


or what in the same 


y-lilll/(;B, t) — lilU 

ax i-r 


d 

dx 


/O;, 0- 


For let 8=: (a< /3) be an interval in 21 containing no point of 
Then for any x in S 

{ t'ydx =/C:r, 0 -/(«, 0 » 2°. 

t/rt 

Hence 

lim I t^dx = 0 -/(a, 0| 

i=T *^0. /s=T 

= ^(.r) --()!)(«) , byl°. (2 

By 556, 3, </>(a;) in continuous in S. Thus is continuous 
at any point not in Hence by 4° it is continuous in 2h 

Wo may thus apply 659, l, replacing thereiu/(a;, t) hyflfx^ i). 
We get 

liin = f lim/^(:z;, = f '\lr(x')dx* (3 

iz=r 

Since 2) obviously holds when wo replace a by a, this relation 
with 3) gives 

£f{x')dx = 0(a;) - ^6(a). 

At a point of continuity, this gives 1) on din'ercutiating. 

2. If 1° I(x) = Sfi, ... i,fjx) Gonverges in the interval 21; 

2° Q'ix) ^ S/l(:r) and each of its terms are limited and J?- 
integrahle in 2t; 

3*^ The points of 21 in whose vicinity has infmite peaks as 

X == conform an enumeralle set at loMah F(x) is continuous; 

Then at a point of continuity of Cl-(x) we have 

Ffx) = GCxf 


dx 




dx 


or what is the saone 


561 . Example^ 
Hence 


AYa;') = f' ( ^ 1 =: ^ 


.,22 .x2 


2 r£ _ ^3 

rhe series obtained by differentiating E ternnviso is 


(1 


acx) = X 


O «.!!., ,3 


91 .^ ^ 71 

7222 


lS? — ^0 ^ + 1) , 2(n + 1)^.^’^ 


Here 


Hence 


<?n-l(») 


2 a) 2 


2 n:c 2 


0 /»•• Q <^->3 

a(ix) = —-~ 

gza £}®= 


(2 


I continuous function of x. 

rhe convergence of the (? series is not uniform at a;= 0. For 

2 

I 9 

G^n-l(^n) = 


an^l/n. Then 


'Z 7h 


= -2. 


Co get the peakwS of the residual function we consider the 
nts of extreme of 

nx(\ — no!?^ 


2/ = 


(3 


find 

riuis = 0 wiien 


! _n('\ — T) nxy^ + 2 7}?x^') 

y - 


2 7i^x^ ~ T) -p 1 = 0, 


when X = or a constants. 

Vn Vn 

.^utting tliesG values in 8), wo find that y has the form 

y = G^n. 

rience a;= 0 is tlie only point whore tlio rosidual function has 
infinite peak. Thus the conditions of 560, 2, arc satisfied, and 
should have (x) = Q-Qc) for any x* This is indeed so, as 1), 
sliow. 


CHAPTER XVII 


GEOMETRIC NOTIONS 

Plane Carves 

562. Ill this chapter we propose to examine the notions of 
curve and surface togetlier witli otlier allied geometric concepts. 
Like most of our notions, we shall see that they are vague and 
uncertain as soon as we pass the coniines of our daily experience. 
In studying some of their complexities and even paradoxical 
properties, the reader will seo how impossible it is to roly on his 
unschooled intuition. He will also learn that the demonstration 
of a theorem in analysis which rests on the evidence of our 
geometric intuition cannot be regarded as binding until the 
geometric notions employed have been clarified and placed on a 
sound basis. 

Lot us begin by investigating our ideas of a plane curve. 

563. Without attempting to define a curve we would say on 
looking over tliose curves most familiar to us that a plane curve 
lias the following properties : 

It can be generated by the motion of a point. 

2° It is formed by the intersection of two surfaces. 

8® It is continuous. 

4*^ It has a tangent at each point. 

6° The arc between any two of its points has a length. 

6° A curve is not superficial, 

7° Its equations can be written in any one of the forms 

y =f(.x), 

(i>j> 2/) = 0 ; 

and conversely sucli equations define curves. 

678 


(1 

(2 

(3 


8° When closed it forms the complete boundary of a i:egion. 

9° This region lias an area. 

Of all these proi)erties the first is the most conspicuous and 
characteristic to the naive intuition. Indeed many employ this 
as the definition of a curve. Let us therefore look at our ideas 
of motion. 

564 . Motion. In this notion, two properties seem to he essen- 
tial. P motion is continuous, 2° it takes place at each instant in 
a definite direction and with a definite si)oed. Tlie direction of 
motion, we agree, shall be given by dyjdx., its speed by dsjdL 
We see that the notion of motion involves properties 4°, 5°, and 7°. 
Waiving this point, let us notice a few peculiarities which may 
arise. 

Suppose the curve along which the motion takes place has an 
angle point or a cusp as in 1, 36G. What is the direction of 
motion at such a point? Evidently we must say that motion is 
impossible along sucli a curve, or admit that the ordinary idea of 
motion is imperfect and must be extended in accordance with the 
notion of right-hand and left-hand derivatives, 

Similarly ds/dt may also give two speeds, a posterior and an 
anterior speed, at a point where the two derivatives of s = 
are different. 

Again we will admit that at any point of the path of motion, 
motion may begin and take place in either direction. Consider 
what happens for a path defined by the continuous function in 
I, 367. This curve has no tangent at the origin. We ask how 
does the point move as it passes this point, or to make the ques- 
tion still more einbarassing, suppose tlio point at the origin. In 
what direction does it start to move? Wo will admit that no 
sucli motion is possible, or at least it is not the motion given us 
by our intuition. Still more complicated paths of this nature are 
given in I, 3(J9, 371, and in Cluipter XV of tlm present volume. 

It thus appears that to define a curve as the jiath of a moving 
point, is to define an unknown term by another unknown term, 
equally if not more obscure. 

565 . Property. Inter seotion of Two Surf aces. This property 
has also been used as the definition of a curve. As the notion 







le circle and being produced docs not cut it ag<ain. In com- 
enting on this definition Casey says, “ In modern geometry a 
irve is made up of an infinite number of points whicli are 
aeed in order along the curve, and then the secant tlirongh two 
)nsecutive points is a tangent/’ If the points on a curve were 
ice beads on a string, we might speak of consecutive points. As, 
)wever, there are always an infinite number of points between any 
VO points on a continuous curve, tliis definition is quite illusory. 
The definition we have chosen is given in I, 865. That property 
' does not hold at each point of a continuous curve was brought 
it in the discussion of property 1°. Not only is it not necessary 
lat a curve has a tangent at each of its points, but a curve does 
)t need to have a taiigent at a pantactio set of points, as wo saw 
Chapter XV. 

For a long time it was supposed that every curve has a tangent 
p each point, or if not at each point, at least in general. Analytic- 
ly, this property would go over into tlie following : every con- 
^iuous function has a derivative, A celebrated attempt to prove 
lis was made by Ampei’e. 

Mathematicians were greatly surprised when Weierstrass ex- 
bited the function we have studied in 502 and which lias no 
privative. 

Weierstrass* himself remarks: ‘‘Bis auf die neueste Zoit hat 
an allgemeiii angenommen, dass eine oindeutige und continuir- 
3he Function einer reellcn Voranderlicheii auch stets eine erste 
bleitung habe, deren Worth nur an einzelnen Stelleuunbestimmt 
ler unendlich gross werdeii konne. Solbst in den Schriften von 
auss, Cauchy, Dirichlet findet sich meiiios Wisvsons keiue 
usseruug, aus der unzwcifelhaf t Jiervorginge, dass diese Mathe- ’ 
atiker, welche in ihrer Wissenschafb die strongs to Kritik liberall 
i iiben gewohnt waren, auderer Aiisicht gewoson seien.” 

568 . Property 5°. Length, Wo think of a curve as having 
ngth. Indeed we read as tlie definition of a curve in Euclid’s 
lements : a line is length without breadth. When we see two 
mple curves we can often compare one with the other in regard 
I length without consciously having established a way to measure 


* Werke^ voL 2, p. 71. 


them. Perhaps we uiicoiiseiously suppose them described at a 
uniforiu rate and estimate the time it takes. It may be that vve 
rcf^ard them as inexteiusible strings whose leiij^'th is ^ot by 
atrai^'litcning tliem out. A less obvious way to measure their 
lengths would be to roll a straiglitedge over them and measure 
the distance on the edge between the initial and dual points of 
contact. 

Wo ask liow shall we formulate arithmetically our intuitional 
ideas regarding the lengtli of a curve ? The intuitionist says, a 
curve or the arc of a curve lim length, "riiis length is expressed 
by a number L wliieh is obtained by taking a number of points 
Pj, Pgi -^^B*** curve between the end points P, P\ and 

forming the sum 

si^p.,-,. (1 

The limit of this sum as the points became pantactic is the 
length L of the are PPh 

Our point of view is different. Wo would say: Wliatever 
arithmetic formulation wo cliooso wo have no a priori assurance 
that it adequately represents our intuitional ideas of length. 
With the intuitionist wo will, however, form the sum 1) and see if 
it has a limit, however the points Pt arc chostm. If it has, wo will 
invostigato this juunber used as a delinition of length and see if it 
leads to consequences which are in harmony with our intuition. 

This wo now proceed to do. 

669. 1. Let a; = c/)(0 , y = f(t') (1 

be one-valnod continuous funetious of t in the interval St = (^) 5 < i). 
As t ranges over St the point y will doseribo a euvva or an arc 
of a curve Q. We might agree to call such curves analytic^ in 
distinction to tliose givoii by our intuition. The interval 31 is 
the interval corresponding to 0. 

Let P be a finite division of St of norm defined by 

• • • < i . 

To these values of t will correspond jioluts 
P, 


(2 



X -I J 1 V y 


ooo 


on (7, which may be used to define a polygon whose vertices 
are 2). 

Let (m, m-i-1) denote the side P^r^Pm-hi^ well as its length. 
If we denote the length of P^ bj'- the same letter, we iiavo 

■Pj) = 2(Mi, m + 1) == ^VAx'i + A'/i. 

lim Py (3 


exists, it is called the length of the arc (7, and 0 in rectifiable. 

2. i^Jorclan.^ For the arc PQ to he rectifiable., it is necessary and 
sufficient that the functions (j^), '\[r in 1) have limited variation in SL 


For 

Hence 


V A:t;^ + > I Aa; I , 

Pjj>'2\Ax\. 


But the sum on the right is the variation of (j> for the division _Z>. 
If now (j) does not have limited variation in SI, the limit 3) does 
not exist. The same holds for yjr. Hence limited variation is a 
necessary condition. 

The condition is sufficient. For 

Pj) < 2 I A:c I +21 A^ I = Var + Var a/t. 

D D • 


As ^lr have limited variation, this shows that 

Pq = Max Pj 

is finite. We show now that 

limPj5=Po. (4 


For there exists a division A such that 


Po-|<P^<Po. (5 

Let A cause SI to fall into v intervals, the smallest of which has 
the length Let P be a division of SI of norm d<dQ<\. 
Then no interval of D contains more than one point of A. 
Lot P = P + A. 

Obviously Ps>Pi> or P^. 
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Suppose that; the point of A falls in tlie interval (jf^, of 
D, Then the chord (t, l + 1 ) in Pj^ is replaced hy the two cliords 
(t, /c), (/c, L + 1 ) in PyjT. Hence 


where 


Pjg — Pj) = 1 /c = 1, 2 ••• /Lt < z; 

Gr^ — 4" ^ 4 “ i -f- 1) . 


Obviously as (j), ^ are continuous we may take c?q so vSinall that 
each 


< “— , for any d < dr . . 

%v 


Hence 

From 5 ), 6) wc liave 




(6 


Pq -Pp<e , for any cZ < , 

which gives 4 ). 

8. 7 / a?’<? P(? is rectifiable., any arc contained in PQ is also 

rectifiahle. 

For ^}r having limited variation in interval 21 , have a fortiori 
limited variation in any segment of 21. 


4 . Let the rectifiable arc Q fall into hoo arcs ( 7 j, Jf s, s^ 
are the lenyths of ( 7 , 0^, Gg, then 

s =; fii + 83. (7 

For we saw that are rectifiable since (7 is. Let 21 i, 2(2 

be the intervals in 21 corresponding to C\, Hot Pg be 

divisions of 2(i, 212 Tlicn 

s. - lim Pj)^ , fig ^ 

d=sO £/s=^0 


But 2 >j, D2 efCoot a division of St, and since 

s = lim P,, (8 

65=0 

with respect to tlio class of all divisions of 21, the limit 8) is the 
same when P is restricted to range over divisions of the type of P. 
Now 

Pj) Pj)i + Pn^* 

Passing to the limit, we get T), 



The preceding reasoning also sliows that if (\ , are rectifiuhle 
►‘yes, then 0 is, and 7 ) holds ajjadu. • 

5. ^1) define a rectifiable curve, its lemjtli s is a continuous fu7ic- 
n s(i) of t 

For <;(), ^Jr having limited variation, 

^ = (/)J ~ <^2 ’ f = 

leve tlie functions on the rigljt are contujiious monotone inoreas- 
r functions of t in the interval §( = (<^< Z>). 

For a division D of norm d of tlio iiitorvul A 2 ( == (t, i-f- li) we 

ve , 

Pq = SVA.^'^ + 

< S I Au; I + 2 I A ?/ 1 

< 2Ac/>i + 2A^2 + 2A^i -h 2Af 2 

< 80J + 802 d- + S‘0'2 , 

lere 80 ^^ = + A) — 0(t), and similarly for the other func- 

ns. .As 01 is continuous, 80i = O, etc., as A= 0 , We may 
irefore take ?y > 0 so small that 80^, 802, 8'0'2 < e/d, if /i< t;. 

Hence As = s(t + Ji) — s(t) < Max Pj)<e , if 0 < A > ?;. 
Thus s is continuous. 

8 . The lewjih s of the rectifiable arc Q corresponding to the inter- 
I (a < ty is a monotone increasing function of t. 

This follows from 4 . 

7 . If X, y do not have simultaneous intervals of invariability, s (0 
an iner easing function of t. The inverse function is one-valued 
d increasing and the coordinates y are one-valued functions of s. 

That the inverse function t (s) is oiie-valuod follows from I, 
e can thus express t in terms of s, and so eliminate t in 1). 

570 . 1 . if 0 ', 0 '' are continuous in the interval 31 , 

a— i iiV 0 ^^ 4 - 0 ^^. (1 

s = lim 2VA02 + A02. 


For 


(2 


= </>'(«: )Ai:, , A^lr^ = f'(OAf.^ (.{ 

where (', t'^ lie iu the interval At,. 

Aa <)!>', yfr' are eonluiuoua they are niiironuly e.ontimnm.H. lienee 
for any division D of norm < some, 

where j a, | , | /?, i < moi'IO small at [ileasiire, for any k. TIm.s 
VA^ -h Aa|. 1= At,V</>'(tj2-|- 6„Af„ 

and wo may take 

l6j<6/5i , 

Thus 


i = lim SAi’.^V^/Ct,)''* -H 'h lim ^e,At^. 


Hence 


(/-SI 


/!<«■ 


wliich cstablishoH 1). 

For Hiniplicity wo luivo aasumod io bo ooutiuuouHiu S(. 

This is not nooosstuy, as the following kIiowh. 

2. liot ••• a„, &i, ••• 0 Imb noL all =0. 

Tlien 


I Vaf + T.-;“ Mf - Vf/f + • • • + I < :£ I - fi„. I , 


'III 


For 


■II. (4 


(V'jrt + ••• — Vfff + ••• )(Vrt'f + -I- Vh'j -I- ... ) 

= (a‘f+- ■■■ +a‘i)-Ch'f+ ... +/i'i) 

— (a'j — /f| ) + 1- ( //“ -- f)2) 

(«! ~ //j) («1 + //j) H 1- («„ - //„ ; ( «„ -I- /i J . 

4' ^Ifft 

m 1 + 


I.lonoo 

Vflf-f + Vil+ •■• = ^(rtm- K) 

liufc 


\///f -I- 




^in 

V f)f,| 4- . . . + + 


:i. 


This in 6) gives 4)* 


1 


t/O I 


Let us apply 4) to prove the folluwiiig* theorem, more ^^eneral 
hail 1. 

3. (^Bairn^) limited and R-intvijrahle^ then 

8 = i -h (1 

For by 4), 

I I < I <k'(0 ~ 1 

+ I I 5 

Cl\ — == Ose (^^(0 -P Vk ylr'(t} , in == 

4icre ?;i, 7?« are numerically <1. TIius 

1 — SSk'Fk I == Osc efi^ + '2B^Vk Osc 'v/t'. (0 

As (fy'^ 'yfr' are integrable, the right side = 0, us d == 0. Now 

lim f (ii-. 

rf-o j:{ 

Thus passing to the limit in G), we have 

lim f 

This with 2), 3) gives 1) at once. 

571. Volterra^ Curve, It is interesting to note that there are 
ectijiahle curves for which ^/>^( 05 loth liAntegr aide, 

•ncli a curve is Volterra’s curve, discussed in 503. Let its equa- 
ion be y—f(jf)> Tlien/'(r?;) behaves as 

0-1 1 

2 X sin cos 

X Q) 

1 the vicinity of a non null set in 31 ==((), 1). IIeuco/'(r?;) is 
ot .B-integrable in 2[. But tlien it is easy to show tliat 

fVT+f^iydx 

oes not exist. For suppose that 

^ = vi +f'(_xy 


m 
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were JJ-integraUe. Then = 1 is 7i-intogral)le, aiul 

iienco also. But iho pointy of (liseontinuily of in 21 do 

not form a null sot. Hence is not .7^-intograble. 

On the other hand, Volterra’s curve is reotiliablo by 509, 2, and 
528, 1. 

572. Taking the delinitiou of lengtli given in 509, 1, we saw 
that the coordinates 

x^^(S) , y^^y\r(f) 

must liavo limited variation for the (Uirve to bo rocti/iahlo. But we 
liave had many examples of functions Jiot having limited variation 
in an interval 2(. Tims the curve dc lined by 

y r=zx sin- , 

X (4 

= 0 , x=^Q 

does not have a length in 2f = (— 1, 1) ; while 
?/ =; sin ~ , a; ?£= 0 

(5 

= 0 , a; 0 

does. 

It certainly astonishes the naive intuition to learn that the 
curve 4) has no length, in any interval S about the origin how- 
ever small, or if wo like, that this length is inlinito, however small 
B is taken. For tlio same reason wo sc^o that 

No arc qf Weiarstrass' curve has a lenyth ( or its length is infinite') 
hotvever near the end points are taken to each other ^ when ab>l, 

573. 1. C)° Property ^ Space-^filling Curves. Wo wisli now to 

exhibit a curve wliich passes through every point of a scpiaro, i.e. 
which completoly fills a square. Having seen how to define one 
such curve, it is easy to construct such curves in great variety, not 
only for the plane hut for space. The first to show how this may 
be done was Peano in 1890. The curve we wish now to define is 
due to Jlilbert 

Wo start with a unit interval 21 == (0, 1) over which t ranges, 
and a unit square 33 over which the point y ranges. Wo define 

x=(f)(t) , y = y^(t) (1 



? one-valued continuous functions of t in ?l so that xy ranges over 
; as t rangCvS over 21. The analytic curve Q defined by 1) thus 
nujiletelj’’ fills tlie vsqiiare 33. 

We do thi.s as follows. We effect a division of 2f into four 
jual segments Sg, and of 33 into equal squares 

,, r)[, as in Fig. 1. 

We call this the first division or Dy Tlie corre- 
)ondence between 21 and 33 is given in first 
vproxionation by saying that to each point P in 
shall correspond some point Q in 
We now effect a second division by dividing 
ich interval and square of into four equal 
irts. 

We number them as in Fig. 2, 


Si' 

rl'l 




v'lo 


2 

3 

1 

4 

1 

2 

3 

4 

Fra. 1. 


7 

10 

{ 


' 8 

" c 

0 

12 

‘i . 

3 

14 

13 

I ‘ 

2 

15 ‘ 

IG 

1 

2 

3 

_4 


Fro. 2. 


As to the numbering of the we observe the 
blowing two principles : 1° we may pass over the 
[uares 1 to 16 continuously without passing the 
Line square twice, and 2° in doing this we pass 
i^er the squares of 2)^ in the same order as in 
ig. 1. The correspondence between 21 and S3 is 
Lven in second approximation by saying tliat to each point P in 
^ shall corres 2 :)ond some point Q in In this way we continue 
ide finitely. 

To find the point Q in 33 corresponding to P in 21 wo observe 
lat P lio.s in a sequence of intervals 


S' > S" > S'" > 


0 , 


) which correspond uniquely a sequence of squares 

r 0. 


> 


(2 


(3 


The sequence 3) determines uniquely a point whoso coordinates 
.*e one-valued functions of t^ viz. the functions given in 1). 

The functions 1) are continuous in 21. 

For let be a point near t ; it either lies in the same interval as 
ill or in the adjacent interval. Thus the point Q' corre- 
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rm 

spoiiding to either lioy in tlio same s(|iiaro of Z)„ as the point Q 
coiTOspondiug to or iu an adjacent siinare. But the diagonal 
of the squares == 0, as =^= co. Thus 

Dist {Q'Q) = 0 , as n oo. 

Thus (0 , !liul ( f 

both =^= 0, as t' = t. 

As t mnges over St, the point y ranijes over every 'point in the 
square 

For lot Q bo a given point of S3. It lies in a sequence of 
squares as 3). If Q lies on a side or at a vertex of one of the 
squares, there is more than one such sequence. But having taken 
such a sequence, tlie corresponding sequence 2) is uniquely de- 
termined. Thus to each Q correspondvS at least one P. A more 
careful analysis shows that to a given Q never more than four 
points P can correspond. 

2. The method wo have used here may obviously be extended 
to space. By passing median planes through a unit cube we 
divide it into 2® equal cubes. Thus to got our corrospondoiice 
eacli division P„ should divide each interval and cube of tlie pre- 
ceding division 2^^ equal parts. The cubes of each divi- 

sion should bo numbered according to the and 2° principles of 
enumeration mentioned i]i 1. 

By tliis process wo define 

== ^i(0 » y = » « = </>8(0 

as ono-valuod continuous functions of t such tliat as t ranges over 
the unit interval (0, 1), the point cr, z ranges over the tiiiit 
cube. 

574. 1. llilhert's Curve. Wo vvisli now to study in detail tlu) 
correspondence between the unit interval 31 and the unit square 
33 afforded by Hilbert’s curve defined in 673. A number of inter- 
esting facta will reward our labor. We begin by seeking tlie 
points P in 3t which corrospoud to a given Q in 33. 

To this end lot us note how P enters and leaves an rj square. 
Let B bo a square of In the next division B falls into four 


ires J54and in the ^4- 2'^ division in 16 squares 

these last, four lie at the vertices of B ; we call them vertex 
tres. The other 12 arc me'dia7i squares. A simple coiisidera- 
shows that t])e ?? squares of so nuiubered tluit we 

lys enter a square B belonging to and also leave it by a 

ex square. 

ince this is true of every division, we see on passing to the 
t that the point Q enters and leaves any tj square at the ver- 
i of We call this the vertex law^ 
et us now classify the points P, Q. 

P is an end point of some division > we call it a terminal 
otherwise an inner point., because it lies within a seq[ueuce 
intervals 8' > S" > ••• 4= 0. 
he points Q we divide into four classes : 

' vertex points, when § is a vertex of some division. 

' inner points, Avhen Q lies within a sequence of squai^es 

4 : 0 . 

’ lateral points, when Q lies on a side of some r} square but 
jr at a vertex, 

' points lying on the edge of the original square 33. Points 
lis class also lie in 1°, 3*^. 

^e now seek the points P corresponding to a Q lying in one of 
e four classes. 

lass 1°. Q a Vertex Point Let be the first division such 
$ is at a vertex. Then Q lies in ‘four squares 97^9 Vk’) Vi 

here are 5 cases : 

I ij k I are consecutive. 

) lJ k arc consecutive, but not 1. 

) tj are consecutive, but not k Z. 

) ty, also k Z, are consecutive. 

) no two are consecutive. 

. simple analysis shows that a), /3) are not permanent in the 
)wing divisions ; 7), 8) may or may not be permanent ; e) is 
naueut. 


Now, wlu 3 iicver a oaso Ls periaanont, wo can euoloao Q in a se- 
([uenco of t] squares whoso sides =^= 0 . To this secpieiice eovre- 
sixmds uniquely a sequeueo of 8 iutorvals of lengths 0 . Thus 
to two coiisecutiyo s{[aares will con*es[)()nd two consecutive intor- 
vals which converge to a single point P in If tiie squares are 
not consemitive, the eorres])oucliug intervals converge to two dis- 
tinct points in 31. Thus wo sec that when 7 ) is pernuinent, to Q 
correspond throe points P. When 8 ) is perniunont, to Q corre- 
spond two points P. While when Q belongs to e), four points P 
correspond to it. 

OlaBB 2°. Q an Timor PohiL Obviously to each Q corresponds 
one 2 )oiut P and only one. 

OlaBB 3°. Q a Lateral Point* To fix the ideas let Q lie on a ver- 
tical side of one of the ifn* Let it lie between Vi There 

are two cases : 

. j “/.-hi. 

/S) y>4 + i. 

We see easily that «) is not ponnanent, while of course /9) is. 
Thus to each Q in class 8 *^, there correspond two i)oiuts P. 

QlaBB 4°. Q lies on the edge of 2}, If is a vertex point, to it 
may coiTG 82 )ond one or two points P. If Q is not a vertex 2 )oint, 
only one point P eorros2)onds to it. 

To sum up we may say : 

To each inner point Q oorresponds one inner point P. 

To each lateral point Q oorrcBpond hoo poinU P, 

To each edge point Q corrcBpond one or two imnU P. 

To each vertex pomt Q, corrcBpond tioo.^ threa*^ or four pointB P* 

2. As a result of the 2 )rGceding investigation wo show easily 
that : 

To the points on a line parallel to one of the sides of correspond 
in 31 an apantactio perfect set* 

3 . Let us now consider the tangents to Hilbert’s curve whicli 
we denote by IL 


LetQ he a vertex point. We saw there were three permanent 
cases 7 ), S), e). 

In cases 7 ), 8 ) we saw that to two consecutive S intervals cor- 
respond pernuincntly two contiguous ver- 
tical or horizontal squares. ^ 

Thus as t ranges over ' — ^ q 
point X, y ranges 

over tliesc squares, and the secant line 
joining Q and this variable point a;, y oscillates through 180"". 
There is thus no tangent at Q, In case e) we see similarly that 
tJie secant line ranges tJi rough 90°. Again there is Jio tangent 
at Q, 

111 the same way we may treat the three other classes. We find 
that the secant line never converges to a fixed position, and may 
oscillate through 3G0°, viz. when Q is an inner point. As a result 
vve see that IIilherV8 curve has at no point a tangent,^ nor even a 
unilateral tangent, 

4. Associated with Hilbert’s curve iZ'are two other curves, 

X = ^(€) , and y = 

The functions <^, being one-valued and continuous in these 
curves are continuous and they do not have a multiple point. A 
very simple consideration shows that they do not have even a 
unilateral tangent at a pantactic set of points in SI. 

575. Property 7°. JEqnations of a Qurve, As already remarked, 
it is commonly thought that the equation of a curve may be 
written in any one of the three forms 

y (1 

cl>(.T,2/)=0, (2 

x = (j)Ct) , y^fCt), (3 

and if these functions are continuous, these equations define con- 

tinuous curves. 

Let us look at the Hilbert curve JT. We saw its equation 
could be expressed in the form 3). jETcuts an ordinate at every 
point of it for which 0 <y<l. Thus if we tried to define JS by 





an equation of the ty])o 1), /(x) would liave to take on every 
value between 0 and 1 for eaeli value of x in 2l = (0, 1). jNo such 
functions are considered in analysis. 

Again, we saw tliat to any value x=^ a in 21 corresponds a perfect 
apantactic set of values \t,,\ having the cardinal number c. Tims 
the inverse function of x = ^(iC) is a many-valued function of x 
whose different values form a set wliose cardinal number is c. 
Such functions liavo not yet been studickl in analysis. 

llow is it possible in the liglit of sucli facts to say that we may 
pass from J-3) to 1) or 2) by eliminating t from 3), And if we 
cannot, liow can we say a curve can be repi’cscntod ecjually well 
by any of the u-bovo throe ecpiations, or if tlie curve is given by 
one of ’these three equations, we may suppose it replaced by one 
of the other two whenever convenient. Yet this is often done. 

In tliis connection we may call attention to the loose way 
elimination is treated. Suppose wo liavc a set of equations 

‘ 

We often see it stated that one can eliminate and obtain 

a relation involviiig tlie a;’s alone. Any reasoning based on such 
a procedure must be regarded as highly unsatisfactory, in view of 
what we have just seen, until tliis elimination process lias been 
established. 

576. Property 8°, Closed Qurves^ A circle, a rectangle, an 
ellipso are examples of closed curves. Our intuition tells us that 
it is impossible to pass from the inside to the outside without 
crossing tlio curve itself. If we adopt the definition of a closed 
curve without multiple point given in I, 8()2, we find it no easy 
matter to establish tliis property which is so obvious for the simple 
closed curves of our daily experience. The first to effect the 
doiuonstration was Jordan in 1892. Wo give here^ a proof due 
to de la Vails e-Po%minr\ 

Lot us call for brevity a continuous curve without double point 

* Tlio reader is roforrod to a Kocoiicl proof duo tio Brouwor and given In 608 seq. 

I Coxm Analyse^ ParlH, ’100S,Vol. 1, p. 807. 


, Jordan curve, A continuous closed curve without double point 
/ill tlien be a dosed Jordan curve, (If. 1, BG2. 

577. Let C he a closed Jordan curve, lloxoevar small <t> 0 is 
aken,^ there exists a polycjonal rinu It containiuy 0 and suck that 

1° Each p)omt of It is at a distance < a from 0, 

2° Each point of 0 is at a distance < a from the edges of It, 

For let X = ^(f) , y = -^(0 (1 

>e continuous one-valued functions of t in ir=(a<?>) defining (7. 
.et I) = (a, ^2 ••• h) be a division of T of norm d. Let 

^2 points of Q corresponding to a, ••• Tf d is suffi- 
iently small, tlio distance between two points on the arc 
7t== (at-ii <'0 small at pleasure. Let A be a quadrate 

ivision of the a;, y phuie of norm S. Let us shade all cells coa- 
Liining a point of (7,. Tliese form a connected domain since is 
ontinuous. We can thus go around its outer edge without a 
reak.* If this shaded domain contains unshaded cells, let us 
hade these too. We call the result a link A,, It has only one 
dge jB'i, and tlie distance between any two points of E, is ob- 
iously < e' + 2V2 S. We can choose S so small that 

+ 2 V 2 S < <r, arbitrarily small. (1 

?hen the distance between any two points of is < <r. Let 
0 the least distance between non-consecutivc arcs 0^, Wo take 
so small that we also have 

V2S<^- (2 

U-l 

"lien two non-consocutivo links A^,^ Aj have no point in common, 
'or tlien their edges would have a comm on point P, As P lies 
n E, its distance from 0, is < V2 S. Its distance from 0^ is also 
C V2 S, Thus there is a point P^ on Ci, and a point Pj on OJ such 
liat 

1 ; = 2V2S. 

* Hero and in the following, intuitional proportioe of polygons are aasuiriod as 
nowii. 


by liypothosis licnc.o 

e'' < 

whicili coiitrudicts 2). 

ThuH tlie union of tlioHc links form a ring .72 wliose edges are 
polygons witliout double point. One of the edges, vsay lies 
within tlic otlier, wliieli wc call IMie eurve 0 lies witliin 72. 
The inner polygon G-^ must exist, since non-coaseeutive links have 
no point in common. 

578. 1. Interior and JExtarior ,PoinU» Let > cr.^ > •••=^0. 
.Let .Z2i, Li^ ••• bo the coi'L'esptuuling rings, and let 

G[ , 

be tlioir inner and outer edges. A, point P of the plane not on 
C which lies inside some we call an inierior or inner point of 0. 
HP lies outside some Gq^ we call it an exterior or outer point of Q, 
Each point P not on Q juust belong to one of these two classes. 
For lot /3 = Dist (7^, 6^); then p is > some It tlierefore lies 
within G^f or without and is tlius an inner or an outer point. 
Obviously tins definition is indei^ondent of the so(]uence of rings 
employed. -The points of the curve (7 are interior to each 
Gf^ and exterior to eacdi 

Inner points innst exist, since the inner polygons exist as al- 
ready observed. Let us denote the inner points by ^ and the 
outej* points by O. Tlicii tlie frontiers of ^ and D are the curve (7. 

2. We show ]K)w tlnit 

1° Ihvo inner poinis can he joined hy a hrolcen line lyiny in 3- 
2° Ttoo outer points ean he joined hy a hrohen line lyiny in O. 

8° Any eontinvou^ aurve jolnhiy an iiuier point i and an outer 
point e Arts a point in aommort with (7. 

To prove 8®, lot 

^ =f (0 ) y = yCi) 

bo the equations of the variable t ranging over an interval 
T5=5 («<^), 2= rt corresponding to i and 2=3/3 to e- Let t' be 


such that a<t< i! gives inner points, while t = V does not give an 
inner point, 'J'luis the point corresponding to 4= V is a frontier 
point of anti lienee si point of 0. 

To prove 1°, If A, B are inner points, they lie within some (r^ * 
We may join A, jB, G, by broken lines meeting at llie 

points A', say. Let G^h bo the part of (r^ lying between A\ 
Xh Then 

Bn -h G^,i, + Li 

is a broken line joining A to X. 

The proof of 2° is similar. 

579. 1. Let P', P" correspond to t = t = on the curve Q 
lefined by 577, l). If we say P^ preaethii P'' and write 

P'<P''. 

Any set of points on Q corresponding to an increasing set of 
values of t is called an mcreasing set* 

As t ranges from a to the point P ranges over 0 in a direct 
mise* 

We may thus consider a Jordan curve as an ordered set, in the 
sense of 266. 

2. (P6 la ValUe- Poussin,') On each arc C, of the curve (7, there 

^xists at least one point Py such that 

Pi<P^<P^< ••• (1 

may he regarded as the vertices of a closed polygon without double 
point and whose sides are all < e. 

For in the first place \ve may take S> 0 so small that no square 
')f A contains a point lying on non-consccative imm of 0, Let 
IS also take A so that the point a corresponding to t = a lies 
vithin a square, call it /S'j, of A. As t increases from i = a, tliero 
.s a last point P^ on Q where the curve leaves The point Pj 
ies in anotlier square of A, call it containing otlior points of 
Q, Lot Pg bo tlie last point of Q in In this way we may 
3ontinue, getting a sequence 1). 

Tliere exists at least one point of 1) on eacli arc 0 ^ . For other- 
mse a square of A would contain points lying on non-consecutivo 
ires (7^. The pol 3 ’-gon determined by 1) cannot have a double 


point, .since Ciich .side of it lies in one square. Tlic sides arc <e, 
provicl(3d Avc tak(‘ SV2<6, since tlio dia^'ornil is the longest line 
wo can draw in a scpiaro of side S. 

580. ExUtc.nce of Inner Points. To show that the links form a 
ring witli inner points, )ScIi(ynjUe.ss'^ has given a proof wliicli may 
be rciuderod as follows : 

bet us lake tlio unniber of links to be even, and call tliein 

A) * lie entirely outside each other. 

Since Zj, Z^ overlap, let F be an inner connnou point. Siini- 
larty let Q bo a)i ijnior connnon ])oint of Zg, Z^. Tlicn Z, Q 
lying within Zg may be joined by a hnite broken line b lying 
witliiu Zg. Let b^ ho tliat part of it lying Ijctweeu tlie last point 
of leaving Zj and the following point of meeting Zg. In this 
way tlie pairs of links 

ZiZg ; ZgZ^j ; ••• 

doiine Unite broken line.s 

No two of those can have a common point, since tlioy lie in 
non-coiisecutivo links. The union of the points in the sets 

we call a and (lenoLc. it by ^){. '1' ho points of the plane not 
in 9J fall into two parts, sepa7*atcd by 9b Let 3;; dcjiote tlie ])art 
which is limited, togetlier with its frontier. We call 2! tlie inte- 
rior of 9{. That 2 has inner points is regarded as obvious since 
it is delluud by tlic links 

Z| , Zfg , Zg ••• 

which pairwise have no point in conunon, and by tlie broken lines 

caeb. of which latter lies entirely toitlim a link. 

Lot > m = l, 2, ... 

* Die Enlwirkehinif dev I.elire van de}i VunJ\dm(inni{/faUi(ikeUen. Leipzig, 1008, 
Part 2, p. 170. 



Then these 8 have pairwise no 2)oint in common since the 
have not. 

Let = 82 “h ‘ * + 82,1 "h 

Then ^ > 0 . For let us adjoin to % getting a ring whose 
interior call $2* That 2^2 Las inner points follows from the fact 
tliat it contains 84, 8 q Let us continuo adjoining the links 
Jjq Finally we reach to which corresponds the 

ring 9f2n’ '^vliose interior, if it exists, is 2^271- Lf does not exist, 
2^2, j_2 <^oi^tains only82„. This is not so, for on tlic edge of 
bounding 2^, is a point P, such that some Pp(P) contains points 
of no i except _Z>j. In fact there is a point P on the edge of 
not in either Pg -^271’ otlierwise these would have a point in 
common. Now, if however small p > 0 is taken, Pp(P) contains 
points of some L other than P^, the ’point P must lie in P^ which 
is absurd, since P^lias only points in common with and 

P is not in either of these. Tims the adjunction of Pg, P4, ••• 
^2n pi’oduces a ring 9^2n whose interior 2^2n reduce to 0 ; 

it has inner jDoints. 

581 . Property 9 °. Area. That a figure defined by a closed 
curve without double point, i.e. the interior of a Jordan curve, 
has an area, has long been an accepted fact in intuitional geometry. 
Thus Lindemann, Vo 7 *la 8 %inyen ilher Graometrie^ vol. 2 , p. 557 , says 
“ einer allseitig umgrenzten Figur kommt ein bestimmter Flachen- 
inhalt zu.” The truth of such a statement rests of course on 
tlie definition of the term area. In I, 487 , 702 we have given a 
definition of area for any limited plane point set 31 AAdiich reduces 
to the ordinary definition when 31 becomes an ordinary plane figure. 
In our language 31 has an area wlien its frontier points form a 
discrete set. Let 

define a Jordan curve S, as t ranges over T= (^a<h). The 
figure 31 defined by this curve has the curve as frontier. In I, 
708 , 710 , we gave various cases in which S is discrete. The 
reasoning of I, 710 , gives us also this important case: 

If one of the continuous functions definioig the Jordan curve 
E, has limited variation in P, then E i^ discrete^ 


II. was not known whothcr (£ would remain discrete if the con- 
dition of liiniUjd variation was removed from botli coordinates, 
until ()s^,^)od^ cxliibited a Jordan curve which is not discrete. 
This we will now discuss. 


582. 1. OngooiV^ Oicrve, Wo start with a unit segment 
7^=: (^0, 1) on the t axis, and a unit squan^ S in the xy plane. 

Wo divide jT into 17 c(|iial parts 


i 'z i 5 


10 17 



T T ... T n 

and tlic square aS' into 9 equal 
squares 


S,, s, 


(2 


by drawing 4 bands which 
are shaded in the figure. On 
those bands wo take 8 segments, 

(3 


^21 ^ 4 ’ ‘^0 


'‘10’ 


intervals 2^, 


marked heavy ih the figure. 

Then as t is ranging from loft 
to right over the even or Idack 
Tjq markiul heavy in tlie figure, the point y 
on Osgood’s curve, call it O, sliall range univariautly over the 
segments 8). 

While t is ranging over the odd or white intervals 2\, 2^3 2 \y 

the point xy on O shall range over the squares 2) as determined 
liolow. 

Eaoli of tlio odd intervals 1) wo will now divide into 17 equal 
intervals 2iy and in eacli of tlie squares 2) wo will eonstrnct 
liorizoutal and vertical bands JSg as we did in tlio original s(]uare 
S. Thus each square 2) gives rise to 8 now segments on O 
corresponding to the now black intervals in 37, and 9 now squares 
Stj corrcsi)onding‘ to the white intervals. In this way avq may 
continue iudefinitedy. 

Tlio points wliich finally get in a black interval call /?, tlie 
otliors are limit poijits of the /S’s and wo call them X. The point 


Trans, Am. Math, A'oe., vol. 4 (1003), p. 107. 



on O corresponding to a /3 x^oint has been defined. The point of 
O corresponding to a ^joint X is defined to be the point lying in 
the sequence of squares, one inside the other, corresx:)onding to the 
sequence of white intervals, one inside the other, in which \ falls, 
in tlie successive divisions of T, 

Thus to each t in T corresponds a single point j/ in S. The 
aggregate of these j)oints constitutes Osgood's curve. Obviously 
the a;, y of one of its X)oints are one-valued functions of t in T, say 

(4 

The eiirve O has ?io double jmint. This is obvious for jpoints of 
•0 lyii^g in black segments. Any other X-)oint falls in a sequence 
of squares 

... 

to which correspond intervals 

in wliich the corresponding fs lie. But' only one x^oint t is thus 
determined. 

The functions 4) are continuous • This is obvious for points yS 
lying within the black intervals of T. It is true for the points \. 
For X lies within a sequence of white intervals, and while t ranges 
over one of these, the point on O ranges in a square. But these 
squares shut down to a x^oint as the intervals do. Thus a/t are 
continuous at ^ = X. In a similar manner we show they are con- 
tinuous at the end points of the black intervals. 

We note that to i5=:0 corresx^onds the upper left-hand corner 
of 8, and to ^ 1, the diagonally opposite point. 

2. Up to the present we have said nothing as to the width of 
the shaded bands ^ d 

introduced in the successive steps. Let 

-A = aj -f- ^2 H“ * * ■ 

be a convergent positive term series whose sum A.<1. We 
choose so that its area is so that its area is etc. 

D = 0,0 = 1-A, (5 


as wo now sliow. For O has obviously only frontior pointy; 
liciice 0=0. Sinco D is oonii)lok‘., it is inoasurablo and 

0 = 0 . 

Lot 0= *S' — O, iuul B=\B„\. 'I'liuii 0 < B. Kor any point 
wliich (Iocs not liu in some B^ lies in a scuinonco of convergent 
scpiaros > B\j > ■■■ which convcj'gc to a, ])oint of O. Now 

5= y?j-l-77,+ ... =yi. 

On the other liand, B contains a null set ot points of O, viz. the 
black sogincnts. Thus 

d ^ S === A , and lientie O = 1 
and 5) is ostablisIuMl. 

"Jims OsgooiVs cAiriH) {undinnom^ ht» no doiihh its 

iipper content is 1. — A. 

3. To get a continnotis closed eiii’vo Q without double point 
we have merely to join tlie two end poijits oc, /3 ot Osgood’s curve 
by a broken line which does not cut itself or ha.ve a point in com- 
mon with the square S except of course the end points a, /3. 
Then Q bounds a iigure 3; whoso frontier is not discrete, and 5^ 
does not have an area. Let us call sucli curves closed Osgood 
curves. 

Thus, wo see that there exist regions bounded by Jf)rdan curves 
which do not have area in the sense current since the Greek 
geometers down to tlie present day. 

Suppose, however, wo discard this traditional definition, and 
employ as dofinition of area its measure, 'rhen we can say : 

A figure ^formed of a closed Jordan curve J and its interior Q 
has an area^ viz. Moas 5- 

For Front g = J*. Hence ^ is complete, and is therefore moas- 
uroable. 

Wo note that § — h 5 

We liave seen there are Jordan cmrves such tliat 

J>0. 



We now have a deliiiition of area wliicli is in accordance with the 
promptings of our geometric intuition. It must bo remembered, 
however, that tliis detinition lias been only recently discovered, 
and that the defiiution which for centuries has been accepted leads 
to results wliich flatly contradict our intuition, which leads us to 
say that a figure hounded by a continuous closed curve has an 
area. 

583. At this point we will break off our discussion of the 
relation between our intuitional notion of a curve, and the con- 
flguratioii determined by the equations 

^ = 0(0 . 3 / = '^(0 (1 

where -yjr are one- valued continuous functions of t in an interval 
T. Let us look back at the list of properties of an intuitional 
curve drawn up in 563. We have seen that the analytic curve 
1) does not need to have tangents at a pautactic set of points on 
it ; no arc on it needs have a finite length ; it may completely fill 
the interior of a square ; its equations cannot always be brought 
in the forms ?/=/(.r) or .F(a;y)=0, if we restrict ourselves to 
functions/ or F employed in analysis up to the present; it does 
not need to have an area as that term is ordinarily understood. 

On the other hand, it is continuous, and when closed and with- 
out double xmint it forms the complete boundary of a region. 

Enough in any case has been said to justify the thesis that 
geometric reasoning in analysis must be used with the greatest 
circumspection. 


Detached and Connected Sets 

584. In the foregoing sections we have studied in detail some 
of the properties of curves defined by the equations 

x=4>(f) , y = i/r(i). 

Now the notion of a curve, like many other geometric notions, is 
independent of an analytic representation. We wish in the fol- 
lowing sections to consider some of these notions from this point 
of view. 


1. Let SI, S3 be point soLs in m-wny space If 
J)ist(Sl, iS)>0, 

we say SI, S3 are detached. If 31 cannot be. s[)lit up into two parts 
S3, (5 such that they are (letaoliecl, we say SI has no detached partis. 
If 31 = S3 + (S H-ncl Diat (33, (S)>0, wo say S3, (£ arc detached parts 
of SI. 

Let the set of points, liiiiUi or iniiniUj, 

a, h (1 

be siieli tliat tlie distanco between two siuicessivo ones i« < e. We 
call 1) an e-secpicnce between h; or a stapuiiieo witli segments 
(<^^, of lengtli <e. Wo svipposci the segments ordered so 

that we caai pass continuously from a to h over tlu^ segments without 
retracing. If 1) is a ruilte set, the soqueuee is finite,, otherwise 
infinite, 

2, Let 31 have no detacluul parts. Let h he Uoo of its points. 
For each e > 0, there exists a finite e-sequence hetween a, i, and lying 
in 31. 

For about a describe a aphero of radius e. About each point of 
SI in this spliere describe a sphere of radius e. About each point 
of 31 in each of these spheres describe a sphere of radius e. Let 
this process bo repeated indelinitely. Let 33 dimoto the points of 
SI made use of in this procedure, if 33 < SI, let (5 = SI — 33. Then 
Dist(33, E)>6, and SI has detached parts, which is contrary to 
liypothesis. Thus tlioro are sets of e-splieres in SI joining and h. 

Among these sets tlioro are finite ones. For let ^ denote the 
sot of points in SI which may be joined to a by finite sequences ; let 
(J) = SI-"55. Then Dist ($5, W)>e. For if <e, tlioro is a ])oint/ 
in 55, and a point g in & wlioso distanco is < e. Then a and g can 
bo joined by a finite e-soquonce, whicli is contrary to hypothesis. 

8. If SI has no detached parts,, it is demse. 

For if not dense, it must have at least one isolated point a. 
But thou a, and 31 — a are detached parts of SI, which contradicts 
tlio hypothesis. 

4. Let SI, 33, E he complete a^ul SI = (33, E). If 31 has no de- 
tached parts,, 33, E have at least one common point. 


or if S3, S have no coiniiiou point, 8 = Dist (S3, (S) is > 0. 
8 cannot > 0, since S3, (S would tlien he delaclicd parts of §1. 
je 8 = 0 and since S3, arc complete, they have a point in 
mom 

. If 91 is such that any tioo of its points may he joined hy an 
(ucnce lying in 3(, where e > 0 is small at pleasiire^ 21 has no 
died parts ^ 

or if 21 liad S3, tS aa detached parts, let Dist (S3, (S) == 8. Then 
0, lienee tliero ivS no sequence joining a point of S3 witli a 
it of £ with segments < 8. 

If 2t is complete and has no dctaclied parts, it is said to be 
\ected. We also call 2f a connex. 

s a special case, a point may bo regarded as a connox. 

If 2( is connected^ it is perfect. 
or by 8 it is dense, and by definition it is complete. 

If 21 is a rectilinear oonnex^ it has a first point a and a last 
t /3, and contains every point in the interval (a, y9). 

or being limited and complete its minimum and maximum 
n 21 and these are respectively « and /9. Let now 

> ^2 ^ •“ == 

re exists an ej^-aequence 0^ between a, yS. Each segment has 
2 -seqnence Cg. Each segment of has an €g-soquence Og, 
Let O be the union of all those sequences. It is pantactic 
«, /3). As 21 is complete, 

SI - («, /3). 

Images 

16. Let .iCji ^ f fjx *** tf) ••• ^fni.Px *** 

ne-valued functions of t in the point set 3:. As t ranges over 
lie point X = (x-^ ••• xf) will range over a set 2t in an w-way 
e We have called 2t the image of £. Cf. I, 288, 8. 

le functions f are not one-valued, to a point t may correspond 
iral images d' ••• finite or infinite in number. Conversely 


to thu poiut X may corrospoiul several values of L If to each 
point t correspond in general r values of rr, and to eacli x in 
general 5 values of we say the eorrespondenee between ST, 3( is 
r to 8. If r = = 1 tlie correspoudeiujo is 1 to 1 or unifold ; if 
r > 1, it is manifold. If r = 1, is a 8impU linage of 2, other- 
wise it is a 7miltiple image, if tlie functions 1) arc one-valued 
and continuous in 2!!, we say 51 is a continuous imatje of X. 

587. TransforinaUoHH of the Example 1, Lot 

if =:;i; silly , 'i; = u:e()sy. (1 

Wc have in the lirst place 

2^2 ^‘2 ^ 

This shows that tlie image of a line = a =5^0, parallel to the 
y-axis is a circle wliosc center is the origin in the u, o plane, and 
whoso radius is a. To tlie y-axis in tlie y plane corres^ionds 
the origin in the- w, v plane. 

From 1) wo have, secondly, 

u . 

- = tan y. 

V 

Tliis shows that tlie imago of a lino y = is a lino tliroiigli the 
origin in tlie it, v plane. 

From 1) we have finally that u, v are periodic in y, having tho 
period 2 tt. Thus as a?, y ranges in. tlie baud j 5, formed by tho 
two parallels y = ± tt, or — tt < y < tt, tho point v., v ranges over 
tho entire w, v plane once and om.'o only. 

Tho correspondence between E and the u, v plane is unifold, 
except, as is obvious, to tlie origin in tho v piano corresjionds 
tho points *on tho y-axis. 

Lot UH apply the theorem of I, 44*1, on implicit functions. Tho 
determinant A is hero 

v) __ sin y, cos y _ _ ^ 
y) :r (ios y, — rr sin y 

As this is ^ 0 wlien x, y is not on tlie y-axis, we see that tlie 
corvespoudonco between the doinam of any such point and its 
image is 1 to 1. This accords with what wo have found above. 


1 



is, however, a much more restricted result than we have foimd ; 
• we have seen tluit the correspondence between any limited 
int set VI in B which does not contain a point of the y-axia and 
image is unifold. 


588. Example 2. Let 


%i = - - 


JL 


■y/x^ + y^ 


= V -1- ^2^ 


(1 


3 radical iiaving the positive sign. Let us find the image of tlie 
it (quadrant Q in the rr, y plane. 

From 1) we have at once 


0 <1 , > 0 . 


Hence the image of Q is a band J3 [)arullel to the t;-axis. 
From 1) we got secondly 


Hence 


?/ = wr , 


X = r Vl ■ 


+ y^ =r 


(2 


Thus the imago of ^a circle in Q whose center ivS the origin and 
lose radius is a is a segment of a right line r = a. 

Wiion ir = y = 0, the etj^uations 1) do not doline the correspond- 
y point in the v plane. If wc use 2) to deline the corre- 
jndence, we may say that to the line = 0 in JS corresponds tlie 
Lgin in the rr, y piano. Witli this exception the correspondence 
tween Q and E is uniform, as 1), 2) show. 

The determinant A of 1) is, sotting 

r = v/^. 


— xy 

d(uy ?0 _ 

X y 
r r 



• any point .t, y different from tlie origin. 


589. Example S. lieoiprocal Radii. Lot 0 bo tlie origin in the 
y plane and H the origin in the w, v plane. To any point 
= (rt?, y') in tlio rr, y piano different from the origin shall cor- 
ipond a i)oint Q = v') in the u, v plane such that dQ has 


Analyti- 


the same direction 

ilS OP 

and ! 

such that 

: OJ^ * nQ 

cally we 

have 






X 

= \y 

, u 

= \v , 

A, > 0, 

and 








{y? + 

+ /) = 

1. 

From 

these equations we get 






u 


V 



•t/ n 

+ ?)2 

, y = 

-h 

and also 








u = 

T. 

, V — 

// ^ 




-1- 'if 




Tho corroHpondenco tlu3 two [>Li] 1 oh is obviously unifold 

except that no point in either piano corresponds to the origin in 
the other plane. We find lov any point a;, y diCferont from the 

origin tliat x ^ 

A = 1 

d(x,ij) (:i;2 + /)2‘ 

Obviously from the dollnition, to a lino through the origin in 
the rr, y plane corresponds a similar lino in the w, v piano. As xy 
moves toward the origin, % v moves toward iniiiiity. 

Let 03, y move on the line Then 1) shows that w, v 

moves along tlie circle 

a — ze = 0 

which passes through tlio origin. A similar remark holds when 
ir, y moves along the line = i = 7 ^= 0. 

590. Such relations between two point sets ?!, 93 as defined in 
58(.l may bo formulated indopendontly of the functions /. In fact 
with each point a of 21 we may associate one or more points 5^, &2 ••• 
of 93 according to some law. Then 93 may ho regarded as the 
imago of 21. Wo may now dofiiio the terms simple, manifold, etc., 
as in 580. Wlion h corresponds to a we may write h a. 

We shall call 93 a contimimis imaga of 21 \vhen the following con- 
ditions are satisfied, To each a in 21 shall correspond but one 
h in 93, that is, 93 is a simple image of 21. 2° Lot h ^ let aa ••• 

bo any sequence of points in 21 which == a. Let Then 

must == 1) however tlie sequenoo \a^\ is chosen. 



Wlien 33 is a simple image of 21, the law which determines 
wliicli h of S is associated with a point a of 21 determines obviously 
n Olio-valued functions as in 58(5, 1), where ••• are the m co- 
ordinates of rt, and ••• arc the oi coordinates of J. We call these 
functions 1) the associated functions. Obviously when 33 is a 
continuous image, the associated functions are continuous in 21. 

591. 1. Let he a simple continuous image of the limited eomjdete 
set 21. Then 33 is limited and complete. If 2° 21 is perfect and 
only a finite number of points of% correspond to any point o/’33, then 
33 is perfect. If 3° 21 is a connex.^ so is S3. 

To prove 1'^. The case that 33 is finite requires no proof. Let 
points of 33 which == /3. We wish to show that yS lies 
in S3. To each will correspond one or more points in 21 ; call 
the union of all these points a. Since 33 is a simple image, a is an 
infinite set. Let ^ points in a which «, a 

limiting point of 21. As 21 is complete, a lies in 21. Let 6 ^ a. 
Let ^ As == == /3. But i8 being continuous, 

must b. Thus /3 lies in 33. That 33 is limited follows from the 
fact that the associated functions are continuous in the limited 
complete set 21. To prove 2®. Suppose that S3 had an isolated 

point h. Let b a. Since 21 is perfect, let ^2 *'* = 

Then as 33 is continuous, J, and b is not an isolated 
point. To prove 3°. We have only to show that there exists 
an e-sequence between any two points a, ^ of 33, e small at pleasure. 
Let a ^ a, ^ Since 21 is connected there exists an 7;-sequence 

between a, h. Also the associated functions are uniformly con- 
tinuous in 21, and hence r) may be taken so small that each segment 
of the corresponding sequence in 33 is > e. 

2. Let f(t-^ ••• t,f) be one-valued and continuous in the eonnex 21, 
then the image of 21 is an interval including its end points. 

This follows from the above and. from 585, 8. 

3. Let the correspondence between 2L 33 be unifold. If 33 is a 
continuous image of 21, then 21 is a continuous image q/’ 33. 

For let be a set of points in 33 which = b. Let 
a r^b. Wo have only to show that = a. For suppose that it 
does not, suppose in fact that there is a sequence ••• which 


IjQt ^ a. Then *“ pj^'i'tial s.e- 

(luoiiee of {h^\ lui.isC ^ h. 'riiius l> — heuco a — cty honec 

X. A Jordan onrve J u a nnifold. oontinnom image of an interval 
T. QonverHely if *1 u a unifold continuous image of an interval 1\ 
there exist two one-valued eontinuoiL^ funetions 

x = ^(t) , 

such that as t ranges over T, the ‘pohit :r, y ranges over J. In case 
J is closed it may he regarded as the image of a circle F. 

All but tlie luvSt part of tlio thcoroai laiw boeii already established. 
To prove the last suutenco avo have only to remark that if we sot 

a; = r cow ^ , y — rm\t 

wo liave a unifold contimions corrospondonco between the points 
of the interval (0, 2 tt^) and the 2 )oints of a circle. 

5. The (irst part of X may be regarded as a geometrical definition 
of a Jordan curve. The imago of a segment of the interval T or 
of tlie circle F, will be called an arc of J, 

592. Side Lights on Jordan Gurves, These curves Iiave been 
delinod by means of the equations 

3:=(^(0, ?/ = '^(0- (t 

As t ranges over the iiitorval T ^ (a < i), tlio point P =:(.r, y') 
ranges over the curve J. This curve is a certain poijit set in the 

y plane. We may now propose this problem ; Wo have given 
a point sot (S in the rr, y plane; may it be regarded as a Jordan 
curve ? Tliat is, do tliere exist two continuous one- valued func- 
tions 1) sucli that as t ranges over woino interval the i)oint P 
ranges over the given set (£ witliout returning on itself, except 
])OHHU)ly for t= t == (>, Avlien tlio curve Avoiild 1)0 closed? 

Lot ITS look at a Tiumber of pouit sots from this point of view* 

693. Example 

^ y = sin i , a; in tlie interval St = 1, 1), but 0 

X 


for X — 0. 


Is this point set E a Jordan curve ? The answer is, No. For a 
ordan curve is a continuous image of an interval 21. By 591, l, 
b is complete. But E is not conij)lete, as all the points on the 
’ axis, — 1 < y < 1 are limiting points of E, and only one of them 
elongs to S, viz. the origin. 

2. i^et us modify E by adjoining to it all these missing limiting 

oil its, and call the resulting point set (7, Is 6^ a Jordan curve ? 
die answer is again, No.. For if it were, we can divide tlie inter- 
al 2^ into intervals 8 so small that the oscillation of ■yfr in any 
ne of them is < ew. To the intervals Si will correspond arcs 0, on 
lie curve, and two non- consecutive arcs (7^ are distant from each 
tlier by an amount > some e, small at pleasure. This shows that 
lie of these arcs, say 6\, must contain the segment on the ?/-axis 
“ 1 then Osc ^lr= 2 an t ranges over tlie correspoiid- 

ig interval. Thus the oscillation of 'yjr cannot be made < e, 
owever small is taken. 

3. Let us return to the set S defined in 1. Let A, B be tlie 
wo end points corresponding to rr = —1, cr = 1. Let us join thorn 
y an ordinary curve, a polygon if we please, which docs not cut 
jsolf or E. The resulting point set ^ divides all the other points 
f tlie plane into two parts which cannot be joined by a contin- 
ous curve without crossing For this point of view ^ must be 
:3gardGd ns a closed configuration. Yet is obviously not complete. 

On the other liand, let us look at the curve formed by removing 
lie points on a circle between two given points «, h on it. The 
:3nmining arc 8 including the end points a, I is a complete set, but 
8 it does not divide the other points of the plane into two sepa- 
ited parts, we cannot say 8 is a closed configuration. 

Wo mention this circumstance because many English writers 
se the term closed set where we have used the term complete. 
)aiitor, who first introduced this notion, called such sets ahge- 
ihlossen^ wliich is quite cUrforent from gesclilossen = closed. 

A 

594. Example 2. Let p = e for 6 in the interval 2t = (0, 1) 
xcept ^ = 0, where p = 0, These polar coordinates may easily be 
splaced by Cartesian coordinates 

-I -I 

x = ^ (^) = ^ cos 6 , ^ = e " sin 0 , in 21, 


excopt ^=0, wlica x, y both 2=^0, The curve tlms defined is a 
Jordan curve. 

Let u« take a second Jordan curve 



willi p = 0 for 0 = 0 . If wo join tlie two end points on these 
curves coiTcspoiuling to 0=1 by a straight lino, we get a closed 
Jordan curve J", which lias an interior 3“? an exterior O. 

Tlio peculiarity of this curve J is the fact that one point of it, 
viz. the origin r 6 ' = y= 0 , cannot bo joined to an arbitrary point 
of 3 hnite broken lino lying entirely in 3 ; nor can it be 
joined to an arbitrary point in O by such a line lying in D. 

595. 1. It will bo convenient to introduce the following terms. 

Let 31 be a limited or unlimited point set in the piano. A set 
of distinct points in 3t 

5 ^ (1 

determine a broken line. In case 1) is an infinite sequence, let 
converge to a lixed point. If this line has no double point, we call 
it a Gliain^ and the segments of the lino linh%. In case not only the 
points 1 ) but also the links lie in 51, we call the chain a fatlu If 
the chain or path has but a finite iiiunbor of links, it is called 
finite. 

Let us call ixprecinot a region, i.c. a sot all of wlioso points arc 
inner points, limited or unlimited, siudi than any two of its points 
may be joined by a iinito path. 

2. Using ilie results of 578, W(‘. may say that, — 

A cloud Jordan oiirvc J dividcH the other of the plane into 

two precincts^ <in inner 3 outer D. Moreover^ they have a 

common frontier lohich u J. 

3. Tlie closed Jordan curve considered in 51)4 shows that not 

every point of such a closed Jordan curve can always bo joined to 
ail arbitrary point of 3 -C) by a linite patli. 

Ohvioudy it can hy an infinite path. For about tliis point, call 
it we can describe a sequence of circles of radii r = 0. Between 
any two of those circles there lie points of 3 ^ suf- 


cicntly small. In tliis way we may get a sequence of points in 3, 
iz. jfj, Jg **• == these may be joined by a 

atli which does not cut the path joining to J„,. For if a loop 
'•ere formed, it conld be omitted. 


4. Ani/ are ^ of a closed Jordan curve J can he joined hy a path 
an arbitrary point oj' the interior or exterior^ lohioh call 
For let «/= ® + 8. Let k be a point of St not an end point. 
»ct S=:Dist(/r:, C), let « be a point of S( such tliat Dist(a, k') 
Then 




7 ): 


l>i.st(c?, S) > ■} S. 


Hence the link Z= /o') has no point in common with S, Let 
be the lirst point of I in common Avith St- Then the link 
^ = (a, J) lies in 21. If now a is any point oi 21, it may be joined 
> <35 by a pail) p- Tlien p-i-m is a path in 21 joiniiig the arbi- 
:*ai‘y point a to a point b on the arc 


696. Example 3- For 9 in 21 = (0^, 1) let 

/7 = <3j(l + e ^), 

... 

p = a(l + e ^ 

These equations in polar coordinates define two non-intersecting 
)irals S^y which coil about p^a as an asymptotic circle T. 
ict us join the end points of the spirals corresponding to 0=1 
y a straight line E- Let £ denote the figure formed by the 
oirals /Sj, S^y the segment L and the asynq^totic circle F. Is £ 
closed Jordan curve? The answer is, No. This maybe seen 
i many ways. For example, £ does not divide the other points 
ito two precincts, but into three, one of which is formed of points 
itliin r. 

Another way is to employ tlic reasoning of 593, 2. Here the 
.rcle r takes the place of the segment on the ?^-axis which figures 
lere. 

Still another way is to observe that no point on F can be joined 
) a point within £ by a patli. 


597. Example 4- Let £ be formed of the edge £ of a unit 
pxare, together with tlio ordinates o erected at the points 






= of length 1, 2 ••• Although S tlividos Ihe .otlier 

points of tlie piano into two precincts Q and O, we can say tliat 
6 is not a closed Jordan curve. 

For if it were, 9 and O would have to have E as a common 
frontier. But the frontier of O is ®, while that of 3^ is S. 

Th at E is not a Jordan curve is scon in other ways. For 
example, let y be an inner segment of one of the ordinates o. 
Obviously it cannot be reached by a x^ath in O. 


Brouwer's Proof of Jordan's Theorem 

598 . Wo have already given one x)rooC of tliis theorem in 577 
seq,, based on the fact that the cudrdinates of the closed curve are 
eximessed as one-valued continuous functions 

Brouwer’s proofs is entirely geometrical in nature and rests 
on the definition of a closed Jordan curve as the iinifold continu- 
ous imago of a circle, cf. 591, 5. 

If SI, S3, **• arc point sets in tlie plane, it will bo convenient to 
denote their frontiers by Sio **• that 

5^^= Front SI , etc. 

We admit that any closed polygon S3 having a finite number of 
sides, without double divides the otlier X)ointa of the lAma 

into an inner and an outer precintit “iPt, respecllvely. In tlie 
following sections wo aludl call such a simple^ and usu- 

ally denote it by S3- 

We shall denote the wlmlo xdano by S- 

e = ^ + 

Let SI bo comxdoto. The comx>lemontary set A is formed, as 
we saw ill S28, of an enumerable sot of xn'oeincts, say il= 


* Math, Annalen^ vol. 00 (1010), p. 100. 



699. 1. If a precinct $l and its complement'^ A each contain a 
mnt of the connex S, then contains a point of S. 

For in tlie contrary case c = .Z)r(2l, E)' is complete. In fact 
3 = 2t + is complete. As S is complete, I)v(fd^ E) is coxn- 
iletc. J3ut if docs not contain a point of E, c = i)y(33, E). 
Hms on this hypothesis, c is complete, Now c = I)v(^A^ E) is 
-oniplcto in any case. Thus E == c + c?, which contradicts 585, 4, 

2. If^c^ ^< 1 , the interior and exterior of a simple polygon ^ each 
ontain a point of a co^mex E, then ^ contains a point of E. 

3. Let St he complete and not connected^ There exists a simple 
oolygon '*|3 such that no point of St lies on ip, tohile a part of ^ lies in 
X and another part hi 1|3g. 

For let St^ ho two iion-connected parts of St whose distance 
rom each other is p > 0. Lot A be a quadrate division of the 
)lunc of norm S, so small that no cell contains a point of and 
fg. Let A^ denote the cells of A containing points of Sti* it is 
complete, and the complementary set A^ — E — Aj is formed of one 
>r luoro precincts. No point of JTj lies in Ag or on its frontier. 

Let Pj, Pg be points in I'ospcctively, Let P be that 

mecinct containing Pg. Tlicn embraces a simple polygon ^ 

vliicli separates P^ and . 

4. Let Stx, i ?2 detached oonnexes. There exists a simple 

oolygon ^ ivhich se 2 }arates them. One of them is in the other in 
[3p, and no point of either connex lies on 'ip. 

For the x)rcvious theorem shows that there is a simple polygon 
P which separates a x^oint P^ in from a ])uint P^ in 
)oint of or St^ li^s on 'ip. Call tills fact P. 

Let now P^ lie in . Then every x)oiiit of lies in For 
otherwise and % each contain a point of tlie coniiox Sti* Then 
i shows that a point of lies on ‘»P, which contradicts P. 

5. Let 33 he a precinct determined hy the connex E. Then 
I =: Front 33 is a connex. 

» ftinco the initial sots aro all limited, tlioir complements may bo taken with vof- 
irenco to a sufliciontly largo sejuavo 0 ; and when dealing with frontier points, points 
111 tlio edge of 0 may bo neglected, 


For soj^poHO 6 is not; a, connox. Then by 3, there exists a simple 
polygon ^ wliich contains a part of b in and another in 
while no point of b lies on lienee a point /3' of b lies in ‘ip,, 
and another point /3'' in As 33 is a 2 )rocinct, let us johi /3', 
by a path v in 93. Thus 93 contains at least one point of 
that is, a point of 93 lies on 93. As b and ‘>p have no point in 
common, and as one point of 95 lies in 33, all the i^oints of 93 lie 
in 33. Henco 2)y(^13, E) = 0. (1 

As b is a part of E and henco some of the points of S are in 93fl 
and some in 93 m ib follows from 2 that a part of 93 lies in E, This 
contradicts 1). 

6. Let 1^^ bwo connoxes witliout double point. By 8 

there exists a simple polygon 93 wliich separates them and has 
one connex inside, the other outside 93- 

Now Sti + complete and dofinos one or more precincts. 

One of these p7*ecincts contains 93. 

For say 93 lay in two of those precincts as % and 93. Then the 
precinct 31 and its complement (in whicli 95 lies) each contain a 
point of tlio coimox 93. Tims contains a point of 93. But 
is a part of J?, and no point of St lies on 93. 

That precinct in Comp St wliich contains 93 wo call the inter- 
mediate precinct detormiiicd by or more sliortly tlic pre- 

cinct between fli, i ?2 dcMiote it by Inter (^j, 

7. Let Sti, St,j^ he Uoo detached connexes, and let f — Inter (5?^, 

Tlmi Sti’t 1?2 he joined />// a path lyhuf in. f, except its e7id pohils 
which lie on the fro'ntiers of St '^'^■^(‘Otiveli/^ 

For by liypotliesis p = .l)ist(A\, i^F 2 )> 0. Let bo a point of 
sucli tliat some domain b of cjoiiUiins only paints of iF^ and 
of f. Lot 1)0 a point of f in b. Join by a right line, let 

it cut at the point Pb In a similar way we may reason 

on j? 2 i obtaining tlio points Tlion is tlio path 

in. cpiestion. If wc denote it by we may let denote tliis 
path after removing its two cud points. 

8. Let tIFi, i ?2 detached connexes, A path v joining St^.^ 

iFg ^'^^d lyincj in f = Inter (^Fp St^f end points excepted.^ determines 
one and only one precinct in f . 


For from an arbitrary point P in f, let ns draw all possible 
xtlis to V, Those paths ending on the same side (left or right) 
! V certainly lie in one and the same precinct or ti in t Tlien 
nee one end point of v is inside, the otlier end point outside % 
lere must be a part of $ which is not mot by v and which joins 
le right and left sides of v. We take this as an evident property 
: finite broken lines and polygons without double points. 

Thus ti and are not detaclied ; they are parts of one precinct. 

9. Two fatlis 'Without common ‘pointy f and joining 

11 *^ 2 ’ ^ tivo precincts. 

Let i = f — tliis we have just seen is a precinct. From any 
fint of it let us draw paths to Those paths ending on the 
,me side of determine precincts fi, which may l)e identical. 
uppose they are, Tlicn the two sides of can be joined by a 
itii l 3 dug in f, wliich docs not toncli (end points excepted), 
us no point in common with and togetlier with a segment of 
forms a simple polygon *i)3 which has one end point of in i|}^, 
le other end point in ‘iPo. Thus by 2, ^ contains a point of the 
mnex . This is contrary to hypothesis. 

Similar reasonijig shows that 

10. The n paths pairtoise without common poifit^ 

and joining the connexes tinto n precincts. 

Let us finally note tliat the roasojung of 59.^, 4, being indei^end- 
it of an analytic representation of a Jordan curve, enables us to 
JO the geometric definition of 591, 6, and we have therefore the 
icorem 

11. Let 3t he a 'precinct •whose frontier ^ is a Jordan curve. Them 
ere exists a path in 3t joining an arbitrary point of ti with any arc 

Having establislicd tlieso preliminary tlieorems, wo may now 
,ke up the body of the proof. 

600. 1. Let S( be a precinct determined by a closed Jordan curve 
Then 55 = Front 31 is identical loith J, 

If f/ determines hut one precinct 3t which is pan tactic in we 
ive obviously 55 = 


Su^jpose tlion that 2( is a prccincl;, nofc panfcactic in S. Let i8 
1)0 a precinct dctcnniiiecl g. Let b = Front S3. Then 
{);< J*. Supjyone now h <J* As J'is a counex by 591, l, g is a 

connox by 599, 6. Similarly since 55 i» a connex, is a connox. 
Since let b on tlio circle F whoso imago is J*. We 

divide h into tlireo arcs to which --- bg, in b. 

/3 = Inter (bjL, bg). 

Then by 599, ll, wo can join bj, bg by a path in St, and by a 
path in 33. By 599, J), tlicsc paths split /3 into two precincts 
/Sg. Wo can join by a patli lyiog in /3j, and by a 

path lyii^g iii ^2 * 

Now tlio precinct 33 and its complement each contain a point of 
tho connex Hence by 599, l, b contains a point of Simi- 
larly b contains a point of Thus out b, and as they 

do not cut b^, bg by hypothosis, they cut Thus at least one 
point of and one point of /Sg Ho in bg . 

Let b bo a point oC /3j lying in bg, let jt? on the circle. Let 
V bo an arc of ig containing p. Lot b' JL As the connex V 
has no point in common with Front b' must lie entirely in /Sj 
by 599, 1. This is indopondont of tho clioico of 6', hence the 
connex bg, except its ond points, lies in /3j. Thus ySg can contain 
no point of bg, wliich contradicts tho result in italics above. 

Thus tlio supposition that b < «/ is imjmssiblc. Honco b = t/*, 
and thoroforo 55 = f/. 

As a corollary wo liavo : 

2 , A Jordan curve is apantaciia in G. 

A closed Jordan curve J cannot determine more than two 
precincts. 

For suppose there wore more than two precincts 

siesta. SIb- a 

Let us divide the circle T into four arcs whoso images call «^ 2 > 

Then by 1, tho frontier of each of tho precincts 1) is J. Thus 
by 599, 0, tlioro is a path in each oC tho precincts Slj, Slg ••• join- 
ing and . These paths split 



t = Inter (Jj, Jg) 


to 23recincts 

Now as ill Iv we show on the one hand that each must contain 
point of or and on the other hand neither nor can 
j in more than one 

4. A dosed Jordan curve J must determine at least Uoo preomcts. 

Suppose that J determines but a single precinct 31. From a 
>int a of 31 wo may draw two non-intersecting paths to 

)iiits Jj, &2 

Since the point a may be regarded as a connex, a and J arc two 
Jtached connexes. Hence by 599, 0, tlic paths split 31 into 
^0 precincts 3fi, SIg. Let y = J'), The points 

vide J’into two arcs Jg’ 

0 closed Jordan curves. Regarding a and Jj as two detached 
nnexes, we seey\ determines two precincts, By 599, i, a 

ith wliich joins a point of with a iioint a^ of Og niust cut 
id hence y. It cannot thus lie altogether in 3li or in Slg* Thus 
>th do not lie in 3li, nor both in 312- Let us therefore 

y for example that 3ti lies in and 3I2 in Hence by 2, 
is pantactic in «j, and 3I2 i^^ «2‘ ^7 point oij-^ is com- 

on to the frontiers of and of and hence of 3li and of 3(3, 
these aro pantactic. 

Let P be a point of Jg . It lies either in or otg. Suppose it 
js in ttj. ''Fhen it lies neither in ag nor on Front Wg, and hence 
)ithor in Sfg nor on Front Stg . But every point of and also 
wy point of j\ lies on Front 3I2. We aro thus brought to a 
aitradiction. Heiico tlio supposition that J determines hut a 
ngle precinct is untenable. 

Dimensional Invariance 

601 . 1. In 247 we have seen that the points of a unit interval 
and of a unit square S may bo put in one to one correspondence, 
his fact, duo to Cantor, caused great astonishment in the mathe- 
atical world, as it seemed to contradict our intuitional views 


egardiug the ninnber ol: cliincnsioiis necessary to define a figure. 
.'Ims it was tlionght that a curve required 0 )ie variable to define 
b, a surface ttvo^ and a solid three. 

The corresi)ondoucc set up by Cantor is not continuous. On 
he otlicr hand tlie curves invented by Peano, Hilbert, and others 
cf. 573) establisli a continuous correspondence between / and /S', 
>ut this correspondence is not one to one. Various mathcinati- 
ians luivo attempted to prove tliat a continuous one to one corre- 
pondenco between spaces of m and n dimensions cannot exist. 
Vo give a very simjde j^roof duo to Leheagite,^ 

It rests on the following theorem : 

2, Let SI he a point set hi . Let O < 31 a standard cube 

^ O' , it = 1, 2 • • • 

jCt ffp ^ finite number of complete sets so small that each 

ies in a standard cube of edge cr. If each point of 3t lies in one of 
he (S’s, there is a point of SI ivhich lies in at least m + 1 of them. 

SuiDpose first that each (St is the union of a finite number of 
tandard cubes. Let those (S's containing a point of 

lie face fj of Q lyiug in the idane The frontier of (Sj 

s formed of a part of the faces of the S’s. Let denote that 
au’t of ^vhich is parallel to Let = Ffi). Any 

mint of ili lies in at least two (S’s. 

Lot (§2 denote those of the (5^s not lying altogether in and 
;ontainii)g a point of the face fg of Q determined by cTg = a 2 . Let 
denote that jpart of Front @2 which is parallel to fg. Let 
Zig == JDv{£Xi, Any 2 )oint of it lies in at least throe of the S’s. 

In this way wo may continue, arriving finally at any point 
1’ which lios in at least w + 1 of the (S’s. 

Let us consider now tlie general case. Wo effect a cubical 
liviaion of space of norm d<(r. Lot Ct denote those cells of L 
vhicli coiilain a point of (S,. Tlien by the foregoing, there is a 
mint of SI which lies in at least m + 1 of the (7’s. As tins is true, 
Lowevor small d is taken, and asS the (S’s are complete, there is at 
uast one yoint of SI which lies in m + 1 of the (S's. 


* Math Annaleiif vol. 70 (1011), p. 100, 


. We now note tlmt the iij)ace 9?^ may he divided into congruent 
) 80 that no point is in more than m 4- 1 cells. 

'or m == 1 it is obvious. For w = 2 we inay 
a hexagonal pattern. We may also use 
Liadrate division of norm B of the plane, 
ise squares may be grouped in horizontal 
ds. Let every other band be slid a distance 
to the right. Then no point lies in more 
:i 3 squares. For m=3 we may use a 
ical division of space, etc. 
a each case no point of space is in more than m + 1 cells. 

<et us call such a division a reticulation of . 

. Let 21 he a point set m having an inner point a. There is 
continuous unifold image ^ of % in n^on^ such that h^ais 
Inner point of 93. 

'or let n'>m. Let us effect a reticulation R of of norm p, 

! > 0 is taken sufficiently small A = i> 2 s(a) lies in ?l. Let 
= ; it p h taken sufficiently small, the cells 

Oi, (1 

S which contain points of jF, lie in A. Let the image of LI be 
md that of the cells 1) be 

(2 

!'hese are complete. Each point of @ lies in one of the sets 2). 
ice by 2, they contain a point /8 which lies iji + 1 of them. 
311 lies in -H 1 of the cells 1). But these, being iiart of 

reticulation J?, are such that no iioint lies in more than m +• 1 
hem. Hence the contradiction. 

02. 1. iSchonJliess' Theorem. Let 

u =/(*, y) , -0 = 9(.x^ y') (1 

ine" valued and continuous in a unit square A whose center is 
origin. These equations define a transformation T. If T is 
Lilar, we have seen in I, 742, that the domain i)p(P) of a iioint 
= (rr, y') within A goes over into a set LI such that if 
1 Pcr( in P, if cr > 0 is sufficiently small. 



These conditions on /, g wliich make T regular are sufficient, 
but they are much more tlian necessary as the following tlieorem 
due to /Schffnfliess * shows. 

2. Let A. ^ B 0 he a unit square m the y plane^ whose center 
is the origin and whose frontier is c, 

U =/(•'*'■) I/} , v = g(x, y') 

be one-valued continuous functions in A, -4s (.r, y') ranges over -4, 
let (u, v') range over $1 z=: 53 -}- c where c ~ Let the correspondence, 
between A and ?l be uniform. Then c is a closed Jordan curve and 
the interior of c is identical with 33. 

That c is a closed Jordan curve follows from 576 seq., oi' 598 
seq. Obviously if one point of 33 lies in c^, all do. For if A, 
are points of 33, one within c and the other without, let 

Then 5,, b^ lying in B can be joined by a path in B 
which has no point in common with c. The image of this path is 
a continuous curve which has no point in common with c, which 
contradicts 578, 2. 

be tlie equation of in polar coordinates. 

If 0 < ya < 1, the equation 

p = 

defines a square, call it c^^ concentric with c and whose sides are 
in the ratio /x : 1 with those of c. The equations of are 

u ^flp.<p{9) cos 0 , /xc^(0)sin = .F(/x, 0), 

S=(?(/x, (9). 

These curves have now the following property : 

If a point (p^ q') is exterior {interior') to it is exterior {in- 
terior) to , for all p such that 

I M — iw. 0 1 ^ some € > 0. 

For let be the distance of (p, q) from a point {u^ v) on c^x. 
Tlien -5— ^ 

*Ooettinga7i Nachrichcen, 1800. Tho clemonstraliou here given is duo to Osyood, 
Goell. Nachr., 1000. 




is a continuous function of 0^ fjb which does not vanish for (m = 
when O<0<27r. But being continuous, it is uniformly com 
tinuous. It therefore does not vanish in the rectangle 

— , 0 <6 <2 TT. 

We can now show that if 33<Ci, it is identical with Ct* "I'o this 
end we need only to show that any point ^ of lies on some c^. 
Ill fact, as /X = 0, contracts to a point. Thus ^ is an outer point 
of some c^, and an inner point of others. Let be the maximum 
of the values of /x such that /3 is exterior to all if /x</Xp, 
Then /5 lies on For if not, /S is exterior to ^^hat we 

have just shown, and /x^ is not the maximum of /x. 

Let us suppose that 33 lay roithont c. Wo show this leads to a 
contradiction. For let us invert with respect to a circle f, lying 
in Then c goes over into a curve f, and 21 goes over into 
S) = ®4-f. Then S lies inside f. Let r] be coordinates of a 
point of S). Obviously they are continuous functions of y in 

uniformly. 

By what we have just proved, (S must fill all the interior of f. 
This is impossible unless 21 is unlimited. 

3. We may obviously extend the theorem 2 to the case 

and ^ is a cube in m-way space provided we assume that c, the 
image of the boundary of divides space into two precincts 
whose frontier is c. 


Area of Ciirved Surfaces 

603. 1. The Inner Definition. It is natural to define the area ol’ a 
curved surface in a manner analogous to that employed to define 
the length of a plane curve, viz. by inscribing and circumscrib- 
ing the surface with a system of polyhedra, the area of whose 
faces converges to 0. It is natural to expect that the limits of 
the area of these two systems will be identical, and this com in on 
limit would then forthwith serve as the definition of the area of 
the surface. The consideration of the inner and the outer sys- 


teius of polylieclra afford thus two types of definitions, which 
may bo styled the iiiiU3r and the outer definitions, l.ct us look 
first at the inner definition. 

Lot the equations of the surface S under consideration be 

X = V) , y- v) , (1 

tlic parameters ranging over a completii metric set 21, and x^ y, z 
being one-valued and coiitinuoxis in 21. 

Let us effect a rectangular division D of norm d of the v 
plane. Tlio rectangles fall into triangles on drawing tlie 
diagonals. Such a division of the plane wo call quasi ractangular, 

-Pq " C'^O’ ’ -^1 ^ d“ ^ (^^0'' ^0 

bo the vortices of To these points in the w, v plane corre- 
spond tlirce points “ipt = (a:,, ?/^, t=l, 2, 3, of S which form the 
vertices of one of tlie triangular faces of the inscribed polyhe- 
dron Hx, corresponding to the divisu)n Here, as in tlie follow- 
ing sections, wo consider only triangles lying in 21. We may do 
this since 2t is metric. 

Let F„, be the projections of on the coordinate planes. 
Then, as is shown in analytic geometry, 

rl^Xl+Yl-^Zl 

i/o *0 ^ ?h - ;'/o > ^1 - ^0 

Vi ^1 1 = 

2/2 *^2 1 2/2 -2/0 > ^2-^0 ^"2/ > 

and similar expressions for Fc, Z^. 

Tlxiis the area of 11/; is 



the summation extending over all tlie triangles lyiug in the 
set 21. 

Lob jr, 2 /, z have continuous first derivatives in 21. Then 
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with similar expressions for the other increments. Let 
A 

Then 

= (A^ -I- ajt^ , -f ( O'* + 7 k)^/c 

where ce^ j3^ 7* are uniformly evanescent with d in 2(. Thus if 
A, j 8, Odo not simultaneously vanish at any point of 2(, we have 
as area of the surface B 

lira f VA^TB^TO^durh. (3 

2. An objection which at once arises to this definition lies in 
the fact that we have taken the faces of our inscribed polyhedra 
in a very restricted manner. We cannot help asking, Would we 
get the same area for B if we had chosen a different system of 
polyhedra ? 

To lessen the force of this objection we observe that by replac- 
ing the parameters u, v by two new parameters u\ we may 
replace the above quasi rectangular divisions which correspond to 
the family of right lines = constant, i; = constant by the infinitely 
richer system of divisions corresponding to the family of curves 
u' = constant, = constant. In fact, by subjecting w', v' to cer- 
tain very general conditions, we may transform the integral 3 ) 
to the new variables u\ v' without altering its value. 

But even this does not exhaust all possible ways of dividing 21 
into a system of triangles with evanescent sides. Let us there- 
fore take at pleasure a system of points in the v plane having 
no limiting points, and join them in such a way as to cover the 
plane witlmut overlapping with a set of triangles If each 
triangle lies in a square of side we may call this a triangular 
division of jiorm d. We may now inquire if still converges 
to the limit 3 ), as d 0, for this more general system of divisions. 
It was generally believed that such was the case, aud standard 
treatises even contained demonstrations to this' effect. These 
demoiisiratioiis are wrong ; for Schwarz * has shown that by 

* UerA^e, vol. 2, p. 309. 
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properly choosing the triangular divisions D, it is possible to 
make S), converge to a value largo at pleasure, for an extensive 
eliiss of simple surfaces. 


604. 1. Stihvarz's Example. Let Q bo a right circular cylin- 
der of radius 1 and heiglit 1. A sot of planes parallel to the base 

at a distance 1 apart cuts out a system of circles lb, P, ••• Let 

'W. 14 

US divide each of these circles into m equal 
arcs, in such a way that the end points of 
the arcs on Pj, Pg, Pg ... lie on the same 
vertical generatoi's, wliile the end points of 
Pg, r 4 , Pq ••• lie on generators halfway 
between those of the first >sct* We now 
inscribe a polyhedron so tliat the base of 
one of tlie triangular facets lies on one 
circle while the vertex, lies on the Jicxt circle above or below, as 
in the figure. 

The area t of one of thcHO facets is 

t=:\hh , is=:2sin— , A ^ -f-fl — cos — Y , 
m ^ \ mJ 

Thus 

t == sin — 

There are 2 m such triangles in each layer, and tliorc are n 
layers. Hence the area of the polyhedron corresponding to this 
triangular division D is 

Sjj = 2 sill + 4 sin'^ , 

m ^ rr 2 m 

Since the integers m, n arc indopeudont of each other, let us 
consider various relations which may bo placed on them. 

Oasel^. Letw=:X??^ Then 
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Case 2^. Let n = Then 



Case 3°. Let n = Xw^. Then 
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= -f-oo 1 as m 00 . 

2. Thus only in the first case does Sjy converge to 2 tt, wliich 
the area of the cylinder Q as universally understood. In the 
' and 3° cases the ratio h/h 0, As equations of 0 we may 
Ice 

X =: cos , y = sin w , 2 = V. 

Then to a triangular facet of the inscribed polyhedron will cor- 
jspond a triangle in the w, v plane. In cases 2° and 3° this tri- 
igle has an angle wliich converges to tt as m = oo. This is not 
> in case 1^. Triangular divisions of this latter type are of great 
nportance. Let us call then a triangular division of the w, v 
lane such that no angle oC any of its triangles is greater than 
— €, where e > 0 is small at pleasure but fixed, pontiva triangvr 
ir divisions. We employ this term since the sine of one of the 
igles is > some fixed positive number. 


605. The Older Definition. Having seen one of the serious diffi- 
ilties which arise from the inner definition, let us consider briefly 
le outer definition. We begin with the simplest case in which 
le equation of the surface S is 

3 =/(®) (1 

being one-valued and having continuous first derivatives. Let 
3 effect a metric divisimi A of the a;, y plane of iiorin S, and on 


628 


GEOMETRIC NOTIONS 


each cell as base, we erect a right cylinder (7, which cuts out an 
clement of surface from S, Let be aii arbitrary point of 
and 2^^ the tangent plane at this point. The cylinder O cuts out 
of an element A/S^ . Let be the angle that the normal to 
makes Avitli the ; 2 -axis. Then 





The area of S is now defined to be 

lim (2 

5=0 

when this limit exists. The derivatives being continuous, we liave 
at once that this limit is 



wliich agrees with the result obtained by the inner definition in 
603, 3). 

The advantages of this form of definition are obvious. In the 
first place, the nature of the divisions A is quite arbitrary ; however 
they are chosen, one and the same limit exists. Secondly, the most 
general type of division is as easy to treat as the most narrow, viz. 
when the cells are squares. 

Let us look at its disadvantages. In the first place, the elements 
AaS^^ do not form a circumscribing polyhedron of aS^. On the con- 
trary, they are little j)^t<5hes attached to S at the points and 
having in general no contact with one a’notlier. Secondly, let us 
suppose that S has tangent planes 2 ^arallel to the s^-axis. The de- 
rivatives which enter the integral 603, 3) are no longer continuous, 
and the reasoning em^Moyed to establish the existence of the limit 
2) breaks down. Thirdly, we have the case that z is not one- 
valued, or that the tangent planes to S do not turn continuously, 
or do not even exist at certain 2)oints. 


To get rid of these disadvantages various other forms of outer 
clinitious have hecn proposed. One of these is given by Goitrsat 
1 Ills Cours d' Analyse. Instead of projecting an arbitrary 
lenient of surface on a fixed plane, the xy plane, it is projected on 
ne of the tangent planes belonging to tliat element. Hereby the 
lore general type of surfaces defined by 603, 1) instead of those 
efined by 1) above is considei’ed. The restriction is, however, 
lade that the normals to the tangent planes cut the elements of 
iirface but once, also the first derivatives of the coordinates are 
ssumed to be contiuuoiis in ?I. Under these conditions we get 
le saine value for the area as that given in 603, 3). 

Wlion the first derivatives of x^ y^ z are not continuous or do 
ot exist, this definition breaks down. To oliviate this difficulty 
e la ValUe-PonHsin lias proposed a third form of definition in Jiis 
hurs d' Analyse^ vol. 2, p. 30 seq. Instead of projecting the 
Lenient of surface on a tangent 2 >hiue, let us project it on a plane 
ir which the projection is a maximum. In case that S has a con- 
nuously turning tangent plane nowhere parallel to the ^-axis, de 
L Vall6e-Poussin shows that this definition leads to the same 
alue of the area of S as before. He does not consider other cases 
i detail. 

Before leaving this section let us note that Jordan in his Qours 
nploys the form of outer definition first noted, using the paramet- 
.0 form of the equations of In the preface to this treatise the 
vthor avows that Die notion of area is still somewliat obscure, and 
lat he has not been able “ h d6fiuir dhuie mani^re satisfaisante 
[lire d’unc surface gauclie que dans lo cas ou la surface a uii plan 
ingent variant suivant imu loi continue.” 

606 . 1 , Regular Surfaces. Let us return to Die inner definition 
msidered in 003. Wo have seen in 604 that not every system of 
•iangular divisions can be employed. Let us see, however, if we 
innot employ divisions much more general than the quasi roc- 
nigular. Wo suppose the given surface is defined by 

X = v) , y~ ir(u, v) , z = x(u> '»') (1 

10 functions (jb, 'x/r, being oue-valued, totally differentiable func- 
ons of Die i^araineters w, v which latter range over the complete 


jl x\. in x i \_fiN 


metric set 21. Surfaces characterized by these conditions we 
shall call regxdar* Let 

-Po = 0^0’^o) > -Pl=(“o+^'. ■^0+’?') > -P2 = ('“o+^"’ «'0 + V') 

be the vertices of one of the triangles of a triangular division 
D of norm d of 21. As before let be the corresponding 

points on the surface S- Tlien 

A'x = 3;j — rco = S' + v' + 

A"x = x^ — Xq = ^B" 7)" + k'J.B + 


and similar expressions hold for the other increments. Also 

, ^S' + ^V 

2 X -- + 2X' 

§l/S" + '^v", — S" + — V' 

du ^v. du dv 

where Xi denotes the sum of several determinants, involving the 
inlinitesimals 

. /3''. 

Similar expressions hold for ]r«, Zk> We get thus 

, Y,^BA+Y!, , Z,^CA + Z!, 

where A, 0 are the determinants 2) in 603. Then tlie area of 
the inscribed polyhedron corresponding to this division JD is 

+f) ■ 

Let us suppose that 

^24.^24, ^^2^^ , g>0 (2 

as V ranges over 21. Also let us assume that 


(3 


W JL 


main numerically <e for any division I> of norm d<d^^ e small 
pleasure, except in the vicinity of a discrete set of points, that 
, let 3) bo in general uniformly evanescent in % as d= 0. Then 


here in general 




<: 


Cont %{ 

If now -4, Q are limited and i^dntegrable in 21, we have at 


lco 


in (>03. 


limAS’^^= ^dudv-\/A^-\- B^-{- (7^ 


2. VVe ask now under wliat conditions arc the exju’essions 3) 
general uniformly evanescent in 21 V The answer is pretty ovi- 
iiit from the example given by Schwarz. In fact tlio equation 
the tajigcjit plane 2! at 23o in 

^(a: - a-o) + jS(2/ - 2/n) + (7(3 - g„) = 0. 

On the other hand the equation of the plane (^q, iPj. iPg) 

X y z 
^'0 Vo ^1) 

rtq ;//l 

xX^^yY.^zZ,^ ? 7 , = 0 , 

finally 



Tims for 3) to converge in general uniformly to zero, it is nec- 
tary and snilicicnt that the secant planes T couA'-erge in general 
[iformly to tangent planes. Let us call divisions such that the 
:jea of the corresponding inscribed polyhedra converge in general 
iformly to tangent planes uniform triangular divisions. For 
ch divisions the expressions 3) are in general uniformly evanes- 
iit, as 0. We have therefore the following theorem : 

3. Let 21 he a limited complete metric set Let the cod'rdinates 
y, z he one-valued totally differentiahle functions of the parame- 


0 , 


1 






ters V in 21, such that B- -\' U (jr eater than some positive 
constant^ tind is limited and R-hdegrahle in 21. Then 

S = lim jS^ = ( -{- Ohhidv, 

</=o *^$,1 

D denoting the class of \iniform triangidar divisioyis of norms d. 

This limit we shall call the area of S* From this definiCion we 
have at oace a number of its properties. We mention only the 
following : 

4. Let 2[i, 2U he unmixed metric sets whose union is 2(. Let 
••• ha the pieces of S corresjjonding to them. Then each 
has an area and their sum is S, 

6. Let 2(a he a metric part of 21, depending on a p)arameter 0, 
sxioh that 2U'= 21. Then 

lim Sj, = S. 

A = 0 

6. The area of S remains xinaltered when S is sid\jected to a dis- 
placement or a transformation of the parameters as in I, 744 seq, 

607. 1. Irregular Surfaces, We consider now surfaces which 
do not have tangent planes at every jjoint, that is, surfaces for 
which one or more of the first derivatives of the coordinates 
do not exist, and which may be styled irregular surfaces, ^Vc 
prove now the theorem : 

Let the coordinates a:, z he one- valued functions of v having 
limited total difference quotients in the metric set 21. Let L he a 
positive triangular division of norm d<d^. Then 

Max Sd 

is finite and evanescent with 21. 

For let the di:fference quotients remain < /x. We have 

But 

\X,\^ - | | + | | - j 

< fx^P^F^ • -^0^2 ^ I I 
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G33 


where 6^ is the angle made by the sides ^ a 

positive division, one of the angles of is such that cosec 0^ is 
numerically less than some positive number 31. Thus 

where /x, M are independent of fc and d. Similar relations hold 
for |7^|, |^^|. Hence 

< 2 6 = 6 fjfiM(f{ + v) 

where ?? > 0 is small at pleasure, for sufficiently small. 

2. Let 2f and rc, z he as in GOB, 3, except at certain points form- 
ing a discrete set a, the first partial derivatives do 7iot exist. Let 
their total difference (juotients he limited in ?l. Then 

limAS'/j= C C'^dudv., 

J 

toliere D deviates a positive trianyidar divisiooi of norm d. 

Let us first sliow that tlie limit on the left exists. We may 
choose a metric part S3 of 31 such that S = 21 — 35 is complete and 
exterior to 21 and such that 23 is as small as we please. Let 
denote the area of the surface corresponding to S. The triangles 
fall into two groups : containing points of 33 ; containing 

only points of 6. Then 

= 2 = 2 + 2. 

But 33 may be chosen so small that the first sum is <e/4 for 
any dKd^. Moreover by taking d^ still smaller if necessary, we 
have 

|2-*Ss|<^/4. 

0 % 

\ So - S ^\<^/2 , d < d ^. (1 

Similarly for any other division of norm d\ 

aSsI <e/2 , <d^ 

decreasing d^ still farther if necessary. Thus 

I d <I cZq . 



Hence lim Sq exists, call it jS. Since jS exists we may take 
so small that 

\S - S^\<€/2 , d<dQ. 


This with 1) gives 
that is, 


\S-S(i\<e, 

A? = lini = lim r B^^Ohiudv 


by I, 724. 


= f VA^TW^‘^diidv 

V21 


608. 1. The preceding theorem takes care of a large class of 
irregular surfaces whose total difference quotients arc limited. 
In case they are not limited we may treat certain cases as follows: 

Let us effect a quadrate division of tlie ^6, v plane of norm d^ 
and take the triangles so that for any triangular division D 
associated with no square contains more than n triangles, and 
no triangle lies in more than v squares; ?^, v being arbitrarily 
large constants independent of d. Such a division we call a 
quasi quadrate division of norm d. If we replace the quadrate by 
a rectangular division, we get a quasi rectangular division. 

We shall also need to introduce a new classification of functions 
according to their variation in 21, or along lines parallel to the 
u, V axes. Let i) be a quadrate division of the u, v plane of norm 
d<d^. Let 

Q)« = Osc/(w, v') , in the cell d^. 

Then Max 

is the- variation of f in 21. If this is not only finite, but evanes- 
cent with 21, we say / has limited fluctuation in 2t. Obviously this 
may be extended to any limited point set in m-way simce. 

Let us now restrict ourselves to the plane. Let a denote the 
points of 21 on a line parallel to the w-axis. Let us effect a divi- 
sion i)' of norm cZh Let 6)' = Osc/(^i, in one of the intervals 
of i)'. Then 

7]^ = Max 


is the variation of / in 



Let us now consider all the sets a lying on lines parallel to the 
axis, and let 

a ^ cr , O' = 0. 

If now there exists a constant Gr independent of a sucli that 

at is, if 7)^ is uniformly evanescent with o-, we say that/(ii, 

,s limited fluetuaiion iu 31 with respect to u. 

With the aid of these notions we may state the theorems : 

2 . JLat the coordinates x, ?/, z he one-valned limited functions in 
? limited complete set ?(. Let x^ y have limited, total difference 
otients^ while z has limited variation in 31. Let D denote a quasi 
adratia division of norm d<dQ. Then 

Max idj) 

1 ) • 

finite. 

F (jr, as before, 

2 |X„|<|A'|.|An + 

But fM denoting a suhicieutly large constant, 

|AU, |A''| are < fid. 

Let in the square St. If the triangle t^ lies in the 

uaroM ••• 

I Aj|, I A'' I < w., -h ••• +«.,,. 

Thus, n denoting a suniciently large constant, 
21X,|</a2tZ(a),+ ... 0)^ 

lo summation extending over tl io.se squares containing a triangle 
I). But « having limited vaihition, 

< some M. 

Ilenco I I ^ 5 . I jr I 

Finally, as in 1107, 

^\Z \< some ikfh 
The theorem is thus established. 


. i 

' i 


irJ 


S 

u 




8. The e.oiirdiimieH x, y, z, heiny as in 2, except that z has limited 
fluatmtion in ?(, and JJ denoling a quasi quadrate division of 
norm d<df^^ 

Max Sjj 

_ j) 

is finite and eoanesoent loith ?l. 

The reasoninijf is tlio same as in 2 oxoopt tl)at ]iow M, M' aro 
jvaiiCHcont wibli ?t. 

4. Let the coordinates ?/, z have limUed total difference quo> 
^hnts in ?(, while the variation of z atony any line parallel to the u 
or V axis is < M, Let lie in a square of side s = 0. Theoi 

Max < «(r, 

li 


where G is some cooistant independent of s, and D is a quasi redan- 
pdar divisiooi of norm d< 

For liero 

2S|X,1 <:S| A^/1 . I A"//| . I A'^l 

< ]\L'lco^^dy + 


^vhero MJ dciiotos a HnlTuncnitly largo oonstanl;; dy donoto the 
ongtli oJ: the sides of oiiu of the triaj)gle.s parallel rospectivoly 
;o the V Jixos, and &>„, tlio osoillatioii of z along those sides. 
:>iiico the varialion. is < M\\\ hotli direetinns, 


Similarly 


=3 ■< Mdidy < 3ls. 

< ilf,. 


The rest of the proof follows as before. 

r>. The syonhols ha%ymy the same meaniny as before^ except that z 
has limited fluctuation loith rospoect to 


Max Si) < 


The demonstration is similar to the foregoing. FolloMdng the 
ino of proof used in establishing GOT, 2 and employing tlio 
Jmoroms just given, wo readily prove the following theorems : 



6. Let 21 be a metric set containhy/ the discrete set a. Let b be 

a metric part of 2I^ coataininjf a such that 33 = ?I — b zs exterior to a, 
and b = 0. Let the coordinates :t\ ;/, z he onc' valued totally differ- 
entiable functions in 33, such that A? never sinks below a 

positive constant in any 33, is properly R-intagrahle in any S3, and 
improperly inteyrable in 21. Let y have limited total difference 
quotients^ and z limited fluctuation in b. Then 

lim Sj) = r VA‘^ -f- -h Ohludv 

d=0 

loliere yi, C are the determinants in 603, 2), and E is any quasi 
quadrate division of norm d> 

7. Let the symbols have the same meaning as in 6, except that 
a reduces to a finite set. 

2° z has limited variation along any line parallel to the zz, v axes. 

3° D denotes a uniform quasi rectangular division. Then 

liin == -f + 0*^d%tdv. 

</=n 

8. The symbols having the same meaning as in 6, except that 

1° z has limited fluctuation with respect to u^ v in b. 

2° D denotes a uniform quasi reetangxdar division. Then 

lim Sj) — + E^dudv. 

(t=0 

9. If toe call the limits in theorems 6, 7,* 8, area., the theorems 
606, 3 , 4 , 6 still hold. 
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Logarithmic series, 97 
Liiroth, 448 
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Baire sets, 326 
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jtienofi^ extremal, 371 
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ihsolute convergent, 70 
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issociate logarithmic, 243 
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deleted, 139 
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divergence of, 440 
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102 
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Rummer, 106, 121 
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Tests of convt'i'genoe, tests of I"* uiid '2'' 
kind, r2() 
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derivatives, 000 
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Trlgononudrir series, 88 
Truncated function, 27 
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Unifold image, 00(3 
Uniform convergence, 150 
at a point, 157 
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V(dlir- Poussin (de la), 27, 504 
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Volterra curves, 501, 587 
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K = 130 

31 ~ 33, 27(1 ; 91 31, HOI! 

Card 9(, 278 
c = So, 280 1 c, 287 
««,, 200 
Sa, .307 
Ord9(, 311 
<tf, 311; fi, 318 


Kp «3 •••, 318, 323 
,J^P 44, -.,318 
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91 = Mwih 91, 3.13; 91 = Mciis 91, 31,S 
“ Mi>a« 91, 348 
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072, 400, 405 


Sdv, Qdv, 000 
Vj„ 420; Var/r= f>, 420 
Oho /=: oscillation in a given set. 
Osci y; 451 

x-^ tt 

Discyi 454 


12p 473 


488 

/'(.-O,./''(O.403 


Ilf, Jif, Lf, Lf, (If, Uf, liOO, 

J{(n), 4!U 
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The followin.tjf symbols are tlefined in Voluni<^ I and are repeated here for 
he convenience oi; the leader. 


a) i.s the distance between 
a and x 

called the domain of (die ]»oint 
a of norm S in the set of points a*, 
such that Dist {lu ^■) 

called the mcinitfj of the point 
a of norm S, refers to some set 
and is the set of points in 
which lie in % 

)6*(a), r6*(a) are the same as the 
above sets, omitting* a. Tlujy are 
<;iilled deleted domains, delrfed vi- 
cinities 

„ =r fic inean.s converges to a 


f(.r) «, means /(.r) converges to a 

A Ime of symbols as : 

c < 0, m, I a — | < e, n > m 

is of constant occurr(‘n(j(?, and is to 
V)e read : for each e > 0, l.li(*re exists 
an index m, sindi that ] a — </„ j < c, 
for every n > m 

Similarly a line of symbols as: 
c>0, S>(), -- «| <c, in Vs*(a) 

is to h(* read ; for each € > 0, there 
exists a 8 > (h su(‘h that 
|,/'0) - « I <€, 
for every in 


